1 


4 


* 


Best 

Available 

Copy 


■■BM 


TRIAL  CALCULATION  OF  A  HULL  FORM  OF  DECREASED  WAVE 
RESISTANCE  BY  THE  METHOD  OF  STEEP  DESCENT 

S.  W.  W.  Shor 


New  York  Naval  Shipyard 


ABSTRACT 


Since  the  design  of  ships  always  involves  compromise  between  vari¬ 
ous  desired  characteristics,  it  is  necessary  to  find  ways  to  develop  hull 
forms  in  which  reduced  wave-making  resistance  is  incorporated  in  that  com¬ 
promise.  Some  way  is  needed  to  take  hull  forms  which  fulfill  the  other 
requirements  placed  on  them  and  then  modify,  them  in  such  a  way  as  to  reduce 
their  wave -making  resistance.  The  method  of  steep  descent  appears  suitable 
for  this  purpose.  A  hull  form  generated  by  fifty-five  sources  placed  on 
the  center  line  plane  of  a  hull  in  five  horizontal  rows  is  modified  using 
this  method  so  that  its  wave-making  resistance  is  decreased  45  percent 
while  the  shape  of  the  waterline  plane  and  the  hull  volume  are,  to  first 
order,  held  constant. 


INTRODUCTION  AND  DESCRIPTION  OF  THE  METHOD  . 


The  design  of  ship  hulls  is  controlled  by  a  great  many  factors 
other  than  the  need  to  reduce  the  wave-making  resistance.  Therefore  a  most 
desirable  technique  for  reducing  wave-making  resistance  is  to  start  with  a 
hull  form  which  meets  these  other  requirements  and  then  modify  it  continu¬ 
ously  in  such  a  way  as  to  reduce  the  wave-making  resistance.  When  the  change 
has  gone  as  far  as  possible  without  making  the  hull  incompatible  with  the 
other  requirements  placed  on  it,  then  the  change  must  be  stopped. 

In  1936,  Hogner^  published  a  paper  which  took  the  first  step 
toward  developing  a  method  of  this  sort.  He  promised  a  sequel  which 
apparently  was  never  published.  It  turns  out,  however,  that  the  necessary 
mathematical  machinery  to  finish  the  development  of  his  method  has  been 
brought  forth  in  the  past  few  years,  and  is  known  as  the  method  of  steep 
descent.  This  is  not  to  be  confused  with  the  saddle-point  method  of  the 
same  name  which  has  been  used  for  a  long  time.  The  method  of  steep  descent 
referred  to  here  requires  that  we  describe  the  resistance  of  the  ship  as  a 
function  of  a  finite  number  of  variables.  The  hull  form  is  also  described 
in  terms  of  these  variables.  Then  if  we  consider  each  of  these  variables 
to  represent  a  coordinate  in  a  finite -dimensional  vector  space,  we  may  find 
the  gradient  of  the  resistance  in  this  vector  space.  If,  next,  we  change 
our  defining  variables  in  a  direction  as  nearly  parallel  as  possible  to 
this  gradient  vector,  then  we  will  decrease  the  resistance  as  rapidly  as 
possible  for  a  given  amount  of  motion  through  the  vector  space. 


Note:  Because  of  corrections  made  to  the  tabulated  functions  on  which  this 
paper's  calculations  were  based,  it  was  necessary  to  recalculate  the  results 
which  were  presented  at  the  Seminar.  Although  the  first  set  of  calculations 
were  performed  with  a  slide  rule,  those  presented  in  this  version  of  the 
paper  were  performed  on  an  IBM  1620  computer. 
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If  it  is  desired  to  hold  some  quantity  fixed  --  the  hull  volume, 
for  example  —  then  it  is  possible  to  constrain  the  trajectory  through  the 
vector  space  so  that  it  is  orthogonal  to  the  gradient  of  that  quantity.  This 
can  be  done  by  rotating  coordinates  so  that  the  vector  space  is  spanned  by 
a  set  of  basic  vectors,  one  of  them  parallel  to  the  gradient  of  the  quantity 
to  be  held  constant  and  all  the  others  orthogonal  to  it.  Then  the  vector 
parallel  to  the  gradient  of  the  fixed  quantity  is  held  constant,  but  the 
other  vectors  are  allowed  to  vary.  A  detailed  justification  of  this  tech¬ 
nique  is  included  in  the  author's  paper  published  earlier  this  year.^2' 

In  that  paper  a  single  elementary  result  of  the  method  of  steep 
descent  was  also  displayed,  a  near -optimum  infinitely  deep  strut.  That  result 
will  be  used  here  as  the  starting  point  of  a  calculation  in  which  the  shape 
of  the  hull  will  be  permitted  to  vary  with  depth.  Instead  of  an  infinitely 
deep  strut,  however,  this  calculation  will  start  with  fifty-five  sources 
equally  spaced  in  five  rows  over  a  rectangle  on  the  centerline  plane  with  a 
ratio  of  depth  to  length  T/L  ~  .05.  The  initial  strengths  of  the  sources 
will  be  approximately  equivalent  to  the  distribution  of  dipole  moment  in  the 
strut  but  with  finite  rather  than  infinite  depth.  The  strength  of  the  top 
row  of  sources  and  the  longitudinal  first  moment  of  the  source  strengths 
will  be  held  constant.  To  first  order,  this  is  equivalent  to  holding  the 
volume  and  the  shape  of  the  waterline  plane  constant  throughout  the  calcula¬ 
tion.  Finally,  it  will  be  explicitly  assumed  that  the  fore-and-aft  symmetry 
of  the  strut  will  persist,  and  the  calculation  will  be  simplified  to  take 
advantage  of  this  fact.  The  Froude  number  f  =  .516  of  the  strut  calcula¬ 
tion  will  be  used  in  order  to  keep  the  conditions  of  the  problem  the  same. 

This  Froude  number  corresponds  to  the  product  KoL  =  10  and  so  simplifies 
work  with  a  slide  rule. 

The  five  rows  of  sources  will  be  placed  at  depths  .005L,  .015L, 
.025L,  .035L,  and  .045L  .  -  Then  the  original  ship  can  be  described  by  the 
following  set  of  sources  on  the  centerline  plane,  equally  spaced  in  depth. 


Station 


Depth 

0 

1 

2 

5 

4 

5 

6 

7 

8 

9 

10 

.005L 

.66 

.10 

.25 

.20 

.14 

.00 

-.14 

-.20 

-.25 

-.10 

-.66 

.015L 

.66 

.10 

.25 

.20 

.14 

.00 

-.14 

-.20 

-.25 

-.10 

-.66 

.025L 

.66 

.10 

.25 

.20 

.14 

.00 

-.14 

-.20 

-.25 

-.10 

-.66 

.035L 

.66 

.10 

.25 

.20 

.14 

.00 

-.14 

-.20 

-.25 

-.10 

-.66 

.045L 

.66 

.10 

.25 

.20 

.14 

.00 

-.14 

-.20 

-.25 

-.10 

-.66 

Table.  1.  Initial  Source  Strengths  on  the  Centerline  Plane. 
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The  requirement  that  the  sum  of  the  source  strengths  be  zero  is 
met  by  this  set  of  sources.  It  will  persist  throughout  the  calculation, 
and  so  closure  of  the  streamlines  will  be  retained. 


It  can  be  shown^2)  that  the  resistance  of  a  set  of  sources 
arranged  on  the  centerline  plane  is  given  by  the  foxlowing  equation: 


R  =  ^npl^2  £  mr2  §  ^  /  e'^Cl+t)1^"1/2 


dt 


r=l 


+  2 


n 

£ 


n_1  e'Prs  "!  “Prst/  v1/2  -1/2  ,  l/2 

L  Vs  ?  f  6  (1+t)  1  C0S  ^s^1+t  Jdt> 

s=r+l  r=l  o 

(1) 


where  p  =  2K  f  ;  p  =  K  (f+f _ ) ;  q  =  K  (h  -h  );  and  h  and  f  are 
rrr  o  r’  rrs  o'  r  s'’  ^rs  o  r  s’  r+x  r 

the  longitudinal  and  vertical  position  respectively  of  the  r  source. 

The  parameter  KQ  =  g/c  ,  where  c  is  the  speed  of  the  ship  and  g  is  the 
acceleration  of  gravity.  The  parameter  p  is  the  density  of  water,  and 
the  quantity  mr  is  the  strength  of  the  rth  source. 


If  we  designate  the  first  integral  as  f(p)  and  the  second  as 
8(p,q>0)  ,  then  we  may  write 


=  l6*0Ko2  {  e  ^  f(Prr)  +  s^r  ms  e  PrS  g(Prs,qrs,0)  }  (2) 

We  now  have  an  expression  from  which  the  change  in  wave-making  resistance 
can  be  calsulated  as  each  of  the  mr  is  allowed  to  vary. 

A  short  table  of  the  functions  f(p)  and  g(p,q,0)  has  been 
calculated  by  the  David  Taylor  Model  Basin.  In  the  problem  as  laid  out 
here  the  values  of  p  which  will  be  required  are  p  =  0.1,  0.2,  ...,  0.9, 
since  KQL  =  10  and  so  .005KQL  =  .05,  .015KQL  =  .15,  etc.  The  values  of 
q  which  will  be  required  are  0,1,2,..., 10  .  Hence  we  will  need  some  99 
tabular  values,  since  g(p,0,0)  =  f(p)  . 

The  rotation  of  vectors  which  will  be  carried  through  will  consist 
simply  of  taking  linear  combinations  of  the  .  To  keep  the  first  moment 

OBIji 

of  the  source  strength  constant  and  the  uppermost  level  of  sources  unaffect¬ 
ed,  the  following  type  of  vector  may  be  added  to  the  source  strengths: 
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0  0 
-1/40  0 

-1/40  0 

-1/40  0 

-1/40  0 


0  0  0 

0  1/4  0 

0  0  0 

0  0  0 

0  0  0 


0 

0 

0 

0 

0 


0  0  0  0  0 
0  -1/4  0  0  1/40 

0  0  0  0  1/40 

0  0  0  0  1/40 

0  0  0  0  1/40 


Table  2.  Sample  Vector  Which  Produces  Unit  Local 
Change  in  Longitudinal  Moment  of  Source 
Strength. 


There  are  20  possible  linearly  independent  vectors  with  fore-and-aft 
symmetry  of  the  kind  shown  in  the  example  above,  and  they  will  all  be  used. 
The  sum  of  the  source  strengths  added  by  any  multiple  of  one  of  these 
vectors  is  zero,  so  the  closure  of  the  streamlines  will  not  be  affected. 

The  scale  of  the  vectors  which  are  made  up  of  linear  combinations 
of  other  vectors  is  arbitrary.  Accordingly,  it  is  necessary  to  choose  some 
measure  of  size  and  adjust  all  of  them  to  this  measure.  The  local  change 
in  volume  of  the  hull  will  be  chosen  as  the  measure  of  size  in  this  calcula¬ 
tion.  The  local  moment  change,  which  is  proportional  to  the  local  volume 
change,  in  the  sample  vector  is  (-1/4)  x  4  =  -1  if  that  vector  is  added 
to  the  sources  defining  the  hull.  The  other  vectors  will  be  chosen  to 
produce  the  same  result  —  i.e,  instead  of  +l/4  and  -l/4  separated  by  4 
spaces  we  might  have  +1/6  and  -l/6  separated  by  6  spaces,  and  so  on. 

Such  a  vector  would  be  like  this: 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-1/40 

0 

1/6 

0 

0 

0 

0 

0  - 

•1/6 

0 

1/40 

-1/40 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1/40 

-l/40 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1/40 

-1/40 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1/40 

Table 

3. 

Another  Sample 

Vector. 

dR 

The  next  task  is  to  calculate  the  initial  set  of  values  of  > 

dnip 

from  Equation  (2).  Since  only  the  relationship  between  the  values  is  impor¬ 
tant,  the  coefficients  ahe*d  of  the  braces  in  Equation  (2)  may  be  omitted 
from  the  calculation.  The  coefficients  e  ^rrf(prr)  and  e  ^rsg(prs,qrs,0) 
will  now  be  tabulated  to  simplify  the  work.  We  will  let  w(p,q)  =  e  Pg(p,q,0). 
Since  f(p)  =  g(p,0,0)  ,  one  table  will  serve  the  purpose. 
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q  -♦ 


p 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

.1 

10,95 

.83 

>3.37 

-1.88 

-.51 

1.60 

1.29 

.49 

-1.09 

-I.07 

-.49 

.2 

5.56 

-73 

-2.64 

-1.64 

-.46 

1.37 

1.15 

.44 

-0.95 

-0.95 

-.44 

.3 

3.66 

.64 

-2,09 

-1.43 

-.41 

1.18 

1.02 

.39 

-O.83 

-0.85 

-.40 

.4 

2.67 

.57 

-1.67 

-I.25 

-.37 

1.02 

0,91 

.35 

-0.73 

-0.76 

-.36 

.5 

2.06 

.50 

-1.35 

-1.10 

-.33 

0.88 

0.8l 

.32 

-0.64 

-0.68 

-.32 

.6 

•5?,*64 

.44 

-1.10 

-O.96 

-.30 

0.76 

0.72 

.29 

-0.56 

-0.6l 

-.29 

.7 

1.34 

.39 

rt>90 

-0.85 

-.27 

0.65 

0.64 

.26 

-0.49 

-0.54 

-.26 

.8 

1.11 

.34 

-.75 

-0.74 

-.24 

0.57 

0.57 

.23 

-0.43 

-0.49 

-.24 

.9 

0.93 

.30 

-.62 

-0.66 

-.22 

0.49 

0.51 

.21 

-0.38 

-0.44 

-.21 

Table  4.  Values  of  w(p,q) 


In  order  to  simplify  the  notation,  the  positions  of  the  sources  will  be 
designated  by  values  to  the  same  scale  as  the  variables  p  and  q  . 
This  will  give  us  a  table  of  locations  which  looks  like  this; 


.05,0 

.15,0 

.05,1 

.15,1 

.05,2  . 
.15,2  . 

•  •  •  * 

•  •  •  0 

.05,9 

.15,9 

.05,10 

.15,10 

• 

.45,0 

• 

.*5,1 

•  • 

.^5,2  . 

•  •  •  • 

•  a  •  • 

• 

.**5,9 

• 

.45,10 

Table  5.  Table  of  Locations  of  Sources  in  Dimensions  of 
p  and  q  . 


dR 


The  most  work  in  the  calculation  is  in  obtaining  the  quantities 


at  each  step.  Fortunately,  it  is  possible  to  use  the  fore-and-aft 

symmetry  of  the  source  distribution  together  with  the  fact  that  the  top 
row  of  sources  are  to  be  h.  Ji  constant  in  strength  to  reduce  the  number 
required  from  55  down  to  20  at  each  step.  As  an  example  the  calculation 
dR 

for  ^  is  presented,  where  the  subscript  is  in  the  notation  used  above. 

.  J-5 , 2 


—  =  m( .05,0)  w( ,2,2)  +  m( .05, l)  w(.2,l)  +  m(.05,2)  w(.2,0) 

.15,2 


+  m( .05,3)  w( .2, l)  +  m( .05,4)  w(.2,2)  +  ro  .05,5)  w(.2,3) 
+  m( .05,6)  w( .2.4)  4  m( .05,7)  w(.2,5>  -  m(.05,8)  w(.2,6) 
+  m( .05,9)  w( .2,7 )  +  m(.05,10)  w(.2,8)  +  .... 
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=  m(.05,0)  [w(.2,2)  -  w(.2,8)]  +  m(.05,l)  [w(.2,l)  -  w(.2,7)] 

+  m(.05,2)  [w(.2,0)  -  w(. 2,6)]  +  m(. 05,3)  [w(.2,l)  -  w(.2,5)] 

+  m(.05,4)  [w(.2,2)  -  w(.2,4)]  +  ...  ,  (3) 

where  the  remaining  terms  involve  other  values  of  p  in  the  table  for 
w(p,q)  •  Sptcifically  we  have  the  relation  m(.05,X)  -*  p  =  .2;  m(.15,X)-» 
p  =  .3;  m(.25,X)  ->  p  =  .4;  m(.35,X)  ->  p  =  .5;  and  m(.45,X)  -»  p  =  .6. 

This  applies,  of  course,  only  for  r—  .  Here  X,  Y  vary  from  0  to 

dm  ic  p 

*  ^  dR 

10.  Similar  simplifications  may  be  worked  out  for  all  the  other  19 

used  in  the  calculation.  ^ 


Derivative  With  Respect  to  the  Basis  Vectors 

Once  the  derivative  of  R  with  respect  to  each  of  the  nij.  has 
been  calculated,  it  is  necessary  to  calculate  the  change  in  R  which  results 
from  unit  change  in  each  of  the  vectors  like  that  shown  in  Table  2.  We  may 
designate  the  vectors  with  script  7^  to  distinguish  them  from  the  sources. 
Then  the  required  derivative  is  ,  where  i  has  20  values. 

To  identify  the  vectors  we  will  describe  them  with  the  same 
coordinates  as  are  used  for  the  sources,  taking  the  location  of  the  iso¬ 
lated  source  in  the  vector  (i.e.  l/4  in  Table  3^  as  its  identifying  feature. 
Then  we  can  obtain  a  quantity  proportional  to  ^  by  using  the  equation 


dR 


-_1  ,dR 
40  dm 


15,0 


dR 

dm 

.25,0 


dR  v  dR 

dm  ,  +  1  dm.,  * 

.45,0  i 


(4) 


where  k^  is  the  multiplier  in  the  vector  for  the  "naming"  source.  In 
the  vector  in  Table  3,  the  multiplier  k^  is  l/4. 


The  qunatity 


is  calculated  from  Equation  (4). 


In  addition 


its  square  is  tabulated  and  the  sum  of  the  squares,  summed  over  all  i  ,  is 
compared  with  the  corresponiing  quantity  for  the  previous  calculation.  A 
decrease  in  this  sum  corresponds  to  an  imporved  form. 


Having  calculated  each  of  the  twenty 


dR 


we  next  multiply  it 


by  the  quantity  At  ,  which  is  chosen  so  that  it  will  produce  a  decrease 


in  the  resistance  if  each  of  the  vectors  is  multiplied  by 


At  and 
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s 


added  to  the  source  strengths  of  the  previous  iteration.  To  do  this  we 

1  dR 

added  the  sum - -  £  ^  At  to  each  of  the  m  m _  .  m 

40  i  *15, O'  .25, O'  .35,0' 

M  th 

and  m  ^  q  .  In  addition  we  add  the  quantity  k^  At  to  the  i 
source.  This  gives  us  the  source  strength  for  the  next  ineration. 


RESULTS  OF  THE  CALCULATION 


dR 


The  first  step  in  the  calculation  was  to  find  the  derivatives 
which  show  the  change  in  resistance  with  unit  change  in  each  of  the 


sources  whose  strength  is  permitted  to  vary. 


Longitudinal  Position 

Depth 

(Units  of  p) 

0 

1 

2 

3 

4 

.15 

5.50 

.23 

-.49 

-.51  - 

.26 

.25 

3.94 

.20 

-.44 

-.52  - 

.27 

.35 

3.04 

.18 

-.37 

-.50  - 

.26 

.45 

2.44 

.16 

-.30 

-.46  - 

.24 

Table  6. 


Initial  Values  of 


This  table  tells  us  immediately  that  a  small  increase  in  the 
strength  of  any  of  the  sources  in  columns  2,  3,  or  4  will  provide  a  small 
decrease  in  the  wave-making  resistance  of  the  ship.  Such  information  may 
be  useful  in  itself. 


dR 


Sfi 

are 


From  Table  6  it  was  a  simple  matter  to  calculate  the  quantities 
using  Equation  (4).  The  initial  values  of  these  partial  derivatives 

shown  in  Table  7» 
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Longitudinal  Position  of  "naming  source" 


Depth 


-s  of  p) 

0 

1 

2 

3 

4 

1!3 

.27 

-.27 

-.89 

-1.20 

-1.51 

25 

.03 

-.32 

-.86 

-1.22 

-l.p4 

35 

-.10 

-.34 

-.81 

-1.18 

-1.50 

45 

-.20 

-.37 

-.76 

-1.14 

-1.43 

& 

Table  7.  Initial  Values  of 


\f  i 


To  find  an  improved  hull,  the  entries  of  Table  7  were  each  multi¬ 
plied  by  the  quantity  At  ,  which  was  chosen  to  be  -0.2.  Then  this  product 
was  multiplied  into  each  of  the  terms  of  the  vector  with  the  same  naming 
coordinate,  and  the  result  was  added  to  the  initial  source  strength  given  in 
Table  I.  A  new  set  of  source  strengths  was  the  result.  From  this  set  the 
process  was  repeated  once  more  and  the  result  was  the  following  set  of  source 
strengths. 


Depth 


Longitudinal  Position 


.s  of  p) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

05 

.66 

.10 

.25 

.20 

.14 

0 

-.14 

-.20 

-.25 

-.10 

-.66 

15 

.54 

.12 

.31 

.28 

.28 

0 

-.28 

-.28 

-.31 

-.12 

-.54 

25 

.54 

.12 

.30 

.29 

.31 

0 

-.31 

-.29 

-.30 

-.12 

-.54 

35 

.55 

.12 

.30 

.29 

.32 

0 

-.32 

-.29 

-.30 

-.12 

-.55 

45 

.55 

.12 

.30 

.29 

.32 

0 

-.32 

-.29 

-.30 

-.12 

-.55 

Table 

8. 

Source  Strengths 

3  of 

Improved  Hull. 

As  might  have  been  expected  from  an  inspection  of  the  first  set  of 
partial  derivatives,  the  effect  of  following  the  gradient  was  to  move  volume 
into  the  midships  section.  The  top  row  of  sources,  of  course,  did  not  change 
because  the  calculation  had  been  set  up  to  prevent  this  from  happening. 
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The  quantity 


Z 

i 


(-  )2 


is  proportional  to  the  gradient  of  the 


wave-making  resistance  in  the  vector  space  in  which  the  calculation  is  car¬ 
ried  out.  Therefore  the  smaller  this  quantity  the  closer  to  a  stationary 
value  is  the  calculation.  For  the  improved  hull  the  value  was  2.1 6,  com¬ 
pared  with  an  initial  value  of  4.24.  Wave-making  resistance  was  0.66  times 
that  of  the  original  hull. 


It  can  be  shown  that  the  closer  to  a  stationary  value  the  calcul¬ 
ation  gets  the  larger  is  the  change  in  hull  shape  needed  to  provide  a  given 
d««rease  in  resistance.  Hence  less  result  could  be  expected  for  the  same 
amount  of  change.  Two  more  steps,  just  like  the  first  two,  were  taken 
and  produced  the  set  of  source  strengths  shown  below. 


Longitudinal  Position 


Depth 

0 

1 

2 

3 

4 

5 

6 

7' 

8 

9 

10 

.05 

.66 

.10 

.25 

.20 

.14 

0 

-.14 

-.20 

i 

fo 

VJ1 

-.10 

1 

ON 

ON 

.15 

.13 

.35 

.31 

.19 

0 

-.19 

-.31 

-.35 

-.13 

-M 

.25 

.49 

.14 

.35 

.33 

.29 

0 

-.2? 

-.33 

-.35 

-.14 

-.49 

.35 

.50 

.14 

.34 

.34 

.34 

0 

-.34 

*.34 

*.34 

-.14 

-.50 

.45 

.50 

.14 

.33 

.34 

.37 

0 

-.37 

-.34 

-.33 

-=* 

rH 

• 

1 

-.50 

Table  9.  Source  Strengths  of  Second  Improved  Hull. 


For  this  second  improved  hull 


/dR  s2 

V 


=  1.64 


compared  with 


4.24  for  the  original  set  of  sources  and  2.16  for  the  first  improved  hull. 
The  resistance  for  this  hull  was  calculated  using  Equation  (l)  and  compared 
with  that  of  the  original  set  of  sources.  It  turned  out  to  be  0.55  times 
that  of  the  original  set  —  that  is,  a  decrease  of  45  percent. 


This  set  of  sources  does  not  represent  a  hull  of  minimum  wave¬ 
making  resistance,  merely  one  whose  resistance  is  considerably  reduced  from 
that  of  the  hull  represented  by  the  initial  set  of  sources.  It  has  already 
started  to  develop  an  unusual  feature  --  a  wide  bulge  at  the  midships  sec¬ 
tion  at  the  lowest  waterline  --  and  in  the  next  iteration  this  will  clear¬ 
ly  become  more  pronounced.  At  this  point  the  naval  architect  might  well 
conclude  thtvtj  further  decrease  in  wave-making  resistance  is  not  worth  the 
decrease  in  ability  to  come  alongside  a  pier  with  such  a  bulge. 


CONCLUSIONS 


From  this  simple  example,  it  is  apparent  that  the  method  of  steep 
descent  can  be  used  to  decrease  the  wave-making  resistance  of  a  given  hull. 
It  seems  reasonable  to  conclude  that  more  could  be  accomplished  if  a  digital 
computer  rather  than  a  slide  rule  were  the  calculating  machine.  The  most 
important  feature  of  the  method  appears  to  be  its  ability  to  find  improve¬ 
ments  which  work  some  decrease  in  wave-making  resistance  without  at  the 
same  time  forcing  the  acceptance  of  hull  shapes  which  are  unreasonable 
based  on  other  design  criteria. 
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AN  ANALYSIS  OF  WAVE  PROFILE  ALONGSIDE  THE  SHIP 


INTRODUCTION 


The  purpose  of  this  study  is  to  calculate  the  wave  profile 
alongside  a  ship  represented  by  a  singularity  distribution  over  its 
centerline  plane,  in  particular,  a  distribution  of  draftwise  uniform 
strength.  The  above  mentioned  type  of  distribution  for  representing 
a  ship  has  been  the  object  of  various  complaints  not  only  from  naval 
architects  but  also  from  theorists.  The  most  serious  point  is  that 
the  hull  form  obtained  by  tracing  stream  lines  usually  yields  a  rocker 
keel  in  contrast  to  the  flat  keel  of  a  conventional  ship  hull;  a  poor 
representation  of  ship  hull  within  such  a  restricted  form  as  the  above 
singularity  distribution.  In  this  connection,  an  important  contribution 
has  been  made  by  Hess  and  Smith  who  have  calculated  the  flow  about  a 
series  60  hull  having  a  block  coefficient  of  A  paper  connected 

to  their  work  is  to  be  presented  by  J.  P.  Breslin  and  King  Eng. 

In  spite  of  its  defects,  the  singularity  distribution  of 
draftwise  uniform  strength  retains  much  that  is  desirable  for  the  basic 
investigation  of  ship  hydrodynamics  as  well  as  the  refinement  of 
practical  ship  hulls.  This  particular  fora  of  distribution  is  much 
easier  to  work  with  than  is  a  more  general  form  of  distribution  over 
curved  surfaces,  like  the  one  Hess  and  Smith  have  worked  with,  and 
yet  retains  the  ship  surface  boundary  conditions  which  do  not  depend 
upon  the  so  called  thin-ship  approximations.  This  fact  is  desirable 
in  checking  the  validity  of  linearized  boundary  conditions  which  the 
wave  theory  has  employed  and  in  clarifying  the  effects  produced  by 
real  fluids.  The  shortcomings  and  the  corrections  of  theoretical 
studies  on  ship  waves  should  be  clarified  and  performed  based  on  wave 
observations  or  the  wave-analysis,  as  we  call  it,  rather  than  trying 
modifications  directly  for  coincidence  of  wave-making  resistance  between 
calculations  and  test  results.  A  coherent  modification  of  the  theories 
will  be  obtained  only  through  wave-analysis .  This  is  due  to  the  fact 
that  ship  waves  are  the  direct  physical  phenomena  following  an  advancing 
ship  and  suffer  far  less  from  the  ambiguous  effects  of  viscosity  of  the 
media  than  does  wave-making  resistance.  The  distribution  of  a  draftwise 
uniform  strength  is  also  simple  enough  to  provide  us  with  an  intuition 
into  the  distinctive  features  of  the  wave -making  characteristics  of  the 
correlated  ship  hull  Other  forms  of  distribution,  despite  better 
quantitative  prediction  of  performance,  are  unable  to  do  this,  and 
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therefore  are  of  little  help  to  naval  architects.  Moreover,  a 
careful  study  even  within  the  restriction  of  the  simplest  distri¬ 
bution  of  draftwise  uniform  strength  has  succeeded  in  a  remarkable 
reduction  of  wave-making  resistance. (2) 

Influenced  by  these  considerations,  the  author  has  engaged 
in  calculating  wave  profiles  alongside  models  and  wave  patterns 
following  advancing  models.  The  cooperative  work  pertaining  to  the 
calculation  of  vave  profiles  had  been  undertaken  by  the  Wave-Making 
Resistance  Subcommittee  of  the  Japan  Towing  Tank  Committee  in  i960, 
when  the  author  was  in  Japan  and  participated  in  it.  Since  coming 
here  to  The  University  of  Michigan  a  year  later,  the  author  has 
continued  his  endeavors  in  the  same  direction  by  utilizing  the 
facilities  of  the  University. 

A  discussion  of  this  paper  pertaining  primarily  to  wave 
profile  calculations  for  various  patterns  of  the  singularity  distri¬ 
bution  and  comparisons  between  evaluated  wave  profiles  and  measured 
ones.  An  example  of  the  approach  to  ship  hydrodynamics  using  the 
singularity  distribution  of  draftwise  uniform  strength  is  also  to 
be  presented  in  this  seminar  by  T.  Inui,  titled  "Non-Bulbous  Hull 
Forms  Derived  from  Source  Distribution  on  the  Vertical  Central 
Rectangular  Plane." 


WAVE  PROFIIE  CALCULATION 


The  models  with  which  this  paper  is  concerned  can  be  repre¬ 
sented  by  a  singularity  distribution  over  a  vertical  central  rectangular 
plane,  extending  to  a  certain  finite  depth  with  uniform  strength.  The 
program  to  evaluate  the  surface  elevation  alongside  the  above  mentioned 
models  is  made  in  terms  of  the  MAD  language  (Michigan  Algor ithem  Decoder) 
so  as  to  be  able  to  figure  out  wave  profiles  at  desired  speeds  based  on 
singularity  distribution,  which  are  the  only  necessary  data. 

The  right-hand  Cartesian  coordinate  system  (|,  tj,  £)  is  fixed 
in  the  model  with  the  origin  at  the  midship . 

The  source  distribution  function  is  in  the  form  of  a  product 
of  two  functions  each  dependent  upon  only  one  of  the  two  space  coordi¬ 
nates  of  the  vertical  center  plane. 

m(6’,  l')  =  m1U')  •  ragUO  •  U 

m1(5')  -  l  <  V  <  L  (2  =  L/2) 

m2(£’ )  =  1  -  T  <  £’  <  0  (1) 

where  U  is  the  undisturbed  uniform  velocity  of  the  model  advancing  in 
the  positive  direction  of  |-axis,  L  is  model  length  and  T  is  the  depth 
of  the  singularity  distribution. 


Putting 


x  =  Ko£, 


x'  =  Koi'  , 


t  =  -KoC' 


xQ  =  KoL, 


t0  =  KoT 


then  the  wave  profile  on  the  model  central  plane,  £(x),  is  given  as 

x  J2  n  * 


■  “:+0 


4-  I  dt  /°»l(x')ax'  '  /e-KulK(it-x')cose  KcosedKde _ ae 

Vi  -  Jy  J  <-  Kcos^Q-  1  +  ipcos9 

°  o  .  -n  o 


(2) 


where  K  =  Ko  sec  9. 
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I 
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The  calculated  wave  profile  on  the  model  central  plane  may  be 
substituted  for  the  wave  profile  alongside  the  model  surface  because  of 
the  stationary  property  of  the  wave  pattern  in  the  vicinity  of  the  model 
center  line. 


£(x)  may  be  expressed  in  terms  of  the  contribution  due  to  the 
element  of  the  distributed  singularities  on  the  plane.  By  using  the 
functions  described  in  the  Appendix, 


C(x) 


to  V 2 

^dt  f  m1(x'  )dx'  0^(x  -  x’,  t)] 

o  -  lln 
2 

ra^x’)  [o[^x-x',0)  -  0^(x-x',tQ)]  dx’ 


(3) 


.  xo 

where  x  <  0,  0^(x,t)  is  a  monotonic  function,  but  for  x  <  0  it  con¬ 
tains  an  oscillating  term,  P_1(x,t). 


(x,t) 


-[0_^(-x,t)  -  2P_^( -x, t ) ] 


x  <  0  (U) 


Explicit  expressions  of  the  wave  profile  are 


(a) 

x  > 

X„ 

:  forward  of  the  FP 

2 

5(x) 

is  given  as  it  is  in  (3) 

(b) 

x  >  -  ^2.  ;  along  model  center  plane 

-  2[2P_1(x'-x,0) 


2P.i(x'-x,t0;]] 


dx' 


(c)  x<*|fl 


aft  of  the  AP 


(5) 
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M2 


C(x)/l'  -  l/nx0  r  ml(x')  [0-l^(x'-x,0)  -  O^(x'-x,t0) 


2 


-  2  [P.1(x* -x,0)  -  P.1(x,-x,t0)J]  dx? 


(6) 


Among  the  terms  involved  in  the  above  equations,  the  ones 
consisting  of  0^)  functions  pertain  to  a  local  disturbance  component 
and  the  others  consist?  ng  of  P_^  functions  to  free  travelling  wave 
components.  The  formei  advances  along  with  the  model  and  has  nothing 
to  do  with  wave  resistance.  Only  the  latter  contributes  to  wave-making 
resistance.  In  case  of  an  infinite  draft  model  the  terms  with  the 
parameter  of  t0  vanish. 


The  current  computer  program  is  made  so  as  to  yield  print 
outs  of  wave  height  at  succeeding  stations  spaced  l/20  of  model  length 
and  in  terms  of  a  local  disturbance,  a  free  travelling  wave  and  a  total 
wave.  At  each  station  numerical  integration  is  carried  out  referring 
to  the  functions  concerned.  T^e  contribution  of  the  singularity  in  the 
vicinity  of  the  station  is  significant,  in  particular,  the  functions 
O^iHx-x',  0)  and  P^Cx-x',  0)  yield  infinite  logarithms  when  x  equals 
to  x'  .  Evaluation  of  an  integral  near  such  a  logarithmic  singularity 
is  approximated  as  follows^)  and  the  identical  treatment  is  applied 
to  the  other  singularities . 


X-r 


(x-x' ,0)dx' 


o 

(il  log  c  )  f  + 

6  o 


(|2  -  4  log  e)  f1 


log  udu 

-  (i  +  log  e )  f2 


where 
f 


o,l,2 


,  o'p(u,o) 

n.,  (x-u)  - 

1  log  u 


u=0,  £  ,e 


and 


lim 
U-f  +o 


U)  s  1 

(u,o)  =  -  -  log  u 


as  for  P_1(u,o), 


lim  P  (u,o)  = 
u  -»+o  -1 


log  u 
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0 is  taken  as  0.025xo  in  the  current  program.  For  the  numerical 
integration  over  the  rest  of  the  part,  the  Simpson’s  first  rule  is 
commonly  used  in  accordance  vith  the  sections  in  the  adjoining  table. 

Range  of  (x-x*)  No.  of  Application 
Section  or  (x'-x)  of  Simpson's  Rule 


The  first  next  section  to  € 
The  second  next  section  to  e 
The  remaining  section 


(0. 025-0. 050)xq  1 
(0.05-0. 01 )xQ  1 
Spacing  of  ordinate  0.05xQ 


The  functions,  0^  (u,t)  and  P_i(u,t),  involved  in  the  numerical 
Integration  are  calculated  in  their  subroutines  according  to  the  parameters, 
u  and  t,  and  called  up  into  the  wave  profile  calculation  program.  Although 
numerical  Integration  is  commonly  used  in  evaluation  of  the  above  mentioned 
functions,  asymptotic  expansions  are  made  use  of  in  accordance  with  smaller 
or  larger  value s  of  the  variable  of  u  for  a  particular  value  of  t.  The 
actual  procedure  to  evaluate  the  values  of  the  functions  will  be  explained 
in  another  paper,  "Some  Mathematical  Tables  for  the  Determination  of  Wave 
Profiles,"  of  this  seminar.  The  method  used  herein  is  essentially  the 
same.  The  accuracy  of  the  values  of  the  functions  used  in  wave  profile 
calculations  to  at  least  four  or  more  significant  figures  is  attained. 
Accordingly,  the  accuracy  of  the  obtained  wave  profiles  remains  at  about 
three  significant  figures,  which  is  considered  comparable  with  the 
accuracy  of  measured  wave  profiles. 


WAVE  PROFIIES  GENERATED  BY  VARIOUS  SINGULARITY  DISTRIBUTIONS 


The  wave-making  characteristics  of  a  ship  are  closely  related 
to  a  geometrical  configuration  of  singularity  distribution  representing 
the  ship  hull.  Wave  profiles  were  calculated  with  typical  variations 
of  singularity  distributions.  In  making  these  variations  of  the  distri¬ 
bution,  the  total  flux  out  of  the  singularity  distributed  on  the  fore  half 
plane  and  the  depth  of  the  distribution  was  kept  constant,  taking  model 
length  as  two, 


=  0.44, 


o 


and  the  depth  length  ratio  as  0.05.  As  far  as  functional  expression 
of  the  distribution  m(  £)  was  concerned,  the  fifth  ordei  polynomial  was 
made  use  of.  The  hull  configuration  of  moderate  speed  freighters,  say 
j  Series  60  with  block  coefficient  of  .70,  and  of  modern  tankers,  were 
borne  in  mind  in  determining  the  singularity  distributions  used. 

Series  F  models  in  Table  1  are  for  the  former  and  Series  T  models  in 
Table  2  for  the  latter. 


The  geometry  of  the  load  water  line  was  obtained  for  each 
singularity  distribution  by  means  of  stream  line  tracing  and,  as  shown 
in  Figures  1  and  2,  are  compared  with  those  of  conventional  ships. 

The  frame  line  yielded  a  U-shape,  which  varied  only  slightly  for  each 
distribution,  the  bottom  having  a  rocker  keel.  Hull  configuration  due 
to  a  singularity  distribution  of  draftwise  uniform  strength  has  previously 
been  investigated  in  detail. As  is  shown  in  ship  wave  theory,  the  wave 
profile  at  low  through  moderate  speeds  is  influenced  mostly  by  geometry  of 
the  ship  entrance  or  by  the  shape  of  the  sectional  area  curve  at  the 
entrance,  in  other  words  by  the  ship  form  within  a  distance  fran  the 
F,  P.  roughly  equal  to  the  length  of  the  generated  wave.  Wave  profiles 
of  the  above  mentioned  models  are  shown  at  two  spedds  of  KoL  =  20  and  24 
(speed  length  ratio  =  0-753  and  O.685  respectively)  in  Figures  5  and  4 
for  Series  F,  and  at  a  speed  of  KoL  =  50  (speed  length  ratio  =  0.615) 
in  Figure  6  for  Series  T.  Each  figure  consists  of  a  local  disturbance 
and  a  total  free  travelling  wave.  The  former  is  symmetrical  with 
respect  to  midship,  because  each  model  is  made  up  of  a  symmetrical 
source  distribution. 

Models  F2  through  F4  have  fewer  hollows  and  humps  in  the  wave 
profile  ..ithin  the  model  length  than  does  Model  FI,  and  have  the  deepest 
trough  about  at  the  midship. 
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Figure  4  (cont'd).  Calculated  vave  profiles  of  Series  F  models  at  a 

speed  of  KoL  =  24  (speed  length  ratio  =  0.685). 
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Series  T  models  are  more  or  less  similar  in  their  wave  profiles. 
The  wave  height  increases  in  accordance  with  the  entrance  angle  as  does 
the  wave  resistance.  The  relationship  among  these  three  quantities 
appears  to  be  much  simpler  than  with  the  Series  F  models. 


The  contribution  to  wave -making  resistance  due  to  the  bow  wave 
alone  was  evaluated  for  each  model  from  the  following  formulas. 


Ryg  =  np 


toU2 


rt/2 


J 


[Ap(e)] 


cos  ©d© 


iy«>]2  =  tAsln(e))2+  [Acos(e)l2 


Where  A  =  (©)  is  the  amplitude  function  of  the  bow  wave.  In  case  m(|) 
as  well  as  its  higher  derivatives  are  continuous,  its  sine  and  cosine 
components  Ay  sin  and  Ay  cos  are  given  as  follows. 


sec©  •  Z 


rn 


Ur 


°2 


l6mi, 


^  Sln//L  n  KqL  sec©  ’  (KqL  sec©)-  +  (KqL  sec©)5 


^  cos/L  = 


sec©  •  Z 


2m^ 


8mc 


32mc 


(K  L  sec©)2  (K  L  sec©)4  +  (K  L  sec©/3 


where  Z  =  1  -  e 


-K0T  sec^G 


and 


m 


n 


n 


S=1 


The  calculated  resistance  is  given  in  terms  of  a  coefficient 

CwB  -  Rwb/(|  PU2!-2) 

Figure  6  pertains  to  Series  F  and  Figure  7  to  Series  T. 

In  order  to  obtain  the  total  resistance  of  the  model,  the  wave¬ 
making  resistance  of  the  stern  wave  alone  and  the  interference  effect 
between  the  bow  wave  and  the  stern  wave  are  added.  The  fomer  is 
identical  with  that  of  the  bow  wave  considered  independently  composes 
the  monotonic  term  of  the  resistance.  The  latter  contains  an  oscillat¬ 
ing  term. 
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Figure  7*  Curves  of  the  fundamental  term  of  the  wave -making  resistance  due  t 
bov  wave  alone  in  terms  of  Cyg  =  Ryg/(i  pU2!'2)  for  Series  T  models. 
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The  correlation  between  the  singularity  distributions  of  FI  and 
F2  (Figure  1)  and  their  resistance  curves  (Figure  6)  indicates  the 
possibility  of  designing  a  ship  so  as  to  have  minimum  values  in  the 
monotonic  term  of  resistance  at  a  rarticular  speed  by  putting  an  appro¬ 
priate  hollowness  on  the  singularity  distribution  curve.  In  the  vicinity 
of  this  hollow  in  the  resistance  curve  the  oscillating  term  is  also 
damped,  and  the  nonotonic  term  of  the  resistance  is  considered  to  be 
nearly  equal  to  the  total  resistance. 

Model  F5  is  of  particular  interest  from  the  stand  point  of 
minimum  resistance.  The  singularity  disLribution  of  this  mouel  was 
determined  so  as  to  have  a  null  magnitude  of  amplitude  functi  n  in 
the  whole  speed  range  up  to  a  speed  length  ratio  of  0.8,  retaining 
the  identical  amount  of  flux.  The  singularity  distribution  was  concen¬ 
trated  close  to  midship  and  the  corresponding  hull  form  yielded  an 
extremely  fine  entrance.  The  wave  profile  generated  by  this  form  at 
the  speed  of  KoL  =  20  (speed  length  ratio  =  0.753)  is  shown  in  Figure  8. 

It  has  a  distinguishable  trough,  which  very  likely  causes  a  serious 
violation  with  the  linearized  wave  theory.  The  calculated  resistance 
results,  therefore,  should  not  be  taken  as  they  are. 

A  comparison  of  the  wave  profiles  of  FI  with  that  of  the  others 
resulted  in  an  interesting  phenomenon.  It  would  be  expected  that  the 
wave  resistance  of  FI  would  be  the  highest  in  terms  of  the  wave  profiles. 
Since  the  opposite  is  the  case,  further  investigation  in  this  area  would 
seem  to  be  indicated. 

More  information  concerning  boundary  conditions  yield  singularity 
distributions  which  can  be  substituted  for  conventional  ship  forms  is 
necessary  before  minimum  wave  resistance  theory  can  be  applied  to  practical 
ship  design.  The  autnor  has  just  begun  work  in  this  direction  and  does  not 
have  sufficient  data  to  reach  any  definite  conclusions.  On  the  basis  of 
the  little  data  now  available  to  him,  however,  he  believes  that  further 
development  in  this  direction  will  be  of  value. 


COMPARISON  OF  CALCULATED  AND  MEASURED  WAVE  PROFILES 


None  of  the  above  mentioned  models  derived  by  means  of  stream 
line  tracing  has  been  constructed  so  far.  Comparison  of  calculated  and 
measured  wave  profiles  has  been  done  before*»only  with  the  stream  line 
traced  models  for  simple  forms  of  distribution.  Agreement  between 
measured  and  calculated  wave  profiles  for  such  a  model  of  a  linear 
distribution,  m( |)  =  %,  with  a  deep  draft  (depth  length  ratio  of  the 
distribution  =  0.25)  was  fairly  satisfactory  as  seen  in  Figure  9*'^ 

The  measured  wave  profiles  fcr  the  same  kina  of  models  with  a  finite 
depth  (depth  length  ratio  =  0.05),  C-201,  also  yielded  good  agre 
except  for  a  forward  shift  of  the  phase  as  a  whole  (Figure  10).' 

The  phase  shift  with  Model  C-201  reached  about  six  percent  of  model 
length  at  the  speed  of  KoL  =  14  or  speed  length  ratio  =  O.896.  This 
amount  decreased  with  lower  speeds.  C-201  was  derived  from  a  source 
distribution  m(£)  =  a-j_sin(£  |)  with  =  0.6,  and  the  total  flux  out 
of  for  half  model  length  was  87  percent  of  that  of  the  models  employed 
for  wave  profile  calculation  in  this  report. 

Figure  11  is  the  measured  wave  profiles  with  a  Series  60,  a 
block  coefficient  of  O.70,  parent  model  at  speeds  of  KoL  =  20  and  24, 
or  speed  length  ratio  =  0.753  and.  0.685. 

There  appears  to  be  no  observable  correlation  between  the 
measured  wave  profiles  and  the  calculated  wave  profiles  cited  above. 

As  can  easily  be  imagined,  a  conventional  hull  is  designed  with  more 
compound  curvature  than  are  the  aforementioned  models  so  as  to  attain 
a  favorable  wave  cancellation,  especially  of  the  transverse  wave 
component.  Another  serious  effect  comes  out  of  the  difference  between 
a  flat  bottom  of  a  conventional  hull  and  the  rocker  keel  of  a  mathematical 
model.  The  shoulder  waves  associated  with  the  conventional  ship  also 
affects  the  wave  profiles.  Further  investigation  in  this  direction  is 
necessary. 

Figure  12  is  the  measured  wave  profiles  of  two  65,000  ton 
tanker  models  of  a  block  coefficient  of  0.8l  at  a  speed  of  KoL  =  50, 
or  speed  length  ratio  =  0.575*  The  after  part  of  one  of  the  models 
could  not  be  covered  by  a  photograph,  because  of  the  limited  width 
of  the  towing  tank. 

The  entrance  of  these  models  close  to  the  bow  is  more  similar 
to  Model  T1  than  to  any  of  the  others.  Both  of  the  measured  wave 


sir 
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10.  Measured  wn  profile  with  a  finite  draft  aodel  at  a  speed  of  KoL  -  1*»  (speed  length 
ratio  ■  0.896) . 


•of ilea  vith  a  Series  60,  Cg  =  0.70,  parent 
,71  ft.)  at  a  speed  of  KqL  =  20  and  2b 


itio  -  0.753  and  0.685). 


Figure  12.  Measured  profiles  with  two  ti 
KqL  =  JO  (speed  length  ratio 


0.02 


nker  models  at  a  speed  of 
=  0.615). 
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profiles,  however,  are  very  small  in  their  height  compared  to  the  one  cal¬ 
culated  for  Model  Tl.  This  is  believed  to  be  due  to  the  linearized  surface 
condition  as  well  as  the  results  of  the  hull  self -interference.  Another 
cause  of  such  a  large  difference  is  supposed  due  to  the  fact  the  wave  pro¬ 
file  is  evaluated  directly  on  the  ships  center  plane  where  the  singularity 
is  located  instead  of  on  the  ship’s  side.  A  further  investigation  on  this 
point  is  in  need. 


CONCLUSIONS  ALT)  RECOMMENDATIONS 


The  systematic  investigation  of  singularity  distributions 
associated  with  stream  line  tracing  to  obtain  a  hull  form  which 
accurately  meets  the  boundary  conditions  of  the  ship  hull  associated 
with  an  analysis  of  the  wave  profile  alongside  the  model  is  expected 
to  clarify  the  wave-making  c mracteristics  of  ship  as  well  as  the 
mechanics  through  which  the  viscosity  of  a  real  fluid  affects  ship 
waves.  An  example  of  this  procedure  taking  into  consideration 
practical  ship  forms  has  been  introduced. 

The  computer  program  to  calculate  wave  profiles  is  now 
ready  to  be  used  for  wave  analysis.  It  is  recommended  thr  t  steps 
be  taken  to  carry  out  analysis  of  wave  profiles  measured  from 
aiathematical  models  in  order  to  check  the  validity  of  linearized 
boundt.ry  conditions  which  the  wave  theory  has  employed  and  the  effect 
of  viscosity  on  wave  making  phenomena. 

The  program  has  been  made  to  take  care  of  any  depth  of 
singularity  distribution  so  that  it  will  be  easy  to  extend  the  prognm 
to  figure  out  wave  profiles  along  a  ship  which  is  to  be  substituted  by 
a  singularity  distribution  varied  depthwise.  With  the  varied  singularity 
having  a  different  form  of  funct.on  m(  | )  at  a  different  depth  it  should 
be  more  feasible  to  obtain  a  ship  form  closer  to  that  of  a  conventional 
ship  even  from  a  singularity  distributed  over  the  ship  central  plane. 

In  this  paper  the  singularity  distributions  were  represented  by  fifth 
order  polynomials.  It  is  the  opinion  of  the  author  that  this  is  in¬ 
sufficient  for  the  representation  of  conventional  ship  forms,  and 
that  polynomial  expressions  of  much  higher  order  are  necessary. 

The  use  of  higher  order  polynomials  will  facilitate  obtain¬ 
ing  optimum  practical  hulls  because  of  the  increase  in  the  number  of 
variable  parameters  in  the  polynomials. 
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TABLE  1.  SERIES  F  MODELS 


Model  Ho. 

m(!) 

m 

a0 

al 

a2 

a3 

a4 

a5 

"  O 

FI 

u 

-3-36  5 

26.5543 

-43  5152 

19.4821 

0.4079 

0.400 

F2 

0 

2.4158 

1.1472 

-10.8371 

9.0703 

-1.5303 

0.263 

F3 

0 

2.381 

-2.2516 

0 

0 

0 

0.129 

F4 

0 

2.2653 

-0.0087 

-4 . 0298 

2.5399 

-0.1247 

0.004 

F5 

0 

18.8053 

-71.5497‘ 

105 . 0588 

-70.7719 

18.4867 

0.0 

Remarks : 

m(0 

=  ao  + 

U1  *  +  a2^ 

+  + 

V4  +  a555, 

symmetrical  with 

respect  to  midship. 

mQ  =  m(£  =  1),  strength  of  singularity  at  the  fore  end  of  length 
Ship  length  =  2 

Depth  of  distribution  =  5  percent  of  ship  length. 

Models  F2  through  F4  were  obtained  by  adjusting  the  magnitude 
of  the  singularity  so  as  to  have  a  constant  flux,  retaining 
the  original  form  of  the  functions  shown  in  Figure  46  in  the 
discussion  in  Reference  2. 


TABLE  2.  SERIES  T  MODEIS 


Model  No 

• 

m(  £) 

m 

B  A 

u0 

U1 

a2 

a3 

u4 

a5 

u 

Ti 

0 

-4  -  5  f  p  > 

64.052 

-254.4249 

374.5816 

-179.582 

0.15 

T2 

0 

-0.2243 

24.5469 

-113.3865 

171.4553 

-81.1915 

1.2 

T3 

0 

0 

5.34 

-26.64 

45.35 

-22.4 

1.6 

T4 

0 

O.589 

-1.998 

0.848 

4.42 

-1.906 

1.95 

Remarks : 

See 

Table  1. 

APPENDIX 


FUNCTIONS  CONNECTED  WITH  THE  CALCULATION  OF  WAVE  PROFILE 
AND  WAVE-MAKING  RESISTANCE 

Definition  and  Characteristics 


The  definition  of  the  functions  cited  here  has  been  given 
by  M.  Bessho.  He  investigated  then  thoroughly.  Herein  they  are 
shown  in  an  abbreviated  form  for  convenience. 

P  (x,t)  =  1/2  [0^(x,t)  -  0*^(x,t)] 
n  n  n 


(1.1) 


Qn(x,t)  =  1/2  +  0^2)(x,t)] 


(1.2) 


\  (  j  \n  *  -Kt+iKx  cos  u  n+2 

o^U.t)  =  lim  !  du  /  £ - £°S - “ 

U  _»  +0  n  -Jt  0  Kcos  u-l+n  i  cos  u 


dK 


(o\  ,n  It  oo  -Kt-iKxcos  U n+2 

0n  (x,t)  =  lim  /  du  /  - - 5 - 7 - - - -  dK 


u  — »  +0 


4n 


-n 


K  coscu  -1+u  i  cos  u 


(1.3) 


where  x,t  >  0  and  n  is  integer. 


When  x  <  0  ,  we  define  as  follows: 


0(*hx,t)  =  (-)n0^(-x,t) 
0n2'(x,t)  =  (-)"oj11)(-x,t) 

Differentiation : 


57  (Qn)  =  Vl+  *n-l 

dt 

=  Qn-2+  qn-2 

(1.5) 

L  P  .  P 

dx  Pn  pn-l 

a 

at  Pn 

=  pn-2 

d2  d  d 

a2 

a 

(1.6) 

dx2  ^n+  ax  Si-1 

572  Pn 

=  57  pn 
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Recurrence  I  ormula : 


Qn+(n-1)Qn_2  =  ^n-l+V  j^n-l^n-S^  +  2t(Qn-2^n-U+<ln-2'^n-4) 
nPn+(n-^Pn-2  =  +  2t(Pn-2+Pn-4> 


(1.7) 


where 


,  n-2 


q.n(x,t)  .  t-)"-1  -&§H2 

2  Vx2  +  t2 


n  >  2 


(1.8) 


4-i(x<t)  =  k  (jzbr1] 

q2n+l<x,t)=  -  |  q2n+2(x,t)  ,  ^2n  =  "  t  q2n.l(x’t)+  2t  JTT^JTT 


Integral  Representation: 

,  .  .  .n  rn/2  > 

p2n(x,t)  =  (-)  l  e 


p 

t  sec  u 


on 

sin(x  sec  u)  cos  n  udu 


,  v  ,  \n+l  ,n/2  -t  sec2u  2n+l 

P2n+i(x^)  =  (-)  /  e  cos(x  sec  u)  cos  udu 

0 


,(1) 

o 


where  and  are  the  paths  shown  in  Figure  A-l. 


x/ 1 


(1.9) 


=  Lln' 

-1 

/ 

tv2 -xv  vn-l 
e 

dv  ,  n  >  1 

(1.10) 

2 

Ll+L2 

>/  1  + 

k  2 

_  1 

/ 

tv  -XV  ,  1 

e  ( — i — 

- 1)  a 

(1.11) 

’  2 

Ll+L2 

>/  1+v2 

V 
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It  follows  that 


,  .  1  ,x/t  tu  -,xuu2n_1du  ,  v  n-1  1  _tu2  cos(xu)  2n+l  . 

“-an  (x*t)=o/„  e  ~7i^r'+  '  Le  TTTZ"  du’ 


2  0 


1  XA  tu2-xu  u2n 
«-2„-lU,t)  .  -5/o  e  — 


0 

n  >  i 

du  +  (-)n  /  u2ndu, 

0  JTZT 

x  >  0 

(1.12) 


Q0(x,t)  =  0^0,1)  -  ilog  (U^E£) 

1  fx/t  ,  tu2- 

*  O  J  (e 

2  0 


-XU 


1  -tu2 

♦  /  e  (l-cos  xu) 
0  u 


t  -»  0: 

Pn,  Qn  as  defined  by  T.  H.  Havelock 


Pn(x;0)  = 

Pn(x) 

(l.lM 

pn(x,o)  = 

-  2  /  Yo  (x)  (dx)  * 

00  00  0 

p.n(x,°)  = 

.  £  (-i)"-1  y  (x) 

2  dx  0 

(1.15) 

Q-l(x) 

-  H0(x)  -  Y  (x)  =  2  (x,0) 

2  w  w  •  X 

(1.16) 

Q.l(x) 

{,*  VlM 

Q  (x) 

0 

log  2rx  +  2  o'1)  (x,0) 

0 

Qx(x) 

1  -  x  +  x  log  27X  +  2  0^  (x,0) 

(1.17) 

Q2(x) 

1/4  +  x  -  2/4  x2  +  log  27X  +  2  Og1^  (x,0) 

where  YQ  is  a  Bessel  function  of  the  second  kind,  Hn  is  a  Struve 
function,  and  the  numerical  tables  are  available  in  the  Theory  of  Bessel 
Functions  by  Watson. 

P^Qn:  T.H.  Havelock,  Proc.  Roy.  Soc.,  10£  (1925),  108  (1921),  l^l  (1959) 
W.C.S.  Wigley,  Proc.  Roy.  Soc.,  144  (1945) 


-r00- 


log  y  =  C  is  the  Enler  Constant  (C  =  0.577215  ...  ) 


x  -»  0 


P2n(0,t)  =  0  ,  p-2n-l(0#t)  = 


(1.1S) 


u0(0  = 

Ux(t)  = 
Un+1^  = 


h  e 


2  [K0(?)  +  Ki(|)] 

(1  +  a,  un(t)  .  I^-iZ£)  u  (t) 


(1.19) 


where 


-t 


Un<t)  ■  V  V-n(t) 


-t 


=  —  v 


n 


2  O 


and 


vn(t)  -  /it 


n-1  t 

t  e"  W  (t)  =  sTn  t  2  e2  W  (t) 

n  n  n  n 


n-1  t 

TT 

a 


'2  '  ? 


■2>2 


and  Kjj  is  a  modified  Bessel  function  of  the  second  kind  (according  to 
Watson  or  McLachlan),  and 


n+1 


.  2  00 

WK  (t)  =  i -  /  e 

K,U  /*  0 


—  cosn  u 
2 


2(n-K)  u  2(u+K)  u 
sinh  ^  cosh  ^  du 


is  a  Whittaker  function  (see  Mod.  Ar  "lyses,  p.  j88) . 


0pn+1(0,t)  =  Ppn+1(0,t)  ,  o[1]  (0,t)  =  Q0  (0,t) 


2n 


2n 


(1.20) 


Q-2n-2(°^)  *  (-)"  En(t)  n  >  0 


E0(t) 


=  e 


t  1  tv^ 

l  e 


udu 


1  -tu£ 
d  v  =  /  e 

0  -hff 


oo  ,  v  n 


-  1  i lil 
n=°  (|) 


Ea(t)  = 


(1  4  A-)  E  (t) 
2t  0 


2t 


(1.21) 
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h  En(t)  “  *  W*)  -  E„(0)  *  -f- 

(f)n 

1 

Vl(t)  =  (1  +  ~T1)  En(t)  -  7  En-1  W 

Qo(0,t)  =  -  i  log  (47t)  +  /  E  (t)  dt 

^  o  u 

where 

(a)n  =  =  a(a+1)  —  (a+n-1> 

(a)n  =  0  ,  a  <  0 

(a)G  =  1 


(1.22) 


Expanding  Equation  (l . 9)  In  harmonic  functions  and  integrating  term 
by  term, 


P2nU,t)  = 


^2n+l(x>t)= 


Q_n(*>0  = 

R.n(x,t)  = 

S-2n^x^^  = 
^-2n-l(x>t)= 


S  (x,t)  = 
-2n 

S-2n-l(x>^ 


00  2m+l 


nit) 


“  /  \m-nv2m+l  (t)  , 

(0,t)  =  E  1 Zl - x -  U  K  )  (1.24) 


J7  r2n-2m+l'^-  m“0  (2b+i)  ,  m-n 


00  ,2m 


00 


xfc*“  x,  ( r\  t.\  v  /  Nm-n+l  x2m 


m=0  (2m) 1  *2n-2m+l^  m=b  ^  ^ 


#  U  (t) 

(2m) I  m-n+1  (q,25) 


R_n(x,t)  +  S.n  (x,t)  ,  n  >  1 


(,)n  (tu2-xu) u0-1 
2 


l  e'  JrT^du'  n  ?  1 


(1.26) 

(1.27) 


n 

n„l  .2  -t  cos^u 


(-)n"i/  e 
0 


cos  (x  cos  u)  cos2*1”1  udu,  n  >  1 


/  \n  f2  cos  u  2n 

(-)  e  sin(x  cos  u)  cos  udu,  n  >  0 


(1.28) 


,  n-l  ?  (-)mx2m 

(-)  E  — 1-\ .  e  i_l  (t)  , 


(-)n  E 


m=0  (2m) !  n+m 

®  (_^mx2m-»-l 


m=0  ( 2m+l )  I  n+m 


E. ..  (*)  - 


n  >  1 


n  >  0 


(1.29) 
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oo  ,  m 


S-n(x^^)  “  £  ,  S  (x,0) 

11  m=0  ml  -n-2m 


n  >  1 


(1.30) 


S_i(x,t)  =  |  H0  (x)  , 


S_2(x,0)  = 


1  H  ’  ( x ) 

2  ° 


(1.31) 


Asymptotic  Expansion: 


'-!<*•&  *  -5  {¥•"  £t  1  -  ’■  *  >/» 

P.,1.,.)  X  <?>"  i„M 


(1.33) 


x»t 


By  differentiation  and  integration  of  the  above  equation,  we  have 


2oU) 


—  ,  V  >  1 

n  7  — 


(1.34) 

Pv  (x,t)  *  -  *  e**  Z  r<n  +  (2t)n  /X  —  ^  .  v  > 

v  2  n=0  nl  oo  & 


fn 


where 


where 


x|  >  |  ,  | x |  »  | n |  and  -  |  «  <  phase  x  <  ^  « 

Yn(x)  Jsn(x)  sin  \|r  +  |n(x)  cos 

r  /  i  4(n2-l2)(4n2-32)  4(n2-l2) (4n^-32) (4n2-52) (4n^-7c ) 

^x'  *  1 - 21  fa) * -  - Wflv\4 - 


n 


I  (x)  (4n2-l2j  _  (4n2-lS)  (4n2-32) (4n2-52)  + 

11 (8x)  31 (8x)5 

/  1  1  v 

=  (x  -  jj-  It  -  2  n  «)  , 


(see  McLachlah;  Bessel  Function  for  Engineers) 
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For  example 


JIX 


■ 


Y0(x)  d  J-  sin(x  -  £)  -  _jL  sin  (x  + 


Yx(x)  &J—  - sin(x  +  f)  4  —  sin  (x  - 

Y  nx  4  8x 

* 


or  more  approximately 


Yn(x) 


Y  nx 


sin  (x  -  H) 


i  f 

Yi(x)  &  .  —  -sin(x  +  f) 
V  nx  4  _ 


-p-|  ^ 


.Mathematical.  Table 


(1)  Pn(x)  =  Pr(>,0;,  n  =  0(1)9,  v  =  0(0,4)4.4,  5  0(lNAo 

4  digits  JINNAKA;  S' A  of  JAPAN ,  Vol .  84,  where  (  }  indicates 
the  increment  between  table  values 


(2)  f  PQ(x)  =  -  i  Yo(x)dx 


x  =  0(0 .1)1. 0(0  2)10(o,4)50 


|  lh^>  -  !]  =  |  J0X  p0(x,dx 


given  to  six  significant  figures 


(5)  h  Qolx)  -  r  /  V*)  ■  4<*>  dx 


—  Qi  (x)  =  —  /  Qo(x)  dx 
2n  2n  0 


x  =  0(0.08)0,48,0.64,0.8, 

10(0  4)15,4, 16(2), 32(4), 

44,50,  given  to  four  through 
six  significant  numbers 


(4)  P_x(x,t),  N,P  .L.Mjj/16,  1502,  where  x  and  t  are  represented  by 

p  ( -x )  and  a  (=  vtl  respectively. 


(5)  Integration  of  Equation  (2  5,  for  wave  elevation  by  point  source. 
B.V  Korvi  1 -Kronkovski  and  others;  SNAME  Tecnnical  and  Research 
Bulletin  No  1 -l6  (1954) . 

(l) 

(6)  0.]_  (x,t)  and  P  ^(*,t) 

The  Wave' leaking  Subcommittee  of  the  Japan  Towing  Tank  Committee. 
The  University  of  Michigan 


Application  of  the  Func tions 

(l)  The  velocity  potential  at  P'|,  £)  by  a  point  source  of  unit 

strength  located  at  Q(| !  ,  q' ,  )  for  steady  motion  in  deep 

water  with  a  uniform  velocity  of  U  coming  on  in  tne  negative 
direction  of  the  £-axis. 

Accord! rg  to  the  definition  as  u  =  •  -4  etc  ,  the  velocity 

potential  is 
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0  =  —  S(P,  Q)  +  U£ 


where 


n 


s(p,s)  = 


1  d 


r(P,Q)  r(P,Q)  * 


1  +  1 


K  sec  9 
o 


-Jt 


[(£+£')  +  i(l-l')  cos©  +  i(r}-Tj’ )sine] 


de 


(2.1) 


«(a,P)  •  f  ~ 


e^dK 


cn  +  ni  secG 


(2.2) 


and  Q  =  the  image  point  of  Q. 

As  for  the  table  of  c(a,  3),  it  is  referred  to  as  N.B.S.  mathematical 
tables  No.  51  (1958). 

On  the  ship's  centerplane,  S(P,Q)  can  be  reduced  as  follows: 


S(P,9) 


1-1 '*0  -J(i-V)2  (E-c)2  '/(6-5')2  C-S')2 

-f  4K  o^5  (k0FT’,  -  K0FT) 


(2.3) 


where  KQ  =  g/v2  . 

(2)  The  surface  elevation,  £g,  at  a  point  P(£,  0,  0)  due  to  a  point 
source  located  at  Q($',  0,  £!)  with  a  uniform  stream  of  U  in  the 
negative  | -direction. 

4*K  t  (5,9)  =-i|-  S(t,  i) 

0  s  U 


4k2 

u 


0*})(Ko|.|-  ,  -  -K0r) 

(2.4) 


Putting  x  -  KQ£  ,  x'  =  Kq5'  and  t  =  -K0£'  ,  the  surface 
elevation  is 


°^W,t)  +  q_j(x-x',t) 


.iL0t}>(M.  t) 

M  at  °-l  (x  x  <X> 


(2.5) 
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(5)  The  surface  elevation,  £^,  at  a  point  P(£,  0,  0)  due  to  a  unit 
doublet* **  located  at  Q(  | 1 ,  0,  £  ’ )  with  a  unifora  stream  of  U  in 
the  negative  £ -direction. 

Putting  x  =  Kq£  ,  x'  =  Kq|'  and  t  =  -K0£' 

£  can  be  written  in  the  fora 


Cd(p,Q)  - 


k  csu-«)  -  -  k  ?s(x ’ 


K? 


=  -A 
jtU 


(O^W’.t)  +  2  V3/2  -  —jr-^T/2 


2(x‘*t‘) 


(x/t) 
2(x2+t2) 


2 


(2.6) 


In  the  rear  of  the  double 


?D(x’t)  =  § 


r<&W,t)  -  2P_1+(x'-x,t) 


t 


(x/t) 


2 


2(x2+t2p/2  2(x2+t2)1/2. 


(2.7) 


The  term  of  -2P  ^(x'-x,t)  pertains  to  the  free  travelling  wave 
ponent . 


com- 


(4)  The  surface  elevation  due  to  a  linear  lengthwise  and  uniform  draft- 
wise  distribution?"* 


MjU')  =  a^U| ' 
M2(£')  =  1 


-  £  <  V  <  £ 

-  T  <  £'  <  0 


(2.8) 


Using  the  parameter  x  and  x'  for  Kq£  and  KQ| '  respectively, 


the  surface  elevation  is  given  in  the  form 
t  x^2 

x'dx 


«■>  ■  3  /  - 


4a, 


o 

x„/2 


Olj/fx-x'.t) 


°  .*» 
2 


,  .  ,t=t 

0^(x-x',t) 


(2.9) 


x'dx' 


t=o 


*The  strength  of  the  doublet  p  is  related  to  a  sphere  of  the  radius 
of  a  placed  in  an  infinite  uniform  f ]  ow  as  u  =  2na^U. 

**According  to  Michell's  approximation,  this  distribution  indicates  a 
ship  of  L  =  2i  length,  B  =  2b  breadth  and  1  draft  with  a^  =  b/ni2  = 
2B/(jtL2).  For  the  more  accurate  ship  form,  see  the  model  in  the  contents. 


X>7- 


or  t(x)  =  Z  +  Z. 

o  1 

x' 

(x'-x)  '  qi 


4a 


x' 


qxdx 


,2 


qxdx’ 


(2.10) 


x'=a 

x'=0 


t=t. 


t=o 


4a 

KJ 


x  ,  e(t  WT2T'j2)“  tc 

-  log  - 3-===  -  —  log 

■  a(t0s/t2  +  cr)  2 


f3+N/tJ  +  f£-t 


La-*-  s/’t  §  + 


sTt2  +  Q2  -  tQ  1  1 
2a 


20 


(2.11) 


where 

x0  Xq 

a  =  x  +  ,  0  =  x  -  75 — 

and 

t=t 

o 

t=o 


1,1 ai 

*oa 


,(1) 


(x-x'  )0^J(x',t)  +  0^4x',t) 


x'=a 

x’«3 


t-t 


t=o 


4an 


K 


-(1) 


(1), 


0[  '(a,t)  -  0^  '( 0,  t )  -  X 


(2.12) 

while  Z  is  symmetrical  with  respect  to  the  midship,  Z^  contains  the 
oscillating  term.  0^  (x,t)  is  monotonic  for  x  >  0,  but  for  x  <  0, 

from  Equations  (l.l)  and  (1.4), 


oi1}(x,t)  =  (-) 


n 


,(i), 


0n”'(-x,t)  -  ?Pn(-x,t) 


(2-15) 


where  Pn(-x,t)  is  the  oscillating  term. 


(i)  a  >  0,  0>O,  i.e.,  forward  of  the  F.  P.,  ve  can  use  Z^  as  it 
is  in  Equation  (2  12). 
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(ii)  oc  >  0,  3  <  0,  i.e.,  within  the  ship's  length 


4ai  i  (i) 


J1  2 
Ko 


.(1), 


o1  (a,t)  +  o1  ( -3, t )  -  xj 

t=T 

t=0 


+  2x  p0(-@,t)  -  sp^-e.t) 


o'1)(a,t)+o^1)(-e,t) 


(2.14) 


(iii)  oc  <  0,  3  <  0,  i.e.,  aftvard  of  the  AP 


4ai  i  ,d) 


K 


+  x 


(D. 


-0{  ;(-3,t)-  f- 


oi1 ^ ( ~af t )  +  O^1 ^  ( -3,  t ) 


+  2 


Px(-a,t)-  Px(-3,t) 


t=t. 


(2.15) 

(5)  A  linear  distribution  with  respect  to  the  draft 

m1(5)  -  l  <  5  <  l 

m 2(C)  =  (1  +  C/T)  -  T  <  C  <  0  (2.16) 


The  surface  elevation  along  the  dh  ip  center  line  in  this  case,  ^ 
denoting  the  elevation  due  to  the  uniform  distribution  by  is 
given  as  follows 

Cv  (x,0,0)  =  ^(x.0,0) 

X0 

+  ~  ^(x')  to0^^(x-x;to) +  0^^(x-x',0) 

X 

-a“  a 

tQ  ->/(x-x'  Y  +  tq" 


o(1)fx-x-  t  )  +  r.g  - : 4 —  L— i—is  1  w 
lXX,V  +  2(x-x')  “ 


x„/2 


J  n^x')  j^t  0^(x'-x,to)-0p(x'-x,0) 
-0^(x»-x,t) 
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2t  P_x(  x  * -x, t )  -  2? ^ ( x ' -x,  0)  +  2P^( x 1 -x  t  ) 


0  -  J(x  -xjc  •»  t0' 
:v  x ' -x  ) 


(2  17) 


where  x  =  KQ|  ,  x'  =  K0S'  and  tQ  -  KQT 


[C)  Wave  making  resistance  by  a  source  distribution  on  a  vertical 
central  plane 


o  r  /2 

cKT"  2  x 

r  =,  — *0  iF(  K,0)  sec'©  do 

*  j 


(5  16) 


£  *  s  '  ) 

,  f  ['  Kz*iKxcos© 

F ( K , 0 ;  -  '  /  e  d^’dt; 


(2.19) 


vnere  K  -  K  sjc 
Hence 


pK? 

.  L_a 


'  a(|  * ,  C’  dC’F_,(K0l -%  * ,  K^1) 


(2.20) 

For  the  linear  soiree  distribution  such  as  in  Equation  (2.6) 


2a,  U  - Kt 

R(K,0)  =  r-:--ro  (l-e  )[sin(K/cos©)  -  Kicos©  cos(KXcosO)1 

(2.21) 


2  ,  2a,  U  u  , 

F^K  sec  0  0)  =  — ~r  cos  0(l  e 

VJ  4  rr 


-t, seer©. 


X  9C  X 

x  i  sin  (y*  sec©)  -  sec©  cos  (^2  sec©)J 


(2.22) 


where  t  ^  K  1  ,  x  -  K  L 
o  o  o  o 
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Hence, 


|F(K„see9,9) 


2  4a?U 5  8  .  -t„sec  ©  -2t«sec  9 


K 


1^-  cos  0(l-2e 


+  e 


2. 

0aec  t 


2  2 

1  x0  o  l  .  xQ  2  v  /  v 

—  +  sec  ©--  (l-^“  sec  ©^OB^sec©) 


-fi  sec©  sin(x  sec®)] 
2  0 


(2.23) 


Substituting  Equation  (2.14)  into  Equation  (2.13)> 


RnKr 

P< 


^  -  (V  [Pj(0.t)  -  iy  P,<0,t)  ♦  P,(-  *f,  t) 


5"  P^V^1 


(2.24) 


where  the  right  hand  side  should  be  evaluated  at  t  =  0,  tQ,  and 
2tQ  and  the  results  added  as  follows: 


f(t  .  0)  -  2f(t  -  t0)  +  f(t  -  2t0) 


DISCUSSION 


by  E.  0„  Tuck 


I  wish  to  make  a  comment  which  applies  whenever  attempts  are 
made  to  obtain  wave  height  (or  equivalently,  pressure)  estimations  near 
to  disturbing  bodies.  Although  Professor  Takahei  expressly  indicates  that 
he  is  using  the  Inui  rather  than  the  Michell  approach,  I  take  it  that  his 
ships  are  nevertheless  thin,  since  for  instance  he  calculates  |(x)  on 
the  centre  plane  where  there  B  in  fact  no  water,  only  ship,  unless  the 
ship  is  thin  enough  to  be  approximated  by  its  centre  plane.  Therefore, 
my  remarks  concern  calcualtion  of  wave  profiles  near  or  on  the  hull  on 
the  basis  of  thin  or  slender  ship  theories. 


Professor  Takahie's  Equation  (2)  is  presumably  obtained  from 
the  usual  linearized  result 

S  £  =  [-U0X]  z=0  • 

I  have  doubts  about  whether  this  gives  the  whole  story  near  a  thin  or  slend¬ 
er  ship.  One  must  always  remember  that  linearization  is  only  valid  as  a 
consequence  of  thinness  or  slenderness;  this  is  a  warning  that  nonlinear 
effects  may  be  important  in  any  calculation  of  flow  near  the  ship.  Thus 
in  the  present  case  the  exact  formula  is 

g  t  -  [-U*x  -  \  ^  .  I 

p 

and  I  believe  that  at  least  the  term  "0  "  can  sometimes  be  of  comparable 
important  to  the  linear  term  "U0X"  near  the  ship. 


For  instance 
=  °(£2)  and 


are  both  of  Ofe^) 

X 

0  is  algo  of  order  e 

Lt 

free  surface  condition 


,  in  the  case  of  a  slender  ship  where  we  have  0 
=  0(i)  near  the  ship  c.f.  ,  then  U0X  and 

.  Clearly  0x  is  of  order  ;  the  fact  that 
^  follows  from  inspection  of  the  exact  kinematic 


K  =  U^X  +  0x£x  +  0ySy  • 

Hence  the  correct  formula  for  wave  height  near  the  ship  would  seem  to  be 

gc  -  [-U0X  -  i  ' 

Although  this  formula  is  derived  for  the  case  of  a  slender  ship,  it  may 
possibly  also  be  valid  for  thin  ships. 
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As  an  example,  we  might  consider  the  case  of  a  body  of  revolu¬ 
tion  r  =  r0(x)  ,  in  which  case  £  takes  the  form 

*  2 
g£  *  -U  [a'(x)  log  y  +  b’(x)]  -  i  iuLzlX  ■ 

2  y2 

where  a(x)  =  ^  S'(x)  =  Ur0(x)r0'(x)  and  b(x)  is  a  certain  functional 

of  a(x)  defined  in  my  paper  at  this  seminar.  On  the  body  itself  y  =  rQ(x), 
so  that  £(x)  is  given  by 

g$(x)  =  -U[a'(x)  log  r0(x)  +  b'(x)]  -  |  ^(^'(x))2 

I  feel  that  some  term  analogous  to  the  last  term  of  this  equation  should 
occur  in  Professor  Takahei's  results. 


AUTHOR'S  REPLY 

I  appreciate  very  much  your  discussion  to  my  paper.  I  certain¬ 
ly  agree  with  you  in  thinking  of  additional  steps  of  the  procedure  presented 

here.  In  this  respect  you  have  made  a  helpful  suggestion. 

•* 

As  you  mentioned,  I  started  from  the  result  of  the  usual  linearized 
theory  and  have  worked  on  according  to  the  assumption  that  the  calculated 
wave  profile  on  the  model  central  plane  may  be  substituted  for  the  wave 
profile  alongside  the  model  because  of  the  stationary  property  of  the  wave 
pattern  in  the  vicinity  of  the  model.  I  made  use  of  the  same  procedure 
previously  in  my  wdrk  with  the  mathematical  models,  (6) 

the  measured  wave 

profiles  yielding  good  agreement  with  the  calculated  ones  within  moderate 
speed  range  (Figure  10)  .  Later  on  I  was  engaged  in  wave  analysis  with  the 
models  of  conventional  hull  shape,  and  have  found  less  correlation  between 
the  measured  wave  profiles  and  the  calculated  ones.  The  discrepancies  seem 
to  be  greater  with  decreasing  model  speed.  In  general  a  conventional  model 
is  designed  with  more  compound  curvature  than  are  the  mathematical  models. 

As  you  suggested,  non-linear  effects  may  be  serious  in  wave  profile  calcu¬ 
lation  near  the  ship,  particularly  in  low  to  moderate  speed  range  with  models 
formed  by  compound  curvature. 

Then  my  work  should  be  extended  to  include  second  order  corrections. 
Under  the  second  order  corrections  are  included  all  the  steps  necessary  to 
rectify  the  errors  resulting  from  the  approximations  made  in  the  first- 
order  or  linearized  theory.  These  are  the  corrections  for  the  boundary 
condition  at  the  hull  surface  as  well  as  for  the  boundary  condition  at  the 
free  surface.  In  addition  viscosity  effect  certainly  has  to  be  taken  into 
account. 


SOME  MATHEMATICAL  TABLES  FOR  THE 
DETERMINATION  OF  WAVE  PROFILES 


Takao  Inui 

The  University  of  Tokyo 


1. 


INTRODUCTION 


Studies  In  the  wave-resistance  of  ship  hull  forms  have  hitherto 
dealt  primarily  with  the  relationship  between  the  hull  form  and  the  drag 
force,  an  integrated  final  result  of  wave -making  phenomenon  The  resis¬ 
tance  test  is  a  quite  practical  means  to  predict  the  necessary  horse¬ 
power  to  propel  a  ship  and  has  been  used  for  nearly  a  hundred  years  as 
it  had  been  devised  by  W  Froude  It  is,  however,  less  instructive  as  a 
clue  in  clarifying  the  mechanism  of  wave-making  phenomenon  and  particular¬ 
ly  in  attaining  prospective  improvement  of  the  ship's  hull  form.  On  the 
other  hand,  little  attention  has  been  given  so  far  to  the  wave  pattern  or 
the  wave  profile  despite  the  fact  that  these  configurations  could  be  seen 
advancing  in  beauty  in  a  routine  tank  test.-  This  may  have  primarily  been 
due  to  the  complicated  experimental  and  theoretical  procedures  involved 
in  the  observation  and  analysis  of  wave  patterns  With  modern  equipment 
and  techniques,  such  as  observation  of  wave  profile  using  photographs, 
mapping  of  wave  contours  using  photogramme try  or  acoustic  transducers, 
etc.,  the  difficulties  in  measuring  model  waves  can  be  avoided.  High¬ 
speed  computers  are  also  available  for  the  tedious  theoretical  calcula¬ 
tions  used  in  determining  wave  patterns.  The  method  of  wave  analysis 
based  on  the  measured  and  the  calculated  wave  profile  has  now  become  a 
subject  matter  in  the  research  of  wave -resistance .  It  works  substan¬ 
tially  in  checking  the  validity  of  linearized  boundary  conditions  which 
the  theory  has  employed  and  applying  viscous  corrections  to  the  theory 
of  the  wave-resistance  of  an  inviscid  fluid  In  particular,  the  waveless 
hull  form  associated  with  the  bulb  is  to  be  designed  to  attain  the  most 
favorable  interference  between  bow  wave  and  bulb  wave.  For  this  purpose 
wave  observation  and  its  analysis  play  the  leading  role  in  carrying  out 
the  tests 


Generally  speaking  the  calculation  pertaining  to  wave  profiles 
is  tedious  and  a  great  amount  of  work  is  involved  in  it  This  is  the 
reason  that  the  simplest  case  of  infinite  draft  model  has  been  primarily 
dealt  with  so  far  'X'T)  The  case  of  finite  draft  now  ought  to  be  taken 
into  account  by  taking  advantage  of  computers  Once  the  calculation  of 
wave  profile  or  wave  pattern  is  carried  out  mechanically,  the  wave  ana¬ 
lysis  should  be  utilized  more  often  than  not  in  investigations  of  wave- 
making  resistance 

With  these  considerations,  the  Subcommittee  of  the  Wave-making 
Resistance  of  the  Japan  Towing  Tank  Committee  has  undertaken  the  compila¬ 
tion  of  numerical  tables  which  are  available  primarily  for  determining  the 
wave  profile  alongside  the  ship's  center  plane 
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The  fundamental  part  of  these  tables  has  been  completed  recently. 
It  is  not  only  very  useful  in  wave  analysis  as  it  stands,  but  also  may  be 
used  further  to  derive  associated  functions. 

The  magnitude  of  this  project  is  so  great  that  we  have  conceived 
the  idea  of  having  an  international  committee  organized  for  this  purpose. 
The  committee's  duty  will  be  at  first  to  determine  the  line  of  approach, 
and  then  to  establish  the  formulas  of  functions  to  be  worked  with,  to 
share  the  work  involved  in  making  numerical  tables,  and  finally  to  compile 
and  publish  the  tables.  We  hope  that  our  work  which  has  been  done  so  far 
in  Japan  will  become  the  impetus  for  further  development  in  this  direction. 


2.  THE  SCOPE  OF  THE  TABLES  MADE  IN  JAPAN 


The  tables  completed  so  far  in  Japan  pertain  to  the  wave  pro¬ 
file  on  the  vertical  plane  including  the  direction  of  the  approach  of  the 
advancing  singularity.  They  are  classified  into  two  categories. 

2.1  Surface  Elevation  Due  to  a  Continuous  Source  Distribution. 

The  ship's  wave  theoretically  can  be  calculated  more  accurately 
with  a  singularity  distribution  corresponding  to  the  hull  form  than  with 
the  configuration  of  the  hull  form  substituted  by  the  Michel’s  approxi¬ 
mation.  The  former  is  the  one  with  which  we  worked.  However,  we  have 
not  as  yet  had  an  exact  correlation  between  the  hull  configuration  and 
a  singularity  distribution.  In  particular,  we  lack  knowledge  concerning 
the  singularity  distribution  defining  the  prescribed  hull  form.  Under 
these  circumstances,  before  undertaking  our  work  we  carefully  examined 
the  following  terms  in  conjunction  with  the  singularity  distribution. 

a)  The  place  to  locate  the  singularity;  i.e.,  on  a  vertical 
plane,  on  a  horizontal  plane,  on  a  general  plane,  on  a  general  curved 
surface,  or  a  volumetric  distribution. 

b)  The  functional  form  of  the  distribution,  which  is  whether 
the  variables  should  be  separated  or  not  separated.  The  former  is  in 
the  form  of  a  product  of  two  functions  each  dependent  upon  only  one  of 
the  two  space  coordinates  of  the  center  plane .  If  the  separated  form 
is  preferable,  what  is  an  appropriate  functional  form  for  each  of  the 
variables,  i.e.,  draftwise  and  lengthwise  respectively? 


The  problem  is  closely  connected  with  the  future  approach  to 
ship  hydrodynamics  Pegardless  of  the  above  cited  cases,  there  is  cer¬ 
tainly  a  need  for  the  simplest  case,  that  of  a  vertical  line  distribution 
with  a  finite  depth  of  uniform  strength,  which  is  the  case  we  have  worked 
out 


2  2  Surface  Elevation  Due  to  an  Isolated  Doublet 


The  isolated  doublet  arises  in  ehiphydrodynamics  concerning 
the  problem  of  a  bulbous  bow  The  bulb  can  be  substituted  by  an 
isolated  doublet  or  a  distributed  doublet,  advancing  at  a  certain  depth 
under  the  water 


In  this  connection  numerical  tables  regarding  surface  eleva¬ 
tion  due  to  an  isolated  source  have  been  made  at  the  National  Physical 
Laboratory,  England  The  surface  elevation  of  a  doublet  and  that  of  a 
source  are  related  m  such  a  way  that  the  former  is  obtained  by  the 
derivative  of  the  latter  with  respect  to  a  coordinate  in  the  direction 
of  the  doublet  axis.  The  table  concerned  with  the  free  traveling  wave 
due  to  an  isolated  doublet  has  been  formed  by  a  numerical  derivation  of 
the  table  compiled  by  the  National  Physical  Laboratory 

In  addition,  a  table  for  the  local  disturbance  due  to  an 
isolated  doublet  ha?  been  made 


3  DEFINITIONS  OF  ^UNCTIONS 


3  1  Nomenclature 

F  :  Froude  number 
L  t  Model  length 

K0  •  S 

K0L  -  gL/'v2  -  1/F2 

T  ;  Depth  of  singularity  distribution  along  a  vertical  line 
t  :  K0T 

v  ;  Speed  of  advance  on  the  direction  of  the  x-axis 

m  :  Strength  of  line  singularity  per  unit  vertical  length, 

being  equal  to  total  flux  cut  of  singularity  per  unit 
depth  as  in  the  uniform  flow  of  a  unit  speed 
x  -  x-axis  coordinate  in  a  unit  of  K'0L 

5  :  x-axis  coordinate  of  singularity  involved 

£  :  surface  elevation,  upward  taken  as  positive. 
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The  range  covered  by  the  table  is  presented  in  the  following  manner. 

0.0  (0.1)  1.0 

This  means  that  the  parameter  changes  from  00  through  1.0  with  spacing 
of  0  1. 

3  2  Calculation  of  Surface  Elevation 


When  the  ship  is  advancing  in  the  positive  direction  of  x-axis 
with  the  midship  at  the  origin,  the  surface  elevation  at  the  location,  x, 
due  to  a  singularity  distribution,  m(|),  is  given  as 

K0L/2 

£(x)/L  =  1/ (jtK0L)  /  rn(|)  U(x-*,t)  d|  (l) 

-K0L/2 

where  U(x-|,t)  is  the  function  which  is  to  be  evaluated  by  taking 
advantage  of  the  tables. 

The  function  U(x-|,t)  takes  a  different  form  depending  upon 
whether  the  location  at  which  surface  elevation  is  evaluated  is  in  front 
of  a  singularity  or  in  the  rear  of  it;  that  is, 

x  >  |  :  U(x-|,t)  =  0^(x-|,0)  -  0^(x-|,t)  (2) 

x  <  |  :  U(x-£,t)  =  2P_:U-x,0)  -  SP^S-Xjt) 

-{o^’ci-x.o)  -  0^(5-x,t)}  (3) 

where  and  pertain  to  a  local  surface  elevation  and  a  traveling 

free  wave  respectively.  The  profile  of  the  local  elevation  and  that  of 
the  traveling  wave  are  giving  in  terms  of 

0^p(x-?,0)  -  0^(x-|,t) 

and 


2{P_1  (x-5,0)  -  P.^x-^t)} 


respectively 


The  functions  0^(u,t)  and  P_^fu.1 

:)  all  defined  as  the 

case  of  n  =  -1  in  the  following  formulas:  ^9) 

P„(u,t)  .±{oW(u,t)  -  of«(u,t)} 

w 

^(u.t)  =|{0^(u,t)  -  0^(u,t)} 

(5) 

^  r- 


«  -Kt  +  iKcosu 


H-»  +0  «  -jt  o  Kcos^u-1  +  jiicosu 


cosn"l’2u  du 

(6) 


X2) 


lim  iJ 


n 


oo  e-Kt  -  iKcosu 


or'(u,t)  -  “  f-  /  du  /- — - — 

u-»40  bn  -  n  o  Kcos2u-1  + 


^icosu 


n+2  , 

cos  u  du 


(7) 


where  u  >  0,  t  >  0  and  n  is  integer.  In  case  of  u  <  0,  they  are 


defined  as  follows. 

O^Cu.t)  -  (-)n0<1)(-u,t)  (6) 

o£2,(u,t)  =  (-)n0^2)(-u,t)  (9) 

The  functions  defined  above  are  related  to  the  functions  Pn(u)  ^d 
Qh(u)  introduced  by  T.  H.  Havelock  in  the  following  ways. 

Pn(u,0)  =  Pn(u)  (10) 

P„(u,0)  -  -  |  /  ...  t  Y  (x)(dx)n+1  (11) 

C.  GO  00  ^ 

P-n(u’°)  -  -  a  (fe)"'1  Yo«  (12) 

0^(u,0)  =  f  {Hq(x)  -  Y0(x)}  =  Q.x(u)  (13) 

Qnv'u)  =  /  Qyj.iCt)  dx  (1^) 

o 


In  connection  with  the  formulas  stated  above,  the  numerical 
tables  of  the  following  functions: 


#2 

#  3 

#  * 


0^(u,t) 

P_1(u,0)  -  P_x(u,t) 

0^5(u,0)  -  0^)(u,t) 

have  been  made  for  the  following  ranges  of  ship  speed  and  the  ratios  of 
the  depth  of  a  singularity  distribution  to  its  length: 

K0L  ;  2  through  26  (speed-length  ratio  =2.38  through  0.66) 

T/L  ;  0.03,  0.04,  0.05 

so  as  to  be  able  to  deal  with  most  conventional  surface  ships .  The 
tables  feature  in  giving  a  component  of  local  elevation  and  that  of  a 
free  wave  separately.  The  tables  of  P^Cu^t)  and  0^(u,t)  cover 
the  range 

t  :  0  through  5.2 
u  :  0  through  27. 0 

The  preliminary  print  of  the  tables  takes  66  pages. 


4.  CALCULATION  PROCEDURE  OF  THE  FUNCTIONS 

In  order  to  evaluate  the  values  of  P_^(u,t),  0^p(u,t), 

numerical  integration  was  commonly  used  for  cases  of  variables  in  range 
#2  as  shown  in  the  adjoining  table.  Appropriate  asymptotic  expansions 
were  made  use  of  for  variables  in  ranges  #1  and  #3. 

Range  #1  u^/4t  <  4 

Range  §2  u^/4t  >  4  and  u  <  5 

Range  #3  u  >  5 

4.1  P_1(u,t)  Calculation 

(a)  Range  #1: 


n=0 
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where  UQ(t)  =  §  e  2  KQ(|) 

Ui(t)  -ie’5  {Kl(|)  +  Ko(|)} 

herein  KG  and  K-^  are  the  modified  Bessel  functions. 

For  further  orders  of  n  the  following  recurrence  formula  is 
applicable . 

W*5  '  (1  +  Un(t’  -  — f —  Vl<*) 

(b)  Range  #2: 

w  .  y2 

=  ^jT~  e  ^  P_i(|u  +  v|,0)dv 
where  P.^UjO)  =  -  |  YQ(u) 

wherein  Y0  is  a  Bessel  function  of  the  second  kind. 

(c)  Range  #3: 

The  following  series  expansion  may  be  used  to  obtain  accuracy 
to  four  or  five  significant  figures. 

P_v_l(u,t)  £  ,  /  n_  e 
V  2r 


jC  cos  Cu  +  ^  «)  -  S  sin  (u  +  —  it)} 


where  C 


,0, 

=  cos (2) 


^2  COS<l 


♦  — (a2  -  35c)  cos(|  9)  -  ••• 
l6r^  2 

S  =  sin(~)  -  sin(|  9)  -  sin(J  9) 

d  4r  2  d. 


I6r" 


(a2  -  35c)  cos 9)  - 


=  vT 


u2  ♦ 


(2t 


+  1  A2 
+  l  -  v) 


tan9 


u/(2t  -  v  +  |) 


a 


■  1  +  | 

»  -  -  5  (v  -  y 

i  ( 

c  "  4  "  32  ^ 

and  P_1(0,t)  =  U0(t) 

4.2  0^(u,t)  Calculation 

(a)  Range  #1  and  #2: 

O^W)  =  R_iCu,t)  +  S_1(u,t)  +  P_1(u,t) 
where  _  u2  ,  p, 

1  1  e  It  (1‘V  5 

R  •.  (u,  t)  =  -  -  /  - dv 

-1  2  -V((i+v)2  ♦  is!) 

u2 

rt/2  -tcos^Q 

S_^(u,t)  =  /  e  sin(u  cosQ)  d0 

o 

(b)  Range  #3: 

0  (u,t)  £  a  +  b  +  c+  d  +  e 


where 


a  *  &  b-y) 

*>  -  -§-  U  -  |  y  ♦  i  y3) 

c=|Z{-5+^(6-10y+^y3-|y5)> 

d  *  -T-  {-6  +  4  (*  -  1Q5y  +  ^  y3  -  36y5  +  ¥  y7)} 

uHz  z^  ^  d- 

e  =  —  /-  2  +  2°  -  :L  (840  -  1512y  +  1224y3  -  8l4.5y5 
u5  1  2  z2  z4 

+  3i5y7  -  52. 5y9)} 
z  =  7  ,  y  =  1/nTi+z2 


and  also 


O^M)  -  f{H0(u)  -  Y0(u)} 
0_(^(0,t)  =  Pml(o,t) 


herein  HQ  is  a  Struve's  function. 
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5.  TABLES  OF  WAVE  PROFILE  DUE  TO  POLYNOMIAL  SINGULARITY  DISTRIBUTIONS 


Effective  use  of  the  tables,  before  their  completion,  has  been 
made  in  several  works  on  wave  analysis . (TO, 11) 

As  in  most  of  the  cases,  the  distribution  function  of  a  sin¬ 
gularity  is  represented  by  a  polynominal  in  a  coordinate  along  the  ship's 
length.  The  tables  of  P_j_(u,t)  and  0^)(u,t)  have  been  compiled  so 
as  to  make  it  possible  to  determine  a  wave  profile  due  to  a  polynomial 
singularity  distribution.  Surface  elevation  at  a  appropriate  number  of 
stations  is  tabulated  as  a  contribution  from  each  term  of  a  polynomial. 

Tables  1  through  6  are  for  the  case  in  which  the  ratio  of  the 
depth  of  the  distribution  to  its  length  is  0.0^.  An  example  of  use  of 
this  table  may  be  of  interest.  A  singularity  distribution  being  given: 

m(|)  =  1.632131  +  1.13213I4 
-  for  0  <  i  <  1 
+  for  1  <  I  <  0 

the  wave  profile  at  the  velocity,  KQL  of  lo  or  a  Froude  number  of  0.25, 
is  obtained  very  readily  by  taking  advantage  of  Table  3-  All  that  needs 
to  be  done  is  to  sum  up  the  values  in  the  table  multiplied  by  values  of 
the  coefficients  of  the  polynomial.  Figure  1  is  the  obtained  results, 
consisting  of  a  local  elevation,  a  free  traveling  wave  and  a  total  wave. 


6.  WAVE  PROFILE  DUE  TO  A  DOUBLET 


The  surface  elevation,  ,  at  P(x,0,0)  generated  by  a  unit 
doublet  directed  toward  the  positive  x-axis  located  at  Q(x',0,t')  and 
associated  with  a  uniform  flow  of  velocity,  v  ,  coming  in  the  direction 
of  the  negative  x-axis  is  our  concern.  Herein  the  coordinates  of  P 
and  Q  are  in  units  of  K0  and  the  strength  of  the  doublet,  M  ,  is 
related  to  a  sphere  of  radius,  a  ,  placed  in  an  infinite  fluid  of 
velocity,  v  ,  in  such  a  way  that  M  =  2na0\  .  In  front  of  the  doublet 
(x  >  x')  ,  only  the  local  elevation  exists  and 

£D(P,Q)  =  Z_4(x  -  x',t) 

nv 


where,  assuming  u  >  0, 


I 

4 


*A  -  0.04 


TAKJ  !(•) 

*  K.L-2S 


K*i  m  n  it  m  0.0000) 


TAIL!  1(b) 


TA  -  0.04 


8  c 

t»l  -  20 


At  K.L-20 


r 

i  u 

a  ■  1 

'  »  a  f 

[  _  »  "  3 

_ _ 

1  t'/L'1" 

11.0 

1.1000 

.2106 

.2106 

.1806 

.1806 

.1596 

.1596 

.1439 

.1439 

10.5 

1.0500 

.3362 

.3362 

.2963 

.2963 

.2676 

.2676 

.2454 

.2494 

10.0 

1.0000 

.8261 

0 

.8261 

.7655 

0 

.7655 

.7194 

o 

.7194 

.6820 

o 

.6820 

9.5 

.9500 

.2750 

2.1694 

2.4446 

.1971 

2.0961 

2.2932 

.1387 

2.0255 

2.1641 

.0926 

1.9576 

2.0503 

9.0 

.9000 

.1139 

2.0672 

2.1811 

.0336 

1.8901 

1.9237 

-.0218 

1.7281 

1.7064 

-.0613 

1.5799 

1.5186 

8.0 

.8000 

-.0269 

.3392 

.3123 

-.0956 

.0640 

-  .0316 

-.1309 

-  .1518 

-  .2826 

-.1473 

-  .3197 

-  .4670 

7.0 

.7000 

-.0950 

-1.1314 

-1.2064 

-.1415 

-1.3042 

-1.4458 

-.1521 

-1.3993 

-1.5514 

-.1467 

-1.4295 

-1.5762 

(.0 

.6000 

-.1359 

-1.,  3 

-1.4999 

-.1552 

-1.3939 

-1.5491 

-.1430 

-1.3212 

-1.4642 

-.1226 

-1.2024 

-1.3249 

5.0 

.5000 

-.1634 

-  .62/3 

-  .7907 

-.1530 

-  .5341 

-  .6870 

-.1230 

-  .3681 

-  .4911 

-.0950 

-  .1999 

-  .2949 

4.0 

.4000 

-.1838 

.2918 

.1080 

-.1428 

.4133 

.2704 

-.1012 

.5592 

.4579 

-.0721 

.6646 

.5925 

5.0 

.3000 

-.1973 

.6209 

.4236 

-.1266 

.7076 

.5810 

-.0801 

.7693 

.6892 

-.0540 

.7694 

.7154 

2.0 

.2000 

-.2059 

.1792 

-  .0267 

-.1082 

.2462 

.1380 

-.0631 

.2410 

.1779 

-.0421 

.1792 

.1371 

1.0 

.1000 

-.2107 

-  .5586 

-  .7694 

-.0914 

-  .4425 

-  .5339 

-.0522 

-  .4538 

-  .5060 

-.0358 

-  .4992 

-  .5350 

0 

o 

-.2123 

-  .9285 

-1.1408 

-.0823 

-  .7056 

-  .7879 

-.0485 

-  .6875 

-  .7359 

-.0339 

-  .6713 

-  .7052 

-1  0 

-  .1000 

-.2107 

-  .6498 

-  .8605 

-.0914 

-  .3552 

-  .4466 

-.0522 

-  .3037 

-  .3559 

-.0358 

-  .2412 

-  .2770 

-2.0 

-  .2000 

-.2059 

-  .0252 

-  .2311 

-.1082 

.2062 

.0979 

-.0631 

.2984 

.2353 

-.0421 

.3588 

.3167 

-3.0 

-  .3000 

-.1973 

.3705 

.1732 

-.1266 

.4563 

.3297 

-.0801 

.5556 

.4755 

-.0540 

.5814 

.5274 

-4.0 

-  . 4000  ^ 

-.1838 

.2083 

.0245 

-.1428 

.1687 

.0258 

-.1012 

.2391 

.1378 

-.0721 

.2426 

.1706 

-5.0 

-  .5000 

-.1634 

-  .3281 

-  .4915 

-.1530 

-  .4087 

-  .5616 

-.1230 

-  .3730 

-  .4960 

-.0950 

-  .3510 

-  .4460 

-4.0 

-  .6000 

-.1359 

-  .7391 

-  .8750 

-.1552 

-  .7911 

-  .9463 

-.1430 

-  .7748 

-  .9178 

-.1226 

-  .7103 

-  .8329 

-7.0 

-  .7000| 

-.0950 

-  .6682 

-  .7632 

-.1415 

-  .6936 

-  .8352 

-.1521 

-  .6911 

-  .8432 

-.1467 

-  .6096 

-  .7563 

-8.0 

-  .eooo‘ 

-.0269 

-  .2071 

-  .2340 

-.0956 

-  .2701 

-  .3657 

-.1309 

-  .5050 

-  .4359 

-.1473 

-  .2731 

-  .4204 

-9.0 

-  .9000, 

.1139 

.2119 

.3258 

.0336 

.0455 

.0791 

-.0218 

-  .0691 

-  .0908 

-.0613 

-  .1553 

-  «2167| 

-9.5 

-  .95001 

.2750 

.2734 

.5484 

.1971 

.0465 

.2436 

.1387 

-  .1227 

.0160 

.0926 

-  .2848 

-  .1921 

-10.0 

-1.0000) 

.8261! 

.2172 

1.0433 

.7655 

-  .0622 

.7034 

.7194, 

-  .2894 

.4100 

.6820 

-  .5299 

.1520 

tA 


•  0.04 
n  •  1 


TABLE  } 

^ l  ^  ^ 

k.l  -  i«  (r  ■ 


-  2 


At  K.L 
0.2500) 

»  •  3 


-/6 


u 

L'i 

1  • 

VL,<~ 

9.0 

1.1250 

.1908 

..’.908 

.1610 

.1610 

.1407 

.1407 

.1258 

.1258 

8.5 

1.0625 

.3112 

.3112 

.2707 

.2707 

.2422 

.2422 

.2205 

.2205 

8.0 

1.0000 

.8472 

0 

.8472 

.7825 

0 

.7825 

.7337 

o 

.7337 

.6944 

.6944 

7.5 

.9375 

.2353 

2.5060 

j  2.7413 

.1514 

2.3982 

2.5497 

.0902 

2.2958 

2.3859 

.0431 

2.1984 

2.2415 

7.0 

.8750 

.0724 

2.2520 

2.3244 

-.0109 

2.0016 

1.9908 

j  — .  0648 

1.7782 

1.7135 

-.1007 

1.5789 

1.4782 

6.0 

.7500 

-.0693 

.1995 

.1301 

|-.1306 

-  .1591 

-  .2897 

-.1546 

-  .4179 

-  .5725 

-.1597 

-  .6014 

-  .7611 

5.0 

.6250 

-.1379 

-1.3325 

-1.4704 

-.1648 

-1.5458 

-1.7106 

-.1571 

•1.6063 

-1.7653 

-.1386 

-1.5647 

-1.7233 

4.0 

.5000 

-.1786 

-1.5375 

-1.7161 

-.1657 

-1.5077 

-1.6734 

-.1332 

-1.3425 

-1.4757 

-.1032 

-1.1428 

-1.2461 

3.0 

.3750 

-.2050 

-  .7134 

-  .9184 

-.1513 

-  .5036 

-  .6549 

-.1044 

-  .2397 

-  .3441 

-.0734 

-  .0236 

-  .0970 

2.0 

.2500 

-.2236 

.2671 

.0435 

-.1314 

.5266 

.3953 

-.0807 

.7230 

.6423 

-.0548 

.6119 

-  .7571 

1.0 

.1250 

-.2334 

.5913 

.3581 

-.1093 

.8202 

.7109 

-.0641 

.8612 

.7972 

-.0444 

.7959 

.7515 

0 

0 

-.2365 

.0931 

-  .1434 

-.0962 

.3172 

.2210 

-.0582 

.2263 

.1681 

-.0413 

.0992 

.0576 

-1.0 

-  .1250 

-.2334 

-  .7003 

-  .9337 

-.1093 

-  .4460 

-  .5552 

-.0641 

-  .5351 

-  .5992 

-.0444 

-  .5936 

-  .6360 

-2.0 

-  .2500 

-.2236 

-1.0787 

-1.3032 

-.1314 

-  .8612 

-  .9926 
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In  the  rear  of  the  doublet  !x  <  x),  the  traveling  wave  accompanies  the 
xocal  elevation. 


K  2 

5u(P,Q)  =  --2-  {Z.u(x*  -  x,t)  -  2F_4(x  -  x,t)} 

n  v 

The  latter  term  is  the  free  traveling  wave  component. 


P_4(u,t)  has  been  formed  by  a  numerical  derivation  of  P_2(u>t) 
which  had  been  obtained  at  the  Mathematics  Division,  National  Physical 
Laboratory  (Reference  No  Ma/l6/1502,  Because  of  tnis,  the  accuracy  of 
P-4(u,t)  is  less  . 2  through  4  significant  figures)  than  would  be  the  case 
if  it  were  worked  with  the  original  formulas  of  P_4(u,t)  ,  The  range 
covered  is 
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These  are  shown  in  Tables  7  and  8,  These  tables  make  it  possible 
to  determine  the  wave  profile  due  to  a  distributed  doublet  along  a  vertical 
line.  An  example  is  shown  in  Figure  2  and  3- 
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Figure  2.  Local  Elevation  (£^)  Due  to  an  Isolated  Doublet  or 
a  Sphere . 

aQ  =  radius  of  sphere,  L  =  ship  length 
f  =  depth  of  center  of  sphere 
KqL  =  l/(Froude  number)2  ,  t  =  KQf. 


FP 


9  1/2  9  3/4  FP 

Figure  ).  Local  Elevation  (£^)  Due  to  a  Distributed  Doublet. 
=  total  strength  of  doublet. 
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A  GUIDE  NOTE  FOR  DESIGN  OF  SHIP  MODEL  BASINS 
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Abstract 


With  respect  to  the  recent  development  in  studies  of  wave- 
resistance  and  especially  the  "wave  analysis"  metnod,  some  problems 
involving  the  test  facilities  themselves  mav  arise.  This  paper  will 
attempt  to  show  in  what  respects  the  existing  towing  tanks  are  not 
well  suited  to  the  new  methods  of  analysis,  what  may  be  done  to  solve 
these  problems  while  still  employing  the  present  facilities,  and  what 
important  considerations  must  be  given,  should  an  opportunity  arise 
to  build  a  completely  new  towing  tank.  This  paper  summarizes  the 
authors'  thoughts  to  these  questions. 

The  contents  of  the  paper  comprise  the  experience  obtained 
from  a  piecemeal  solution  to  these  problems  during  the  last  ten  years 
in  The  Experimental  Tank  of  The  University  of  Tokyo  within  the  regular 
research  budget  (hardly  sufficient)  and  from  some  major  additions  to 
The  Experimental  Tank  facilities  which  have  been  under  construction 
since  1962  with  a  special  fund  of  some  $40,000  provided  by  the  Toyo 
Rayon  Foundation  for  the  Promotion  of  Science  and  Technology  and  The 
Ministry  of  Education  of  the  Japanese  Government. 


A.  Ship  Model  Towing  Tank  and  Wave-Making  Resistance  Theory 

In  scientific  and  technological  fields,  a  close  and  comple¬ 
mentary  cooperation  between  theory  and  experiment  should  exist.  The 
underlying  reason  is  clear.  The  theory  itself,  be  what  it  may,  is 
always  incomplete  compared  to  a  natural  phenomenon  with  its  deep  inner 
workings  of  complexity  and  mystery.  The  fate  of  a  theory,  therefore, 
lies  with  the  experimental  verification.  The  best  "teacher"  must 
always  be  nature. 

On  the  other  hand,  what  a  waste  there  would  be  in  an  experi¬ 
ment  without  a  theoretical  prediction. 

Now,  let  us  return  to  our  present  topic,  "wave-resistance  of 
ships."  In  this  case,  wave-resisthnee  theory  corresponds  to  the  theory 
as  discussed  above,  and  to  check  this  theory  we  have  a  ship  model  towing 
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tank.  Was  there  a  close  relationship  between  these  two  in  the  past, 
though?  Unfortunately,  we  must  admit  that  an  effective  and  comple¬ 
mentary  cooperation  such  as  found  in  other  fields  of  science,  for 
example,  the  close  cooperation  found  between  the  wing  theory  or  boundary 
layer  theory  and  the  wind  tunnel  in  aeronautics  is  not  found.  How  has 
this  come  about? 

In  the  next  section  a  few  plausible  causes  will  be  discussed. 


B.  Usefulness  and  Limit  of  Resistance  Tests 

First  of  all,  the  resistance  test  is  not  a  well  suited  method 
to  find  an  optimum  hull  form,  although  it  may  be  an  effective  means  of 
confirming  the  resistance  of  a  given  ship.  It  is  essentially  a  method 
of  confirmation  but  not  a  method  to  seek  the  best  hull  form.  We  should 
have  another  experimental  method  to  attain  the  true  aims  of  the  towing 
tank.  A  paper  read  at  the  Society  of  Naval  Architects  and  Marine 
Engineers  meeting  last  fall  (1962)  by  one  of  the  authors,  Takao  Inui, 
also  stresses  this  point. 

The  existing  method  of  testing  hull  forms  utilizes  as  its 
principal  technique  the  "measurement  of  force,"  which  provides  only 
integral  values,  that  is,  the  total  resultant  of  wave-resistance  as 
obtained  experimentally  and ' indirectly.  To  a  more  searching  and 
fundamental  question  concerning  the  processes  through  which  wave- 
resistance  is  generated,  the  Froude's  method  fails  to  give  an  answer. 

The  wave-making  resistance  can  be  understood  in  several  ways,  e.g.  ,  ,  » 

Michell's  pressure  integration,^)  Havelock's  wave-energy  integration,  * 
or  any  one  of  the  numerous  methods  for  obtaining  wave-resistance  theo¬ 
retically.  As  far  as  theory  alone  is  concerned  the  best  one  among  the 
above  may  not  be  easily  determined  a  priori,  but  must  be  settled  case 
by  case.  In  connection  with  the  towing  tank  work,  which  is  almost  the 
only  means  for  such  experimental  checks,  "observation  and  analysis  of 
wave-pattern  of  ship  model"  or  simple  "wave-analysis"  based  on  the 
Havelock’s  theory  must  be  the  most  effective  method,  because  the  waves 
are  the  only  phenomena  which  can  be  observed  in  experiments.  There  can 
not  be  any  dispute  about  the  superiority  of  this  method. 

In  terms  of  the  Havelock's  theory  described  above,  the  process 
of  analysis: 


HULL  FORM  I  >  SHIP  WAVE  >  WAVE-RESISTANCE 
_ »  1  1 _ _ _ 
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constitutes  a  kind  of  a  syllogism,  and  any  fault  or  incompleteness  in 
the  theory  an  and  must  be  corrected  in  the  intermediate  state  of  "ship 
wave",  a  physical  phenomenon,  by  comparing  the  theory  with  experimental 
results,  (Figure  l).  This  intermediate  step  could  be  skipped  only  when 
the  theory  would  have  progressed  far  enough  that  the  boundary  conditions 
on  the  hull  and  the  free  surface  could  be  satisfied  to  a  far  greater 
degree  of  accuracy  than  what  can  be  done  today,  and  that  the  effect  of 
non-linearity  and  viscosity  with  its  entire  complexity  and  subtlety 
could  be  successfully  taken  into  consideration.  It  could  aos  be  skipped 
if  the  relation  between  the  hull  form  and  the  wave-resistance  were  so 
simple  that  the  theory  would  need  no  correction  in  the  intermediate  step. 
Unfortunately,  however,  the  wave-making  phenomenon  is  not  only  complex 
but  often  a  small  change  in  the  hull  form  brings  a  large  change  in  wave- 
resistance  --  ironically  true  at  the  relatively  low  Froude  numbers  of 
commercial  ships. 

From  the  above  discussions,  it  must  be  clear  that  ship  model 
testing  should  not  terminate  with  a  conventional  measurement  of  forces 
such  as  found  in  resistance  and  propulsion  tests,  but  should  also  include 
the  new  "wave -analysis"  method  of  hull  form  tests.  One  point  must  be 
clarified  at  this  point.  The  "wave -analysis"  method  stated  above,  con¬ 
cerns  the  whole 'wave -pattern.  Wave  measurement  at  the  ship's  side  is 
of  course  a  part  of  "wave-analysis,"  but  it  can  never  constitute  the 
whole  program.  Moreover,  only  when  we  seriously  consider  the  problem 
of  obtaining  a  complete  wave-pattern  in  a  tank,  do  we  come  to  realize 
the  inadequacy  and  the  biased  features  of  the  existing  towing  tanks  and 
the  shortcomings  of  the  pres'ent  hull  form  testing  method.  A  ship  model 
towing  tank  is  physically  very  large  compared  to  the  experimental 
apparatus  used  in  other  fields  of  engineering,  such  as  wind  tunnels  and 
electronics  facilities,  and  it  can  not  easily  be  changed. 

This  may,  in  part,  explain  why  tnere  has  not  been  an  effective 
cooperation  between  theory  and  experiment.  For,  on  the  theoretical  side, 
the  valuable  contributions  made  by  Havelock  have  been  with  us  for  a  long 
time. 


C.  An  Approach  to  the  Ship  Model  Testing  Method  Based  On  the 
"Wave-Analysis"  Adopted  at  the  University  of  Tokyo 
Experimental  Tank  —  A  General  Description 

The  purpose  of  "wave-analysis"  is  to  check  and  correct  the 
incomplete  aspects  of  wave-resistance  theory  based  on  the  experimental 
evidence  at  the  intermediate  stage,  "ship  wave."  "Wave-analysis"  work, 
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therefore,  is  divided  into  two  aspects,  one  concerning  theoretical 
calculation  (especially  wave  profile  calculations  in  every  direction) 
and  another  concerning  the  techniques  of  wave  observation.  In  what 
follows  in  this  paper,  experiences  in  the  latter  obtained  at  the 
University  of  Tokyo  Experimental  Tank  is  discussed. 

First,  Figure  2  is  presented  to  give  some  idea  of  the  present 
facility  of  The  Experimental  Tank  (opened  in  1937)*  On  the  same  fig¬ 
ure  are  marked  the  structures  added  since  19&2  and  finished  in  April 
1963.  From  the  beginning,  we  emphasized  the  importance  of  obtaining 
over-all  wave  pattern  rather  than  the  details  and  decided  to  develop 
the  photographic  method  as . the  best  suited  for  this  purpose.  We  have 
had  no  reason  in  the  last  ten  years  to  change  our  opinions.  In  the 
early  stages,  our  only  concern  was  to  take  as  sharp  and  clear  a  photo¬ 
graph  of  the  wave  pattern  of  a  model  as  possible.  This  stage  was 
thought  to  be  the  most  important  and,  has  turned  out  to  be,  by  far 
the  most  laborious  problem  that  we  have  had  to  face.  Compared  to  this, 
the  second  stage,  which  involved  advancing  from  a  single  picture  to  a 
pair  of  stereophotos,  in  other  words,  proceeding  from  a  qualitative 
observation  to  the  quantitative  measurement  of  waves,  was  fairly 
easily  accomplished.  For  the  study  of  hull  forms,  we  are  convinced 
that  a  panoramic  view  of  the  over-all  wave  pattern  should  go  ahead  of 
any  quantitative  rtereo-analysis. 

Besides  the  stereo-photo  method,  numerous  other  methods  such 
as  searching-probe  have  been  devised  to  measure  surface  elevation. 

But,  these  other  methods,  except  stereo-photos  do  not  readily  provide 
a  qualitative  view  of  over-all  wave  patterns.  For  the  over-all  wave- 
pattern,  inevitably  photogrammetric  vertical  pictures  become  necessary. 
According  to  the  experts  of  photogrammetry,  if  ideal  conditions  for 
taking  pictures  were  provided,  it  would  be  possible  to  obtain  an  accuracy 
to  within  +  0.1  mm  in  wave  height  measurement.  In  order,  to  meet-  these 
conditions  for  quality  photography,  again  considerable  difficulty  was 
encountered.  As  will  be  explained  later  in  this  section  dealing  with 
water  surface  lighting,  putting  up  dark  shades  on  all  windows  on  both 
sides  of  the  towing  tank  extending  about  100  meters  in  length  was  by 
itself  a  costly  task  at  the  time. 

Initially  partial  wave -patterns  involving  only  a  small  area 
were  photographed.  As  progress  was  made,  the  area  was  gradually  ex¬ 
tended  to  cover  the  complete  wave  pattern  of  a  running  model.  Through 
these  experiences,  we  gained  a  strong  impression.  Most  existing  towing 
tarks  are  very  poorly  built  to  take  photographs  of  wave  patterns. 
Everything  is  for  "force  measurement"  with  the  belief  that  that  is  the 
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whole  thing  to  be  done  for  any  model  testing,  and  as  a  consequence, 
difficulties  in  taking  vertical  photographs  have  resulted.  Among 
other  problems  that  had  to  be  considered  were  the  location  and  method 
of  towing  of  the  model  and  the  location  of  the  camera.  These  problems 
immediately  become  entangled  with  the  structural  configuration  of  the 
towing  tank,  in  particular,  the  ceiling.  If  a  careful  consideration  is 
not  paid  to  all  these  problems  in  designing  a  twoing  tank  which  is  to 
be  used  for  comprehensive  research  work  on  wave-making  resistance,  the 
structure  becomes  too  difficult  to  alter  and  will  ever  remain  as  an 
unsolvable  problem. 

In  the  following,  the  experience  obtained  at  The  University 
of  Tokyo  in  the  past  10  years  is  summarized  in  a  chronological  order. 

We  hope  that  this  will  be  helpful  to  those  who  intend  to  attempt  "wave 
analysis"  in  the  existing  towing  tanks  and  to  those  who  are  engaged  in 
construction  of  new  tanks.  For  information  concerning  progress  up  to 
the  stereophotos  first  obtained  at  The  University  of  Tokyo  late  in  i960, 
refer  to  a  paper  by  Takahei,  (5)  The  present  facility  is  essentially 
along  the  same  lines  as  the  one  described  in  that  paper. 


D.  An  Approach  to  the  Ship  Model  Testing  Method  Based  on  the 
"Wave-Analysis"  at  the  University  of  Tokyo  Experimental 
Tank  --  A  Detailed  Description 


D-l.  The  Method  of  Towing  Models  and  the  Design  Problem  of  the  Towing 
Carriage 

Since  routine  model  testing  has  relied  solely  on  the  measure¬ 
ment  of  force,  the  construction  of  the  present  carriage  is  set  up  for 
that  type  of  measurement  only.  The  resistance  dynamometer  is  situated 
in  the  center  and  the  mo  ..el  is  attached  underneath.  The  distance  between 
the  towing  carriage  floor  and  the  water  level  is  very  small.  Therefore, 
the  model  and  the  most  important  part  of  the  wave  pattern  is  hidden  under 
the  carriage.  It  makes  it  very  difficult  not  only  to  take  the  vertical 
photographs,  but  also  to  observe  the  wave-pattern.  This  is  perhaps  the 
main  reason  why  so  far  the  study  model  wave  patterns  has  referred  only 
to  the  wave  profile  at  the  model  side.  In  onier  to  grasp  the  whole  wave- 
pattern  all  at  once,  the  carriage  must  be  designed  so  that  there  must  be 
an  uninterrupted  space  around  and  especially  aft  of  the  model,  and  a 
camera  must  be  placed  directly  above  this  open  space.  For  this  purpose, 
a  second  auxilia.y  carriage,  or  trailer,  is  provided  besides  the  main 
carriage  The  trailer  is  fastened  to  the  main  carriage  by  a  suitable 
means  to  retain  an  opening  for  wave  observation,  open  space  being  6 
meter  in  length  and  slightly  longer  than  twice  the  length  of  the  model 
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(Figures  3  and.  4).  It  is  to  be  noted  in  passing  that  the  principle 
dimensions  of  the  University  of  Tokyo  Experimental  Tank  are  85  (length) 
x  3.5  (width)  x  2.4  (maximum  depth)  in  meters.  The  standard  model 
length  is  2.5  meters  except  in  the  case  of  tankers,  in  which  case  a 
2.8  -  3*0  meter  model  is  used.  As  shown  in  Figure  3>  the  ship  model 
is  placed  as  far  ahead  as  possible  in  this  open  area,  that  is  right 
behind  the  main  carriage.  To  place  stereo  cameras  (three  sets)  directly 
above  the  centerline  and  also  to  connect  the  two  carriages,  a  horizontal 
girder  is  placed  3*4  meters  (the  maximum  allowable  height)  above  the 
water  surface  as  shown  in  Figure  3*  The  setup  shown  in  Figure  3  was 
completed  in  March  1962.  It  was  designated  by  T.  Tagori  and  constructed 
by  Yokohama  Shipyard  and  Engine  Works,  Mitsubishi  Nippon  Heavy  Industries, 
Ltd.  Tagori 's  design  followed  an  earlier  setup  designed  by  T.  Takahei 
which  had  been  used  for  approximately  three  years.  Takahei 's  design  had 
two  cameras  mounted  on  a  centerline  cantilever  beam.  The  experience 
obtained  from  this  setup  indicated  the  necessity  for  several  changes, 
which  are  now  in  Tagori 's  design.  Special  attention  was  given  to  the 
problems  of  vibrations,  deflections  and  lightness  of  structure  in  the 
design  of  the  new  girder.  Previously,  a  simple  carriage  made  of  wood 
had  been  used  for  the  auxiliary  carriage,  but  a  completely  new  carriage 
has  been  made,  which  is  provided  with  a  wider  wheel  base  and  a  more 
rigid  main  girder  constructed  of  steel.  The  trailer  and  the  centerline 
girder  for  the  cameras  can  be  detached  from  the  main  carriage  if  necessary. 
This  can  be  none  in  2  or  3  hours. 

D-2.  Performance  of  Stereo-Cameras  and  the  Ceiling  Height  in  the  Towing 
Tank 

The  accuracy  of  measurement  in  wave  height  increases  with  increas¬ 
ing  distance  between  the  two  cameras.  (This  distance  is  called  base  length, 
On  the  other  hand,  the  overlap  is  usually  about  50$>  which  is  the  portion 
of  the  object  plane  which  appears  on  both  photographs.  Therefore,  it 
becomes  advantageous  to  have  the  camera  as  high  a  place  as  possible  in 
proportion  to  the  model's  length.  In  existing  towing  tanks,  this  kind 
of  consideration  has  been  left  aside.  At  The  University  of  Tokyo  the 
situation  is  slightly  better  than  the  bigger  tanks,  because  of  the  smaller 
size  of  our  modes,  but  it  has  barely  3*4  meters  clearance  above  the  water 
xevel,  which  is  almost  the  minimum  required  height  for  the  camera.  This 
height  is  hardly  sufficient  for  the  standard  model  length  (2.5  -  3*0 
meters)  and  this  fact  has  imposed  various  difficult  requirements  on  the 
resolution  qualities  of  lens  and  the  lighting  technique.  With  these 
considerations  in  mind,  we  recommend  .a  ceiling  height  of  at  least  1.5 
times  the  length  of  the  maximum  model  to  be-  tested. 
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The  problem  of  low  ceiling  height  can  be  solved  in  two  ways 
One  is  to  build  a  small  model  particularly  for  the  study  of  wave 
analysis.  This,  however,  must  be  avoided  if  possible  In  the  case  of 
Tr.e  University  of  Tokyo,  the  problem  of  ceiling  r.eight  was  fortunately 
not  critical  enough  to  resort,  to  this  last  measure  The  problem  was 
solved  temporarily  by  using  an  extremely  wide-angle  lens  In  general, 
it  mast  be  remembered  that  the  use  of  extremely  wide-angle  lens  intro¬ 
duces  distortion  and  as  a  consequence  such  a  lens  can  not  be  used  with 
too  large  an  aperture.  Suppose  the  range  of  the  coverage  should  be  at 
least  twice  the  model  length,  for  a  camera  to  be  located  at  a  distance 
of  3-J+  meters,  it  was  decided  that  the  widest-angle  lens  manufactured 
and  obtainable  in  Japan,  a  110°lens,  was  needed  As  for  the  brightness 
of  the  lens,  f  =  12  was  guaranteed  at  the  beginning  but  actually  only 
i  *  32  was  obtainable  with  the  required  accuracy  in  the  resolution  of 
about  30  lines  per  millimeter.  The  focau  distance  of  the  lens  is  132  mm 

The  most  severe  restriction  wa-  imposed  on  the  camera  located 
in  the  center  Camera  (E)  in  Figures  3  and  4.  Distortion  correction  can 
be  made  for  each  lens  by  using  a  transparent  pressure  p±ate,  which  may 
also  be  used  to  flatten  out  the  film,  and  which  is  calibrated  for  the 
distortion  characteristics  of  each  lens.  Film  size  is  230  x  230  mm,  a 
standard  aerial  survey  type.  With  a  110°  lens  the  camera  angle  is  about 
84°  to  parallel  sides  of  the  film.  Taking  the  picture  from  a  3  4  meter 
height,  the  coverage  span  in  the  direction  of  parallel  sides  is  6.140 
meters.  These  relationships  are  shown  in  Figure  4.  As  is  shown  in  the 
figure,  wave  analysis  can  be  performed  over  the  area  from  tr.e  F  P  tc 
the  A.P.,  using  Cameras  (A)  and  (B),  and  over  an  area  of  a  ship-s  length 
behind  the  model,  using  Cameras  (E)  and  (C).  The  accuracy  m  wave  height 
measurement  should  ideally  be  about  r  ,  1  mm  as  explained  in  Section  C, 
tut  the  present  resolution  has  not  reached  that  figure  The  main  reasons 
for  this  is  the  difficulty  of  confirming  pass  points  in  analyzing  the 
stereo-pair  pictures.  The  pass  points  (usually  a  minimum  of  four)  define 
the  datum  plane  at  a  known  height  above  the  water  surface,  from  which  the 
plane  contours  of  the  undulating  water  surface  can  be  determined  The 
pass  points  are  presently  not  fixed  to  a  stationary  system  but  *0  the 
carriage,  and  hence  is  vulnerable  to  the  carriage  vibrations  The  second 
reason  is  because  of  difficulty  in  pinpointing  a  location  in  two  different 
photographs.  We  have  not  yet  been  able  to  devise  a  satisfactory  method  by 
which  we  could  clearly  identify  a  point  on  a  pair  of  photographs 

We  feel  that  stationary  points  would  be  preferable  to  moving 
points,  and  we  plan  to  change  to  this  stationary  system  after  the 
installation  of  an  automatic  speed  control  for  the  carriage  which  will 
be  discussed  later.  In  regard  to  the  latter  difficulty,  we  are 
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currently  trying  out  several  alternatives.  One  is  to  deliberately 
overspray  aluminum  powder,  and  the  other  is  to  spray  fine  wool  tuffs 
or  sawdust  particles  which  would  float  on  the  surface  and  would 
become  better  photographing  targets. 

The  specification  for  the  stereo  cameras  described  in  the 
above  was  prepared  by  T  Takahei  and  the  cameras  were  manufactured 
by  Kokusai  Aerial  Survey  Company,  Ltd.,  Japan.  The  cost  was  borne 
by  a  part  of  1961  research  fund  provided  by  the  Japan  Shipbuilding 
Research  Association,  45th  Research  Committee  (A  Study  on  Hull  Forms 
of  High  Speed  Liners). 

D-3«  Illumination  of  Water  Surface 


Besides  the  difficulties  already  discussed  in  Section  D-l, 
special  illumination  conditions  are  required  for  taking  vertical 
photographs  in  the  towing  tank.  After  numerous  trials  of  different 
methods,  we  are  now  using  Takahei' s  method  of  spraying  fine  aluminum 
powder  (mesh  150-170)  and  indirect  illumination  by  using  strobe  lights 
(flash  time  1/2000  sec.).  Arrangements  are  as  shown  in  Figure  5*  The 
number  of  strobe  units  is  4  x  4  =  16.  In  illumination  a  somewhat 
troublesome  ‘problem  has  arisen.  This  is  because  of  the  extremely 
wide-angle  lens  already  described  in  Section  D-2.  For  an  extremely 
wide-angle  lengs,  the  flux  of  light  beams  passing  through  the  center 
of  the  lens  and  that  through  the  peripheral  of  the  lens  is  quite 
different  in  quantity.  If  only  one  camera  is  used,  this  problem 
can  be  solved  by  suitably  adjusting  lights.  However,  when  two  and 
three  cameras  are  used  simultaneously,  a  part  of  the  wave -pattern 
that  may  be  a  central  image  for  Camera  (B)  becomes  peripheral  images 
for  Cameras  (A)  and  (C).  As  a  result,  it  becomes  almost  impossible 
to  adjust  the  lights  for  uniform  images.  Under  these  conditions, 
ideal  photographs  are  difficult  to  .obtain.  The  best  solution  to  this 
problem  is  again  to  have  a  high  ceiling.  If  this  is  not  possible,  the 
next  best  method  is  to  artificially  apply  a  darkening  coatirg  in  the 
center  of  the  lens  so  as  to  bring  the  brightness  of  the  center  par 
with  that  of  periphery  Dark  coatirg  In  the  center  of  the  lens,  hcv- 
ever,  can  only  be  applied  to  fast  lenses.  At  present  there  seems  to 
be  no  margin  to  spare  in  the  brightness  of  the  lens.  Whether  to 
increase  the  number  of  strobe  units  alone  or  to  use  the  coating  method 
with  increased  strobe  units  is  currently  being  studied. 

The  water  surface  must  be  indirectly  illuminated  by  fully 
dispersed  beams  to  avoid  glare  and  hence  all  strobe  units  must  be 
facing  the  ceiling  Therefore,  the  reflection  qualities  of  the  ceil¬ 
ing  become  important.  An  absence  of  windows  in  a  towing  tank  is  pre¬ 
ferable  in  order  to  avoid  outside  light  sources. 
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D-4,  Towing  Carriage  Speed  Control  System 

Sections  D-l  through  B-3  describe  the  approximate  status  of 
The  University  of  Tokyo  Experimental  Tank  up  until  March  1962.  The 
more  fundamental  problems,  however,  had  been  left  untouched  We  were 
especially  aware  of  the  need  for  the  carriage  speed  control  device 
described  in  this  section  and  the  stereoplotter  described  in  Section 
D-5,  but  because  of  the  fairly  large  expense  involved,  these  problems 
could  not  be  solved  within  the  limit  of  the  annual  budget.  At  this 
point,  fortunately  a  grant  of  about  31,900  American  dollars  was 
donated  from  the  Toyo  Rayon  Foundation  for  the  promotion  of  Science 
and  Technology  in  March  1962.  In  connection  to  this,  the  Ministry 
of  Education  provided  subsidies  of  about  $6,600  for  the  new  structure 
to  enclose  the  new  facilities  and  equipments  and  about.  $2,000  for  the 
research  fund.  The  latter  two  amounted  to  $8,600  Thus  a  total  of 
$40,500  was  obtainable  from  the  government  and  private  sources  This 
fund  is  proportionately  only  about  lG^fc  or  less  of  the  initial  con¬ 
struction  cost  of  The  University  of  Tokyo  Experimental  Tank  (currently 
adjusted  cost  is  approximately  $420,000  to  $950,000),  but  for  the  pur¬ 
pose  of  improving  the  facility,  that  is,  to  have  a  model  testing  based 
on  the  new  "wave  analysis,"  the  fund  is  ample  enough 

Since  April  1962,  in  The  University  of  Tokyo  Experimental 
Tank,  staffs  have  been  busily  engaged  on  the  works  dealing  with  the 
new  construction,  carriage  speed  control  devices  and  stereoplotter  in 
addition  to  the  long  range  research  projects  concerning  "Basic  Study 
on  Wave  Resistance  of  Ships  and  Its  Practical  Applications  to  Hull 
Form  Designs"  which  had  been  going  on  for  these  ten  years.  Among 
these,  construction  of  the  new  structure  was  given  a  top  priority 
and  was  finished  by  April  1963  (see  Figure  2) 

The  fund  from  the  Toyo  Rayon  Foundation  was  mainly  used  for 
the  installation  of  the  carriage  speed  control  device  described  below 
and  stereoplotter  described  in  Section  D-5*  T,  Tagori  was  responsible 
for  the  design  of  carriage  speed  control  device  and  was  assisted  by 
H.  Kajitani.  The  principal  dimensions  and  capacity  of  the  carriage 
speed  control  are  as  follows. 

(a)  Carriage  speed  selection 

accuracy  +  1  mm/sec  or  less 

steps  1  mm/sec 


(b)  Speed  regularity 


+  1  mrn/sec  root  mean  square 
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(c)  Range  of  speed  control.  0.5  -  2.0  m/sec. 

Furthermore,  approximately  similar  degree 
of  selection  should  be  available  for  the 
whole  speed  range  of  0.3  -  4.0  m/sec. 

(d)  Time  required  to  attain  steady  speed. 

3  seconds  or  less  to  steady  state  after 
the  end  of  acceleration. 

(e)  Acceleration  and  deceleration. 

Changeable  within  the  range  of  0.01  g 
•  -  0.1  g..  Should  not  exceed  the  maximum  of 

0.1  g.  Degree  of  selection:  less  than  +  10$. 

(f)  General  description  of  this  apparatus: 

Block  diagram  is  given  in  Figure  5»  With 
this  apparatus  the  carriage  is  accelerated  at 
a  constant  acceleration,  run  for  a  desired  time 
at  a  steady  selected  speed  and  reverse  control 
with  a  constant  deceleration  to  a  stop. 

Special  emphasis  is  placed  on  the  first  item  (a),  a  fine  selection  of 
speeds.  This  is  based  on  the  following  reasons.  As  is  described  at 
the  beginning  of  Section.  C,  a  complete  "wave -analysis"  process  includes 
initial  calculation  of  wave-profile  in  every  direction,  experimentation 
including  a  detail  account  of  where  the  theory  is  correct  and  where  it 
is  rot.  In  particular  the  last  step,  comparison  between  the  theory  and 
the  experiment,  is  an  important  one.  Calculation  of  wave  profile,  how¬ 
ever,  requires  a  great  deal  of  labor  and  many  previously  arranged  numer¬ 
ical  tables.  These  tables  are  made  up  with  suitably  selected  variables 
for  certain  specified  Froude  numbers.  Therefore,  if  the  carriage  speed 
does  not  correspond  to  the  Froude  number  available  in  the  table,  the 
comparison  necessarily  becomes  much  more  involved.  Ideally  the  model 
would  be  run  exactly  at  a  speed  for  which  the  table  is  prepared.  It  is 
this  fact  which  necessitates  a  different  speed  control  device  in  our 
case  from  those  required ’only  for  the  conventional  resistance  and  propul¬ 
sion  tests.  The  predetermined  speed  selection  if  also  needed  for  the 
comparative  analysis  of  the  so-called  differential  wave  profiles.  For 
example,  to  a  given  hull  an  appendage  such  a?  a  bulb  is  added  without 
modifying  the  main  hull.  Under  the  assumption  of  linear  superposition, 
one  can  experimentally  study  the  waves  generated  by  the  appendage  (bulb 
in  this  case)  by  comparing  the  difference  between  the  wave  profiles  of 
main  hull  plus  bulb  and  main  hull  only.  The  set  of  runs  must,  there¬ 
fore,  necessarily  be  performed  at  the  same  speed.  And  furthermore,  since 
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Block  Diagram  for  Automatic  Speed  Controller  for  Towing  Carriage 


this  "measured"  differencial  wave  profile  is  to  be  compared  to  the 
calculated  value  for  the  brio,  each  of  the  runs  should  be  done  at  or 
exactly  preselected  speed. 

At  The  University  of  Tokyo  Experimental  Tank  the  carriage 
speed  control  device  had  been  an  old  constant  voltage  type  which  has 
given  an  extreme  amount  of  difficulty  in  this  respect  so  that  the 
numbers  of  carriage  runs  had  to  be  close  to  twice  those  of  successful 
runs  right  at  the  intended  speeds.  We  are,  therefore,  now  very 
eagerly  awaiting  the  completion  of  this  control  device  which  is 
expected  to  be  finished  in  September  1963*  Construction  is  being 
carried  out  by  the  Nippon  Electric  Company,  Electronics  Joint  Division. 
From  the  beginning  Mr.  Chlxara  Arai,  Research  Staff  at  the  Ship  Research 
Institute,  has  kindly  offered  many  technical  guidances  and  suggestions 
to  this  problem. 


D-5.  Stereoplotter 

The  stereo-pair  photographic  films  have  so  far  been  sent  out 
to  Kokusai  Aerial  Surveys  Co.  Ltd.  to  be  analyzed.  We  felt  the  need 
for  doing  photoanalysis  by  ourselves,  in  particular  for  a  speedy 
reduction  of  data.  Among  several  types  of  plotters  available,  the 
one  that  can  be  used  with  only  a  short  practice  and  which  has  a  fairly 
high  degree  of  accuracy,  a  Kelsh  plotter,  a  double  projection  type 
belonging  to  the  second  class  of  plotters  was  purchased  from  the  above 
company.  It  was  completed  in  June  1963,  and  a  photograph  is  shown  in 
Figure  6.  Its  special  feature  is  use  of  anagliph  stereoscopy.  Anagliph 
stereoscopy  takes  stereophotographs  of  a  three  dimensional  body  and  pro¬ 
jects  on  the  screen  in  two  colors.  From  the  image  the  body  is  retraced. 
Specifications  for  the  stereoplotter  are  as  follows: 


(a)  Wide  angle  projector:  distance  to  the  screen 
Principal  distance  150  -  159  nra 
Film  size  230  x  230  mm 


(b)  Minimum  base  length: 

(c)  Tilt 

(d)  Over-all  tilt 

(e)  Height  of  projection 

(f)  Scale  of  position 


260  mm 


68 0  mm  (=  —  x  3^00  mm) 

1/6 


Fig.  6:  Stereoplotter 


(s) 

Scale  of  height 

1/5 

(h) 

Tracing  table  height 

100  mm  +  100  mm 

(i) 

Easel 

1200  x  It 00  mm 

(J) 

Projection  lamp 

12  volts  50  wa' 
(from  AC  100  V 

00 

Total  weight 

390  kg. 

D-6.  Miscellaneous 


For  theoretical  calculations  of  wave-resistance  problems,  it 
is  already  a  common  practice  to  use  a  computing  machine  as  similar  to 
the  IBM  7090.  However,  in  a  towing  tank,  a  small  electronic  computer 
is  needed  for  preliminary  calculations  and  for  some  intermediate  calcu¬ 
lations  before  the  data  is  put  into  large  machines.  Presently  we  are 
considering  the  installation  of  such  a  machine. 

A  large  room  for  drying  films  of  unusually  large  size  (230  x 
230  mm)  and  a  fairly  large  dark  room  was  needed  to  handle  the  stereo¬ 
photographs.  Fortunately,  this  problem  was  solved  with  the  new  addition 
of  previously  mentioned  structures. 
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APPENDIX 


After  a  trial  of  the  new  facilities  mentioned  in  the  contents, 
several  modifications  of  the  photographic  apparatus  have  been  under¬ 
taken;  these  are  in  the  camera  lens  and  stereo-projector. 

The  new  characteristics  of  the  apparatus  are  shown  in  Table 
A  compared  with  those  of  the  previous  ones. 

1.  Camera  and  Lens 


The  f-number  of  the  new  lens  is  f'=  9  compared  with  f  =  32 
for  the  old  one.  The  brightness  is  improved  as  much  as  11  times.  The 
film  holder  is  changed  to  the  type  in  which  the  film  is  pressed  to  the 
camera's  focal  plane  by  use  of  a  vacuum.  With  the  lens  modification  more 
brightness  around  the  circumference,  in  other  words  more  uniform  bright¬ 
ness  of  a  picture  is  expected.  The  film  holder  modification  improves  the 
accuracy  of  the  principal  distance,  which  means  the  higher  accuracy  of 
the  analysis  involved. 

2.  Projector 

The  principal  distance  of  the  projector  is  increased  to  211.0  mm 
from  158.4  mm.  The  height  in  this  case  is  exaggerated  so  as  to  render  a 
higher  accuracy.  The  ratio  of  the  accuracy  of  position  to  that  of  height 
is  now  improved  as  much  as  60$  compared  with  the  previous  projector  which 
had  about  20$  improvement  over  the  case  ".sing  the  same  principal  distance 
as  the  camera  lens. 


TABLE  A 


CAMERA 

Previous  Camera  New  Camera  Used  as  Aerial 


Principal  distance,  mm  fc  =  132 

II 

_ WQfflsra _ 

fc  “ 

Flight  height,  mm 

h  =  34oo 

II 

H 

Base  length,  mm 

b  =  2500 

II 

B 

Base  height  ratio 

b/h  =  1/1.36 

It 

B/H  =  2/3  =  1/1.5 

Scale  of  photograph 

Mc  =  fc/h  =  1/25.8 

f  -  number 

f  =  32 

On 

11 

Cm 

Film  holder 

Regular 

Pressed 

to 

focal  plane 

PROJECTOR 

Previous 

New 

Projector 

Projector 

Principal  distance 

fp,  mm 

158.4 

211 

Height  of  projection 

h  ,  mm 

680 

907 

Magnification  of  projection  Mp  =  hp/fp 

4.29 

4.29 

Scale  of  position 

n 

1/6 

1/6 

Scale  of  height 

M  =  f  /f  -  M 
z  p'  c  xy 

•1/5 

1/3.75 
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WAVEMAKING  RESISTANCE  FROM  SURFACE-PROFILE  MEASUREMENTS 
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AN  EVALUATION  OF  THE  METHOD  OF  DIRECT  DETERMINATION  OF 
WAVEMAKING  RESISTANCE  FROM  SURFACE-PROFILE  MEASUREMENTS 


Introduction 


Several  methods  have  recently  been  proposed  for  determining 
the  wavemaking  resistance  of  a  ship  from  measurements  of  the  profile  of 
the  free  surface . A  comparison  between  the  results  of  such 
measurements  and  the  wavemaking  resistance  obtained  by  the  usual  proce¬ 
dure  of  subtracting  from  the  total  the  viscous  part  of  the  resistance, 
given  by  an  assumed  correlation  line  or  by  wake  surveys,  suggests  that 
the  results  obtained  by  the  method  of  surface  profile  measurements  may 
be  seriously  in  error. 

Two  possible  causes  of  error,  one  physical  and  the  other 
mathematical,  are  considered  in  the  present  contribution.  Since  the 
theories  of  these  proposed  methods  all  assume  that  the  fluid  is  inviscid 
and  irrotational ,  it  is  important  to  discuss  the  error  incurred  when  some 
of  the  surface -profile  measurements  are  taken  in  the  ship's  wake. 

Secondly,  because  a  certain  approximate  form  of  the  velocity  potential 
is  assumed  in  some  of  the  methods,  it  appeared  desirable  to  compare  the 
assumed  form  with  the  complete  solution  in  a  simple  case.  For  this  pur¬ 
pose  the  surface  disturbance  due  to  a  source  in  a  channel  has  been 
treated 

Effect  of  the  Wake 

(L) 

In  a  recent  publication  it  has  been  shown  that  the  total 
drag  D  of  a  ship  form  and  its  viscous  drag  Dv  are  given  by  the  expres¬ 
sions 


1  ®  2 

J  lpQ-  P  +  pu(U-u) 1  dS  +  -  7  j  Z  dy 


-b 


(1) 


Dv  = 


J  {p0-  P  +  pu(U-u)  +  |  o  [(U-u-J2  -  V2  -  w2l}dS  (2) 


where  pQ  is  the  pressure  and  U  the  stream  velocity  at  a  great  distance 
upstream  from  the  hull,  p  is  the  pressure  and  u  the  longitudinal  com¬ 
ponent  of  the  velocity  at  a  transverse  section  S  at  a  moderate  distance 
behind  the  model,  p  is  the  mass  density  of  the  fluid  and  y  its  specific 
weight,  b  is  the  width  of  the  channel,  Z  is  the  displacement  of  the  free 
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surface  from  its  undisturbed  level,  and  u^,  v1;  are  the  velocity 

components  within  the  wake  region  u)  of  the  analytical  continuation  of 
the  potential  flow  outside  the  wake.  By  defining  the  wavemaking 
resistance  Dw  by 

Dw  -  D  -  Dv 

Equations  (l)  and  (2),  together  with  the  Bernoulli  equation,  were  applied 
in'^)  to  derive  the  expression  for  Dw 

-  \  P  I  [v?  +  w?  -  (U-u,)2]  dS  +  i  7  J  l  dy  (3) 

2  S  2  -b 

in  which,  outside  the  wake,  u^,  v^,  wj_  coincide  with  the  actual  velocity 

components . 

On  the  assumption  that  the  fluid  is  inviscid  and  the  flow  irrota- 
tional.,  Wehausen'^)  and  Eggers'1'  have  obtained  the  same  result^)  for  i^. 
This  indicates  that  the  methods  for  obtaining  Dy  from  surface -profile 
measurements  should  be  valid  if  the  measurements  within  the  wake  were 
replaced  by  their  inviscid,  potential -flow  counterparts  in  evaluating  the 
surface  integr  il  in^5) .  Unfortunately,  the  velocity  field  u^,  v^,  w^ 

and  the  corresponding  surface  displacement  within  the  wake  are  unknown, 

so  that,  practically,  it  would  be  necessary  to  estimate  Zj  by  interpola¬ 
tion  from  the  measured  values  of  Z  outside  the  wake.  Studies  of  mathe¬ 
matically  simulated  wake  flows,  generated  by  source  distributions  of  non¬ 
zero  total  strength,  may  indicate  the  type  of  interpolation  that  should  be 
made.  If  the  contribution  from  the  values  within  the  wake  is  a  small  part 
of  the  total,  a  rough  interpolation  for  the  values  of  may  be  found  to 

suffice.  It  should  be  emphasized  that  these  remarks  apply  only  to  the 
analysis  of  the  surface  integral  in  (3);  in  the  last  term  in  (3)  the  actual 
values  of  Z(x,y),  including  those  measured  in  the  wake  are  to  be  used. 

Surface  Disturbance  due  to  a  Source 

As  was  pointed  out  in  associated  with  the  potential  flow 

velocity  components  uj_,  v^,  w^  there  is  a  source  distribtuion  within 
the  wake.  Thus  it  is  conceivable  that,  even  at  several  model  lengths 
downstream  from  a  ship  form,  it  may  be  necessary  to  take  into  account  the 
field  of  neighboring  sources  in  estimating  the  values  of  Zj_.  Since  the 
form  of  the  velocity  potential  assumed  in  (l)  neglects  a  part  which  is 
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appreciable  only  in  the  region  close  to  the  wave -generating  body,  the 
possibility  exists  that  the  error  due  to  the  neglect  of  the  "near-field" 
potential  of  these  wake  sources  may  be  large 

In  order  to  investigate  the  relative  magnitudes  of  the  surface 
disturbances  due  to  the  near-  and  far-field  potentials,  let  us  consider 
the  case  of  a  source  of  unit  strength  situated  at  a  depth  c  below  the 
free  surface  halfway  between  the  vertical  walls  of  an  infinitely  deep 
channel.  The  coordinates  of  the  source  will  be  taken  to  be  (0,  0,  -c) 
relative  to  a  righthanded  Cartesian  coordinate  system  with  the  x-axis  in 
the  free  surface  along  the  centerline  of  the  channel  and  the  z-axis  with 
its  positive  sense  vertically  upwards.  The  channel  walls  will  be  taken 
to  be  the  planes  y  =  +b/2  .  It  will  be  supposed  that  the  source  is 
moving  with  velocity  U  in  the  positive  sense  of  the  x-axis. 

The  velocity  potential  of  a  unit  source  in  a  channel  of  unlimited 
extent,  for  a  source  located  at  (0,  yg,  -c),  is  expressible  as  the  real 
part  of  the  form^) 

,  ,  kn  *  P  oo  k(z-c)+ik[x  cos  0  +  (y-ys)  sin  ©1 

0  =  =,  -  =•  +  lim  —  /  sec  0  d©  /  - - - -  dk 

r  r  u  0  *  -n  0  k-kosec20+i|i  sec  © 

W 

in  which 


r2  =  x2  +  (y-ys)2  +  (z+c)2,  r  2  =  x2  +  (y-ys)2  +  (z-c)2 


and  g  is  the  acceleration  of  gravity.  The  equation  of  the  disturbed  free 
surface,  z  =  Z(x,y),  can  be  obtained  from  the  velocity  potential  ({>  by 
means  of  the  relation 


z(x,y) 


u 

g  dx  z=0 


(5) 


Hence  the  disturbance  Zg  associated  with  >})s  is  given  by 


-562- 


>  n  oo  -kc+ik[x  cos  ©  +  (y-ys)sin  9] 

=  —  /  i  - ^ - k  sec  ©  d©  dk  (6) 


nU  -«  0 


k-kQ  sec^©  +  i  sec  © 


where  it  is  understood  that  d  is  to  be  set  equal  to  zero  in  the  final 
result. 


The  boundary  condition  of  zero  normal  velocity  on  the  walls  at 
y  =  +b/2  is  satisfied  by  superimposing  on  the  field  due  to  the  source  at 
(0,  0,  -c)  that  due  to  the  array  of  image  sources  at  (0,  nb,  -c),  n=+l, 
+2,  ...  .  The  resulting  equation  for  the  surface  disturbance  Z(x,y)  can 
then  be  written  in  the  form 

Z  = 


Applying 

N  e«ina  _  sin(N  +  l/2)q 
n— N  sin  a/2 


lim 

N-»oo 


l 


n 

/  f  - 

n*-N  -n  0  k-k0  sec^Q  +  i  u  sec  © 


oo  -kc+ik[x  cos  ©  +  (y-nb)sin  ©] 


k  sec  9  d©  dk 

(7) 


the  easily  verified  formula 


we  obtain 


Z  =  lim 
N 


00 


JL  J*  e'**11^*  COS  d  .  y  Blne),lnf(w+l/g)kb  8l„e1 
nU  -n  o  (k-K  sec  0  +  1  n  sec6)sin(l/2  kb  sin  9) 


k  sec©  d©dk 

(8) 


The  double  integral  in  (8)  may  be  considered  to  extend  over  an 
entire  plane  in  which  (k,0)  represent  polar  coordinates  and  k  d©  dk  an 
•  element  of  area.  Hence,  transforming  to  rectangular  coordinates, 


|  =  k  cos  0  ,  T)  =  k  sin  9 

one  obtains  from  (8) 


00  00 


/  / 


i(x^yT)) sln[(N  ,i/2)bnl 

(|  -  “ '  +  if  +  in)  sin  p  b 


Z  =  lim  JL 
JJ  — >00  «U 


di  dt) 


(9) 
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Let  us  now  employ  the  Dirichlet  formula 


lim  /  f  (p)  —  dp  =  nf  (0) 


N  ->  00 


(10) 


from  which  one  can  obtain  as  a  corollary  the  result 


lim  /  f(p)  SlnK2N+DP]  dp  =  it  E  f  (mn) 
N  -*<»  -00  sin  p  m=-oo 


(11) 


provided  f(p)  is  continuous  and  has  only  a  finite  number  of  maxima  and 
minima,  and  the  last  series  converges.  This  result,  applied  in  (9)>  yields 


z.sl  f.  f  *  v:_n^ 

*  u  i  I  O  ^ 


-=  ^  '♦ 


Ub  m=-oo  -oo 


s2-^2 


(12) 


In  order  to  evaluate  the  integral  in  (12)  it  will  be  useful  to 
replace  £  in  (12^  by  the  complex  variable  £  =  £  +  i£ '  .  Multiplying  the 
numerator  and  denominator  of  the  integrand  by 


s  +  ko  v i  + 


<2  4jt2m2 


i  n  £ 


gives  in  the  denominator  the  fourth-degree  polynomial 


f  +  21,  t3  -  (k2  ♦  .  hgi.  4 


If  n  is  neglected,  this  polynomial  has  the  zeros 


£  ^  _  Y^o(^) 
?04 .  .1 


^o2  " 


_  -\/ko(km+ko)  .  ,  _  <  “\  ko(Vko) 

-  -  V - 5 -  '  ?o3  “  1  >  - o -  ' 


(13) 


where  km 


- 


2  +  l6i^w^ 


Of  these,  £Q1  and  £q2  are  zeros  of  the 
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original  denominator  of  the  integrand  in  (12),  and  correspond¬ 

ing  to  the  multiplicative  factor.  Second  approximations,  correct  to 
terms  of  order  u  ,  can  now  be  obtained  by  substituting  £01  or  ^02 
for  (;  in  the  second  term  of  the  polynomial.  In  this  way  one  obtains 
the  zeros 

Ei  -  Eoi  -  (Vko>  ES  -  Eor^;  (Vko>  (lk> 

When  m  =  0  ,  these  expressions  become 

=  k0  -  in  ,  ^  -  k0  -  in  (15) 

The  integrands  in  (12)  also  have  branch  points  at  £  =  0  and 
{;  =  +  2mni/b.  In  selecting  the  branch  of  4jAn2/b2  ,  one  must  bear 

in  mind  that  this  quantity  is  positive  for  both  positive  and  negative  real 
values  of  including  the  case  m  =  0. 


Figure  la.  Figure  lb. 

The  term  of  the  series  in  (12)  corresponding  to  m  =  0  may  be 
written  in  the  form 
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0  ec|  +  ix|  00  -C|  +  ix| 

/  - - ~-ai  +  J  £ - I  d| 

' 06  I  +  k0  +  in  0  |-k0+i>i 


First  consider 


(16) 


e~cC  +  lxC 

- -  d£ 

£-kO+id 

evaluated  over  the  contour  shown  in  Figure  la.  For  values  x  <  0  ,  the 
integral  over  the  perimeter  of  the  large  circular  quadrant  vanishes  as 
its  radius  approaches  infinity,  and  hence  we  obtain 


oo  -c$  +  ix| 

i  - - 

0  |-ko+1tx 


i 


f~»  e-x| '  -ic£  ' 
0  4 ' -k0+id 


-  2ni 


or,  substituting  | '  =  in  the  second  of  the  above  integrals  and  letting 

H  -»0  , 


oo  e-c|  +  ix| 

lim  f  -  d| 

U_0  0  *'ko+i^ 


oo  I  (x  +  ic)  .  /  .  x 

J  £ -  <4  -  2ni  eko("c+ix)  (17) 

0  6-ik0 


It  is  redily  verified  that  the  first  integral  in  (l6)  is  the  negative  of 
the  conjugate  of  the  second.  Consequently,  the  sum  of  the  integrals  in  (l6) 
is  given  by 


2i 


,°°  ex^ 


[|  sin  |c  +  k0  cos  | c ] 

_  - 

r  +  < 


d|  -  4ni 


-k  c 
e  0 


cos 


kQx 


(18) 


For  the  case  m  >  0  let  us  consider 


-c 


C2“ko 


b2 


+  i ^ 


evaluated  over  the  contour  shown  in  Figure  lb.  As  in  the  previous  case, 
for  values  x  <  0  the  integral  over  the  perimeter  of  the  large  circular 
quadrant  vanishes  as  its  radius  approaches  zero,  and  there  remains 


r 
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We  also  have 


which  is  seen  to  be  the  negative  of  the  conjugative  of  the  integral 
evaluated  in  (19),  but  with  y  replaced  by  -y  .  Hence  we  have 


lim  / 

U  -»0  -  00 


-  eX|  + 


2i  /  1 

2n[ml 
b 


2nmyi 

b  [|  sin(c  aj  +  K  Ofe  cos(cOin)l 


2nt  \*  km  e 


I**  + 

-I  ^ko+km)  ^  ^ 


>  /kolko+km) 
cos  [xy_H_ - ] 


(20) 


Since  (20)  reduces  to  (l3)  when  m  =  0,  the  real  part  of  (12)  yields  the 
expression  for  the  surface  disturbance 
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Z 


it  £  cos  iJS.  j  J  e**[t*sln(caj  ♦  kngm  cosfcgj] 

“>  m=-“  b  Uh  tk*4£  55 


This  can  be  expressed  in  nondime ns ional  form  by  setting  b  =  1,  and 
U  =  1,  which  yields 


z  =  -  U  i  cos  2*my  /  /  ^  tsfsintoo^)  +  KpOfa  c°s(c°tn>) 


m=-ao 


4  2  2 

|  +  k„  or 

b  o  m 


-  Tt 


ko+km 


(ko+km) 


cos 


m 


[xv  /i  k  (k  +k  )] 
w  2  o  o  m/  J 


|d| 


x  <  0  (22) 


in  which  now 


Ob  =  V  |2-4ir2m2,  k  =  Vk2  +  ^^m2. 


ko  =  ■% 

F2 


where  F  is  the  Froude  number  U/  Vbg"  .  The  integrals  in  (22)  can  be 
expressed  more  conveniently  in  terms  of  cCb  as  the  variable  of  integra¬ 
tion.  Making  this  substitution,  we  obtain  the  alternative  rorm 


oo  “  '/a2+4rt2in2c2"  ,  o  ,  p  p  ps  . 

Z  =  -  4  _Z  cos  2jtmy  /  J  f! _ [  (o^+4tt2m2c2)sin  q  +  k0cq  cos  q] 


m=-oo 


oia 


a1++a2c2(k^  +  8rt2m2)  +  l6jt^m^c^ 


k0+km  “  2  (ko+km) 
it  — - -  e 


km 


cos 


tx  Vi  k°(k°+kra)i[ '  x  =  ° 


(25) 


At  great  distances  downstream  from  the  source,  (|x|  »  c)  ,  the 
integrals  in  (25)  become  very  small  and  the  surface  disturbance  assumes  the 
form 


-568- 


I 


00 


Z  W  4«  Z 


kQ+kjjj  “2  ^ko+km) 


m=-oo  ^ 


cos  2itmy  cos 


m 


!xVl  ko(ko+km)l  (2i) 


in  accordance  with  the  assumption  in  Reference  1.  How  quickly  the  contri¬ 
butions  of  the  near-field  terms  to  the  surface  disturbance  become 
negligible  is  indicated  for  each  m  by  the  ratio  of  the  near-field  term 
to  the  amplitude  of  the  farrfield  term  in  (23), 


k_e 

pU)  =  -  / 

JtUo+kJ  0 


2^ko't’km^  — Vo^+^fl^n^c2 


00  c 

e 


[c^-*4fl^c^)sln  a+kpcq  cos  q] 


a 


:^+a2c2(k2+8it2m2)  +  l6n^m1+ci+ 


ada 

(25) 


Evaluation  of  pm(x) 


In  order  to  evaluate  pm(x)  it  is  convenient  to  employ  the 


quantities 


*mn  f 

nit 


(n-t-l)n  .  P  .  poo,  r  V  a2-r4jr2m2c 
=  f  a(a2+^Jt2m2c2)ew  sin  a  ^ 

ai4'+a2c2(k2+8it2m2)+l6jt^m^cl4' 


mn 


=  / 


(n+2*)rc  31  "V  o^+^-J^m^c2 


O^e 


cos  a 


(n-i)n  a^-K^c2  (k^+8n2m2 )  +l6  itSn^c 


& 


We  have  then 

.  §(ko+kJ 
p(x)  =  _jf _ 

"  *(V^) 

Since  the  terms  of  the  two  series  in  (26)  alternate  in  sign,  the  error 
in  truncating  either  series  is  less  than  the  magnitude  of  its  last  term. 


00 


[Z  F 
n=0  ran 


00 


V 


(5-  G  Z  G  )  ] 
'2  mo  n-i  mn 


(26) 


For  the  case  m=0  ,  for  which  Pm(x)  is  the  largest,  a  semi- 
convergent  series,  suitable  for  the  rapid  numerical  evaluation  of  p0(x) 
when  k0c  »  1,  can  be  derived  as  follows: 
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P0(x) 


X 

_  1_  ekoc  J  q "  (a  sin  g  +  k0c  cos  g) 


g2^  k£  c2 


Im  / 


00  pc 


?(x+ic) 


0  g-ik0c 


(27) 


where  Im  denotes  "the  imaginary  part  of."  Integrating  successively  by 
parts  yields 


*  +  i') 

/  2 - dg  = 

0  g-ik0c 


—(x+ic) 


^  +  c  J  -  dg 

(ikQ) (x+ic )  x+ic  °  (g-ikQc)2 


2!c2  ? 


?(x+ic) 


(ik0) (x+ic)  (ik0)2(x+ic)2  (x+ic)2  6  (a-ikQc) 


(ikQ) (x+ic) 


(ikn)2(x+ic)2 


..  +  (-l)n~  (n-l) !  j.  Rn 

(ik0)n(x+ic)n 

(28) 


where  R  is  the  remainder 
n 


For  large  vaues  of  k0c  this  upper  bound  for  Rn  will  diminish  with 
increasing  values  of  n  to  some  minimum  value,  and  then  increase  for 
larger  values  of  n  .  Thus  the  series  (28)  will  be  useful  for  values 
of  k0c  for  which  the  minimum  value  of  the  remainder  is  sufficiently 
small.  Taking  the  imaginary  part  of  (28),  we  obtain 
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knc 
x  e  0  • 


2nk0(x^+c^) 


2(x2-3c^) 

k§(x2+c2)2 


24c(x2-c2) 

k3(x2+c2)3 


24(xj4’-10c2x2+5c^) 

ko(x2+c2)1+ 


240c  ( 3x^-10c2x24-3xl4') 
k5(x^+c^)3 


(30) 


A  convergent  series  for  P0(x)  ,  suitable  for  its  numerical 
evaluation  when  kQc  <t  1  ,  can  be  deriv  i  on  the  basis  of  the  formulas 


(7) 


r  e~XQda  _  z 

0  Ci^+a2  a 


/  *  (-1)"  a2"'1  Z  ♦  £  (-l)^1  (g"-£r) 1  »' 

0  CT+ac  r=l  ,2n-2r+ 


Z  =  Ci  X  sin  X  +  (£  -  SiX)  cos  X 


(31) 


2r-2 


,2n-2r+l 


where 

X  =  Xa 

Si  X  =  JX  *Ln.Ji  dx  ,  Ci  X  =  J  H2SJL  dx 

0  X  00 


Then  putting  X  =  -x/c  and  a  =  k0c  ,  and  introducing  the  series 
expansion  of  sinaand  osa  in  (27),  we  obtain 


2*  P0(x) 


(-l)n 
(2a) ! 


e’Vn 


da  + 


00 

nil 


(-1) 


n-1 


(2n-l)i 


00 

/ 

0 


-  Xa  2n 
e  'a 


•+a 


da 


or,  from  (31); 
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(x)  - 


.  [  "  a2n  “  _af2li_l 
ln'°  (2n)!  n-l(2n-l)ij 


+  f.  Z  (-l)n'm(2n-gr)!a 
11=1  ^  (2n) !  X2n-2r+1 


2r-l 


£  l  (-l)n-r(2n-2r)!agr-g 
+  n=l  r-1  (2n-l)!Xgn-gr+1 


=  z 


+ [  z  z  ♦  2  z  Wi*)} 

L  r-1  8=0  (28+2r)i  X  s  +  1  r=1  8=0  (2s+2r-l)l 


2r-2 


(2s+2r-l)'.x2s+1 


=  Z  +  e* 


?  (- ill  JL 

s=0  *2s+l  I  28+l 


[28+1) (2b+2)  "  (2s+l)(2s+2)(2s+3) 


we  have 


eo  .  .r-1  r-1  oo  r-1 

ea  Z,  _ (-1)  a  _ -  Z  _ 'i— _ 

r=1  (2s+l)(2s+2)...(2s+r)  r-1  (r-l) (2s+r) 


tituting  (33)  into  (32)  yields 


=>  /  ,  \  s  r-1 

2flPo(x)  =  z  +  Z  Z  —Hi.? - - 

s=0  r=l  (r-l)l(2s+r)X2s+l 


we  also  have 


?  (-1)8  -i 

l  -  mrr  =  cot  * 

s=0  (2s+l)X2s+1 
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2  -  (-D5 

8=0  (2s+l)  X2s+1 


|  In  (l  + 


( ^1 ) s 


s=0  (2s+3)  X2s+1 


X2  (cot 


-1 


X  -  i) 
X 


00 

Z 

s=0 


(-1)1 


(2s+4)  x2s+1 


X- 

2 


In  (l  +  -L)  -  -L 

'  A  '  A 


etc . 


Substituting  these  series  into  (jk)  and  collecting  the  coefficients  of 
cot'^X  and  ln(l  +  l/x  ),  we  obtain  finally 


2nPo(x)  = 


1 

CiX  +  |  ln(l  +  \)  j  sinX  +  (|  +  cot_1X  -  SiX)  cosX 
^  X  J 


X2  ,1  1  v  X1 


,1  1  1  X  Xc 


/V  fi.  -I  \  A  / -X  -L  -X  \ 

+  2ix~  ^X  *  3x3  4 1  ^x  "  3X3  5x5J  6l 


where 


1  £_  (1  1  )  X5.  (1  1  ♦  -I- )  ii-  ...  (55) 

2X2  31  2>2  4>.  51  2X2  *+\4  6>b  71 


X  =  Xa  =  -k0x  ;  >  =  -x/c  ,  a  =  k0c 


For  large  values  of  X  ,  (32)  yields  the  asymptotic  formula 


2npQ{x)  ck.  Ci  X  sin  X  +  (£•  -  Si  X)  cos  X 


+  -Ts-.^-d -t+°L.-jL+ ...) 
*  33?  4  4*5  4-5-6 


ea-l  ea 


(56) 
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which  is  more  convenient  than  (35)  for  computing  values  of  p0(x)  when 
X  >  5  and.  a  <  1  . 


in  (23), 


Values  of  pm(x)  and  of  the  amplitudes  of  the  far-field  terms 


t  ,  i*  e's (ko+km) 

*nf  km 


are  given  in  the  following  table  for  the  case  b/c  =10  and  - 

/bg 


1.0. 


PmU) 


X  =  -x/c 

m 

£mf 

1.0  2.0  3.0  5.0  7.0  10  15  20  50  70  100 

0 

22.74 

•3335  .2584  .2167  .1700  .1422  .1159  .0886  .0719  .0335  .0244  .0173 

1 

6.87 

.0437  .0122  .0043  .0007  .0001  0 

2 

3.53 

.0261  .0046  .0009  .0001  0 

3 

1.86 

.0203  .0021  .0002  0 

It  is  seen  that  the  terms  corresponding  to  m  =  0  are  the  principal 
contributors  to  the  surface  disturbance.  Indeed,  the  near-field  terms  for 
m  >  0  are  sufficiently  small  so  that  they  could  reasonably  be  neglected 
after  a  very  short  distance  downstream  from  a  source.  This  is  no+  the  case, 
however,  for  m  =  0,  for  which  the  near-field  terms  remain  appreciable  for 
distances  downstream  equal  to  many  multiples  of  the  depth.  Hence,  if,  as 
was  stated  earlier,  one  must  take  into  account  a  source  distribution  with¬ 
in  the  wake  in  determining  the  wavemaking  of  a  ship  form  in  a  real  fluid, 
the  neglect  of  the  near-field  part  of  the  velocity  potential  under  these 
conditions  seems  even  less  permissible . 
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DISCUSSION 


by  H.  Maruo 

To  determine  the  wave  resistance  by  the  measurement  of  the  wave 
profile  has  now  become  a  fashion  and  a  considerable  number  of  papers  about 
it  are  presented  at  this  seminar.  Contrary  to  the  optimisn  exposed  by 
others,  Professor  Landweber's  critical  contribution  expresses  a  pessimism 
on  the  possibility  of  this  method  rather  than  its  accuracy.  The  method 
of  wave  analysis  is  possible  only  when  the  asymptotic  expression  can  give, 
with  sufficient  accuracy,  the  wave  profile  and  more  rapidly  decaying  local 
term  has  no  contribution  in  effect  within  the  accuracy  of  the  experiment. 
There  is  some  doubt  especially  when  the  analysis  is  made  along  a  longitudinal 
cut.  According  to  the  author's  result,  the  wave  analysis  is  useless  be¬ 
cause  the  measurement  includes  the  wave  profile  at  any  value  of  x  not 
sufficiently  large.  Professor  Lariweber  has  derived  his  conclusion  from 
the  computation  of  pQ  .  It  is  of  some  interest  to  observe  that  pQ  gives 
the  case  of  a  two-dimensional  source  extending  infinitely  along  a  line 
perpendicular  to  the  stream.  So  it  has  no  decay  in  the  direction  of  y  . 
Usually  the  wave  profile  is  discussed  without  regarding  the  tank  wall.  In 
the  case  of  infinite  stretch  of  water  surface,  the  fluid  motion  is  quite 
three-dimensional  and  we  can  expect  a  rapid  decay  of  the  local  or  so-called 
near-field  term.  It  looks  rather  strange  that  the  velocity  potential  and 
the  surface  elevation  have  completely  different  mathematical  expressions 
bstween  the  case  of  unbounded  water  and  that  with  side  wall  even  if  the 
width  is  very  large.  The  Fourier  integral  of  continuous  spectrum  in  the 
former  case  turns  to  the  Fourier  series  with  discrete  spectrum  as  soon  as 
the  side  wall  is  introduced.  Even  in  a  big  ocean  the  water  is  not  infinite, 
so  that  the  series  expression  may  have  to  be  preferred  to  the  integral 
representation.  Such  a  mystery  should  be  dissolved  by  the  fact  that  the 
Fourier  integral  is  a  limit  of  the  Fourier  series.  In  fact,  Mitchell, 
himself,  obtained  his  well-known  result  from  the  limit  of  Fom'i.  series. 
Therefore,  the  series  representation  will  become  identical  to  the  integral 
representation  for  infinite  width  when  the  width  of  the  channel  becomes 
sufficiently  large.  Since  the  function  pQ  is  independent  of  the  width 
b  ,  Landweber's  discussion  about  it  is  valid  also  in  the  case  of  infinite 
width.  In  the  latter  case,  each  term  of  the  series  degenerates  to  the 
integrand  within  a  small  interval  of  the  integration  variable.  The  inte¬ 
gral  representation  when  the  width  is  infinitely  large  is  given  by  the 
Equation  (6)  of  this  paper  and  pQ  corresponds  to  the  integrand  at  9=0 
and  not  the  integral  itself l  His  result  is  not  so  surprising  because  it 
is  not  for  the  three-dimensional  flow  but  for  the  two-dimensional  flow.  He 
emphasizes  the  effect  of  the  source  distribution  which  represents  the  wake. 
However,  his  conclusion  is  not  the  consequence  of  such  a  source  distribution 
at  all  but  is  due  to  the  mehtod  by  which  the  conclusion  is  derived.  Not¬ 
withstanding  these  points.  Professor  Landweber's  critical  essay  must  be 
appreciated  because  so  little  attention  has  been  paid  to  the  magnitude  of 
the  local  disturbance  in  the  wave  analysis. 
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by  Dr.  Gadd 

I  should  like  to  ask  Professor  Landweber  a  brief  question  con¬ 
cerning  his  paper.  It  is  this:  -  Are  the  strengths  of  the  wake  sources  on 
the  Betz-Tulin  approach  proportional  to  the  local  rate  of  change  of  the 
wake  displacement  area?  If  this  is  so,  then  since  downstream  of  the  model 
displacement  area  ->  momentum  area  -♦  approximately  constant,  the  wake 
source  strength  should  quite  rapidly  become  zero  downstream.  Thus  pro¬ 
viding  the  wave  measurements  are  not  made  too  close  to  the  model,  no  seri¬ 
ous  errors  should  arise  in  the  estimation  of  C,„  . 

w 


by  Dr.  Hogben 

I  would  like  to  add  a  footnote  to  Dr.  Gadd's  remarks  about  the 
downstream  extent  of  the  wake  source  distribution.  It  is  useful  for  this 
purpose  to  consider  the  variable  x/c  (in  the  table  on  page  14  of  Profes¬ 
sor  Landweber 's  paper)  as  a  multiple  of  transverse  wavelength  .  For 
the  case  quoted  I  find  that  x/V  =  (0.05/n)(x/c)  so  t'  *t  when  x/c  =  20 
for  example  x/\Q  =  l/II  and  p(0)  =  O.O719.  Thus  if  it  is  true,  as  Dr. 
Gadd  has  suggested,  that  the  wake  source  distribution  is  localized  near 
the  stern  of  the  model  then  already  l/3  of  a  transverse  wavelength  down¬ 
stream  the  effect  of  the  near  field  is  small  in  relation  to  the  order  of 
discrepancy  which  is  to  be  explained.  I  therefore  feel  that  Professor 
Landweber  is  overestimating  the  importance  of  this  wake  source  effect  as 
a  possible  cause  of  serious  error  in  the  analysis  of  the  wave  pattern 
measurements. 
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by  K.  Eggers 

To  some  amount  my  reflections  to  Dr  Landweber  are  identical  with 
argoments  of  Mr.  Sharma  and  Prof.  Maruo,  presented  with  much  more  elo- 
quency  than  I  could  have  produced.  I  appreciate  this  paper  as  a  pendant 
to  my  paper  submitted,  where  I  derive  velocity  potential  of  source  in  a 
canal  as  well  in  order  to  apply  Green's  theorem,  for  investigation  of 
local  wave  decay  behind  any  kind  of  disturbance  in  a  canal,  where  the 
free  wave  system  is  shown  not  to  die  out  at  all,  as  it  is  an  almost 
periodic  function.  I  am  impressed  by  the  numerical  behavior  of  functions 
(^(x)  and  £2(x)  y  *  trust  to  agree  with  Dr.  Landweber  that  these 
ratios  are  not  typical  for  the  local-field  decay  of  components  due  to  a 
body  in  ideal  fluid  but  only  for  sources  representing  the  wake,  and  that 
relative  importance  of  the  two  or  three  fiest  terms  will  fade  off  with 
increasing  tank  width. 


by  S.  D.  Sharma 

In  the  introduction  to  his  very  interesting  paper  Dr.  Landweber 
advocates  a  rather  wholesale  rejection  of  'the  results  obtained  by  the 
method  of  surface  profile  measurements'.  He  then  proceeds  to  propose, 
and  consider  in  detail,  two  possible  causes  of  error,  'one  physical  and 
the  other  mathematical'.  Although  the  author's  criticism  refers  to  pre¬ 
vious  published  data,  I  think  it  may  be  useful  to  review  my  own  wave- 
analysis  results  presented  at  this  Seminar  in  the  light  of  his  conclusions. 

The  author's  dissatisfaction  with  the  results  of  wave  analysis 
arises  mainly  from  the  fact  that  the  resistance  components  obtained  from 
wake  and  wave  analyses  in  general  do  not  add  up  to  the  total  measured 
resistance  of  the  model.  In  this  connection  it  should  be  remembered  that 
neither  the  viscous  nor  the  wave  resistance  can  be  rigidly  defined  for  a 
ship  model  moving  on  the  free  surface  of  a  real  fluid.  Rigorous  defini¬ 
tions  are,  however,  possible  in  special,  idealized  cases.  Thus  there  are 
exact  definitions  for  the  wave  resistance  in  a  perfect  fluid,  and  for  the 
viscous  resistance  of  a  deeply  submerged  double  model.  Now,  useful  - 
although  non-rigorous  -  definitions  can  be  derived  for  the  viscous  and 
wave  resistance  of  a  model  in  a  real  fluid  by  analogy  with  the  special  cases 
just  mentioned.  For  example,  the  typical  mechanism  of  momentum  and  energy 
transfer  in  the  viscous  wake  or  wave  flow  can  be  used  to  define  a  certain 
viscous  and  wave  resistance  in  a  real  fluid.  Thus  Equation  (2)  of  the 
author's  paper,  if  applied  to  the  actual  wake  of  a  ship  model,  amounts 
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to  a  formula  for  calculating  a  phantom  viscous  resistance  by  effectively 
neglecting  the  presence  of  the  free  surface.  Similar ly,  the  proposed 
methods  for  the  calculation  of  wave  resistance  from  measured  surface 
profiles  are  based  on  the  assumption  that  the  actual  free-surface  defor 
mation  can  be  interpreted  and  analysed  in  the  same  way  as  if  we  were 
dealing  witn  a  perfect  fluid.  If  non-rigorous  viscous  and  wave  resis¬ 
tance  are  thus  defined  and  evaluated  independently  of  each  other,  in  my 
opinion  there  is  no  reason  a  priori  why  they  should  add  up  exactly  to  the 
total  measured  resistance.  In  fact  it  is  obvious  that  an  interference 
term  of  some  sort  is  needed  in  a  real  fluid  to  account  for  the  inter¬ 
action  between  viscous  and  wave  phenomena.  Moreover,  it  should  be  noted 
that  in  the  experiments  discussed  by  the  author  the  analogy  definitions 
indicated  above  had  to  be  further  simplified  by  neglecting  certain  higher 
order  terms.  Hence  the  discrepancy  pointed  out  by  the  author  does  not 
necessarily  mean  that  the  wave-analysis  methods  are  ’seriously  in  error'. 

Let  us  now  briefly  consider  the  author's  proposals  concerning 
the  possible  causes  of  error  in  the  results  of  wave  analysis.  Firstly, 
he  refers  to  a  difficulty  inherent  in  the  analogy  method  of  defining 
wave  resistance  in  a  real  fluid,  namely  the  extrapolation  of  potential 
flow  into  the  viscous  wake.  On  the  basis  of  my  recent  experience  this 
difficulty  seems  to  me  to  be  less  serious  than  it  appears  at  first  sight. 

If  the  wave  analysis  is  based  on  the  concept  of  the  linearized  free-wave 
system,  the  potential  can  be  derived  from  a  few  surface  profiles,  e.g. 
from  two  transverse  sections.  The  problem  therefore  reduces  to  an  analy¬ 
tical  continuation  of  the  transverse  section  across  the  viscous  wake.  It 
is  true  that,  theoretically,  two  complete  transverse  sections  without  any 
interruptions  are  necessary  for  the  analysis.  In  practice,  however,  it 
was  observed  that  if  a  sufficient  amount  of  redundant  information  is  avail¬ 
able,  i.e.  if  instead  of  two,  say  five  or  more  sections  are  simultaneously 
analysed  by  taking  an  average  according  to  the  method  of  least  squares, 
then  the  final  result  is  comparatively  insensitive  to  small  changes  over 
limited  regions  of  the  individual  sections.  Thus  the  distorting  influence 
of  the  questionable  part  of  the  measured  transverse  section  across  the 
viscous  wake  can  be  made  sufficiently  small  by  increasing  the  number  of 
sections  to  be  measured  for  the  analysis.  In  fact,  in  case  of  the  stereo- 
photogrammetrical  measurements  the  part  of  the  transverse  section  across 
the  viscous  wake  could  not  be  measured  at  all  for  technical  reasons  and 
therefore  had  to  be  arbitrarily  interpolated.  Yet  the  results  obtained 
from  a  detailed  analysis  of  $1  sections  at  one  speed  are  not  only  self- 
consistent  but  also  in  agreement  with  the  results  of  an  independent  ana¬ 
lysis  of  measurements  obtained  by  a  sonic  transducer  at  the  same  speed 
as  can  be  verified  on  reference  to  my  paper  to  this  Seminar  (Figure  5). 


The  author's  second  objection  refers  to  the  use  of  the  linear¬ 
ized  free-wave  system  for  representing  the  actual  free-surface  deformation 
behind  a  ship  model,  i.e.  essentially  neglecting  the  so-called  local 
wave.  The  author  rightly  implies  that  the  wave  flow  generated  by  a  model 
in  a  viscous  fluid  outside  the  wake  at  a  great  distance  from  the  model 
is  more  nearly  represented  by  a  discrete  source  rather  than  a  dipole  -  as 
in  a  perfect  fluid.  Since  the  local  wave  of  a  source  decays  less  rapidly 
than  that  of  a  dipole  the  objection  raised  by  the  author  seems  to  be  parti¬ 
cularly  pertinent  in  a  real  fluid,  all  the  more  so  because  sources  may  have 
to  be  situated  in  the  wake  behind  the  model  to  generate  the  outside  flow. 

In  any  actual  wave  analysis  the  presence  of  a  small  local  wave  -  like  any 
other  distortion  of  the  free-wave  system  -  can  be  essily  detected  by  plot¬ 
ting  the  Fourier  coefficients  of  the  transverse  sections  over  the  distance 
behind  the  model.  Only  the  free-wave  components  will  yield  sine  waves  of 
the  prescribed  wave  length  (see  Figure  h  of  my  paper).  All  other  compo¬ 
nents  will  in  general  be  non-oscillating  terms.  The  local-wave  component 
will  probably  be  a  rapidly  decaying  monotonous  term.  By  assuming  a  suit¬ 
able  polynomial  approximation  it  can  be  easily  filtered  out  to  yield  the 
pure  free-wave  component.  In  our  detailed  investigation  of  the  waves 
generated  by  an  Inuid  in  15  different  speeds  no  clear  evidence  of  a  sen¬ 
sible  local  wave  was  found  in  the  region  analysed.  Of  course,  for  an¬ 
other  model  and  a  different  speed  range  the  local  wave  may  be  quite  promi¬ 
nent.  However,  the  important  point  is  that  all  small  distortions  of  the 
free-wave  system  (including  local  waves)  can  be  detected  and  eliminated 
if  a  sufficiently  large  number  of  sections  is  used  for  the  analysis. 

Summing  up,  the  experimental  evidence  available  up  to  date  does 
not  suggest  that  the  discrepancy  puzzling  the  author  -  and  indeed  everyone 
of  us  engaged  in  wave  analysis  -  can  be  satisfactorily  explained  by  the 
arguments  advanced  in  this  paper. 


AUTHOR'S  REPLY 


The  slow  reduction  in  magnitude  of  pQ  with  downstream  distance 
from  the  source  has  elicited  comment  from  several  of  the  discussors.  Be¬ 
fore  replying  to  each  of  them,  it  will  be  helpful  to  note  that  pQ  depends 
only  upon  |xq/c|  and  k^c  ;  it  is  independent  of  b/c  ,  as  has  been  ob¬ 
served  by  Dr.  Maruo.  Thus  the  values  of  pQ  in  the  given  table,  corre¬ 
sponding  to  m  =  0  ,  may  be  interpreted  for  values  other  than  b/c  =  10. 
This  leads  to  a  criteron  for  the  distance  downstream  from  a  source  at  which 
the  near  field  term  becomes  negligible,  if  only  the  magnitude  of  pQ  is 
considered.  Selecting  from  the  table  the  value  x/c  =  100  as  the  requi¬ 
site  downstream  distance  in  terms  of  source  depth,  we  have 

xo  _  100c 
b  b 


as  the  corresponding  distance  in  terms  of  tank  width.  But  also,  since  the 
table  has  been  computed  for  the  case  k^c  =0.10  ,  we  obtain  for  the  associ 
ated  Froude  numbers, 

F  =  JL  =  _ L_  _  Q.lx 

b  gb  kQb  b 

or 


=  io  f; 


Hence,  at  the  reasonable  Froude  number  Fb  =  0.31  ,  we  have  Xg/b  =  1  , 
i.e.  the  near-field  disturbance  of  the  source  becomes  negligible  after  a 
downstream  distance  equal  to  the  width  of  the  tank. 


Dr.  Gadd  has  raised  a  most  interesting  point.  It  is  true  that 
the  expression  defining  the  strength  of  the  Betz  source  distribution  re- 
ser-bles  that  for  the  rate  of  change  of  the  wake  displacement  area.  These 
diiter  only  in  that  the  velocity  distribution  of  an  analytically  continued 
potential  flow  is  used  in  defining  the  source  strength  instead  of  the 
single  velocity  outside  the  wake  used  to  define  the  displacement  area. 

This  difference  in  definition  probably  becomes  unimportant  sufficiently 
far  downstream  in  the  wake.  Wake  data  indicate  that  the  displacement  area 
becomes  nearly  constant  after  about  6  to  10  diameters  of  the  wake  produc¬ 
ing  object.  Dr.  Gadd's  argument,  which  is  probably  valid,  then  indicates 
that  the  strength  of  the  Betz  source  distribution  should  become  negligible 
at  downstream  distances  greater  than  about  one  model  length.  But,  as  was 
shown  above,  an  additional  downstream  distance  approximately  equal  to  a 
tank  width  is  required  for  the  near  field  disturbance  to  become  negligible. 
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Since  model  lengths  are  of  the  order  of  magnitude  of  the  tank  width,  this 
indicates  that  the  near-field  effects  of  the  wake  sources  may  be  neglected 
beyond  a  downstream  distance  of  about  two  model  lengths. 

Dr.  Hogben  points  our  that  a  downstream  distance  of  20  source 
depths  is  equal  to  only  about  l/3  of  the  transverse  wave  length  associated 
with  m  =  0  .  This  in  true,  but  it  seems  to  be  more  meaningful  to  express 
this  distance  in  terms  of  tank  width,  or  model  length.  Furthermore,  at 
this  downstream  distance,  the  tabulated  values  show  that  the  near  field 
contribution  is  still  seven  percent  of  the  far-field  amplitude.  It  is  not 
until  about  a  distance  of  100  source  depths  downstream  that  the  near  field 
term  is  reduced  to  about  1.7  percent  of  the  far-field  amplitude. 

Dr.  Maruo's  critical  and  scholarly  evaluation  of  my  contribution 
is  deeply  appreciated.  I  take  issue  only  with  his  statement  that  my  "con¬ 
clusion  ...  is  due  to  the  method  by  which  the  conclusion  is  derived," 
which  implies  that  another  method  of  analysis  would  have  led  to  a  differ¬ 
ent  conclusion.  The  assumption  that  the  tank  width  is  finite  and  of  the 
order  of  magnitude  of  the  model  length  is  a  realistic  one.  Alternative 
conclusions  derived  by  assuming  inginite  tank  width  should  not  invalidate 
the  results  of  the  present  analysis. 

Finally,  I  agree  fully  with  Dr.  Eggers  remarks.  The  field  of  a 
single  source  is  not  a  good  approximation  for  the  disturbance  due  to  a 
body  in  an  ideal  fluid,  for  which  the  total  source  strength  must  be  zero. 
The  analysis  applies  mainly  to  the  sources  representing  the  wake  in  a  tank 
of  finite  width. 

In  his  provocative  discussion  Dr.  Sharma  refuses  to  accept  my 
"definition"  of  wave  resistance,  implying  that  it  gives  only  one  of  several 
terms  of  his  chart  of  types  of  resistance  which  contribute  to  this  compon¬ 
ent  of  the  drag.  Nty  feeling  is  that  such  listings  of  resistance  components 
is  rather  futile  since  there  is  no  way  of  obtaining  these  terms  either 
experimentally  or  theoretically ,  so  that  I  prefer  to  avoid  such  classifi¬ 
cations.  A  more  useful  point  of  view  is  that  the  Betz-Tulin  theory  yields 
a  rational  procedure  for  separating  the  viscous  drag  from  the  total,  and 
it  appears  reasonable  to  refer  to  the  remainder  as  the  "wave  drag."  I  do 
not  consider  that  this  constitutes  a  definition  of  wave  drag;  rather,  since 
the  Betz-Tulin  theory  is  not  exact,  all  that  should  be  claimed  is  that  it 
gives  a  procedure  for  obtaining  an  approximate  value  for  the  wave  drag. 
Furthermore,  since  the  theory  and  the  measurements  are  for  the  actual  flow, 
including  the  presence  of  the  free  surface,  contrary  to  Dr.  Shanna's  state¬ 
ment,  the  effects  of  a  boundary  layer  and  wake  on  the  generated  waves  are 


including  in  the  result,  and  it  appears  to  me  to  serve  no  useful  purpose 
to  attempt  to  analyze  the  wave  resistance  further  into  a  part  which  depends 
only  on  the  Froude  number  and  another  part  which  depends  upon  both  the 
Froude  and  Reynolds  numbers. 

Secondly,  Dr.  Sharma  states  that,  in  the  analysis  of  his  surface 
profile  data,  he  has  already  employed  the  procedure  I  have  suggested  of 
extending  the  potential  flow  into  the  wake*  According  to  his  description, 
because  of  difficulty  in  measuring  the  surface  profile  across  the  wake,  a 
linear  interpolation  was  assumed  for  the  surface  profile  in  this  region; 
it  is  this  interpolation  which  Dr.  Sharma  is  interpreting  as  the  extension 
of  the  potential  flow  into  the  wake.  There  are  two  flaws  in  this  argument. 
The  formula  for  the  wave  resistance  consists  of  the  sum  of  two  integrals. 

In  one  of  these  the  square  of  the  actual  surface  disturbance,  even  in  the 
wake  region,  occurs  in  the  integrand.  Hence  the  procedure  described  by 
Dr.  Sharma  is  an  approximation  imposed  by  the  limitations  of  the  measure¬ 
ments,  and  not  in  accord  with  the  requirements  of  the  Betz-Tulin  theory. 

It  is  the  second  integral  which,  in  the  wake  region,  involves  the  compon¬ 
ents  of  the  analytically  continued  potential  flow.  Since  this  potential- 
wake  flow  is  associated  with  a  volume  distribution  of  wake  sources,  it  is 
not  obvious  that  the  analytical  procedures  employed  by  Dr.  Sharma  to  analyze 
his  surface  profile  measurements  are  valid  within  the  wake;  and  it  would  be 
highly  fortuitious  if  it  turned  out  that  Dr.  Sharma' s  simple  expedient  of 
linear  interpolation  actually  gave  the  required  correction. 
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DETERMINATION  OF  THE  WAVE  RESISTANCE  OF  A 
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1.  Summary 

The  total  resistance  of  a  slender  axi symmetric  body  was 
measured  In  a  ship  tank  by  a  new  method,  and  the  'residual'  resistance 
was  determined.  The  calculated  values  of  wave  resistance  for  such  a 
model,  both  according  to  thin-ship  and  to  slender-body  assumptions, 
are  generally  very  much  greater  than  the  observed  values,  and  the 
theoretical  curves  of  resistance  versus  speed  are  more  humped.  Estimates 
of  the  wave  resistance  have  also  been  obtained  from  an  analysis  of  the 
measured  wave  pattern;  they  are  about  three-quarters  of  the  residual 
resistance  over  a  range  of  Froude  number  0.2  to  0.3. 


2.  Introduction 


This  paper  presents  a  comparison  between  measured  values  of 
residual  resistance  (total  drag  -  (friction  +  form)  drag)  and  calculated 
values  of  wave  resistance  for  an  axisymmetric  body.  The  wave  resistance 
has  also  been  determined  independently  from  the  measured  wave  pattern. 

Recently,  Vossers  and  Tuck  among  others  have  put  forward 
theories  which  provide  expressions  for  wave  resistance  on  the  assumption 
that  a  ship  form  may  be  regarded  as  'slender',  that  is,  having  small 
draught  as  well  as  beam  in  comparison  with  its  length.  The  equations 
are  not  dissimilar  from  those  of  thin-ship  theory;  the  experimental 
tests  described  were  to  investigate  whether  these  new  theories  are  in 
fact  an  improvement. 

The  idea  of  deducing  the  wave  resistance  from  the  actual  wave 
pattern  is  not  new,  but  until  the  last  few  years  little  experimental 
work  has  been  done.  Eggers^,  Ward**  and  Gadd  and  Hogben5  have  now 
published  results  of  investigations,  each  using  different  methods  of 
analysis.  Results  for  ship-forms  show  that  wave-making  accounts  for 
about  one  half  of  the  measured  residual  resistance.  Hogben®  found 
for  a  hovercraft  (which  can  be  regarded  as  a  moving  pressure  on  the 
water  surface)  that  wave  resistance  was  about  equal  to  that  predicted 
from  theory,  but  that  125$  of  the  resistance  found  from  force  measure¬ 
ments  on  the  hovercraft.  The  present  work  seeks  to  examine  this  ratio 
for  an  axisymmetric  body. 
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3.  Experimental  Arrangements 


Tests  were  conducted  in  No.  2  tank  of  Ship  Division,  National 
Physical  Laboratory,  at  Teddington,  by  kind  permission  of  Mr.  A. 
Silverleaf,  the  Superintendent.  This  tank  is  20  feet  wide  and  9  feet 
deep,  the  useful  run  of  deep-water  being  about  300  feet,  allowing  for 
acceleration  and  braking  of  the  carriage.  The  model  was  made  of 
Fibreglass  (resin-bonded  glass  fibre)  and  was  of  length  12  feet  1  inch 
and  diameter  12  inches.  It  consisted  of  three  sections:  a  cusped  nose 
50  inches  long  and  a  similar  tail,  and  a  parallel  middle-body  45  inches 
long,  (Figure  l). 

The  model  was  towed  by  the  carriage  at  a  set  speed.  The 
mounting  was  designed  so  that  trim  was  prevented,  and  this  was  accomp¬ 
lished  by  suspending  the  model  at  each  end  on  pendulums  which  could 
sving  longitudinally  below  the  carriage.  At  each  end  of  each  pendulum 
were  shafts  which  ran  in  transverse  bearings,  one  on  the  carriage  and 
one  on  the  riiodel.  The  bearings  were  air-lubricated,  and  thus  when  the 
pendulums  were  both  vertical,  no  horizontal  force  could  be  transmitted 
to  the  model.  In  order  to  achieve  this,  air  for  the  lower  bearings 
was  bled  off  through  the  upper  shafts,  (Figure  2). 

The  total  resistance  of  the  model  was  measured  with  a  0  -  50 
lb.  proving-ring  dynamometer,  fitted  with  electrical  strain-gauges, 
using  a  four-arm-active  bridge  network,  whose  output  was  connected  to  a 
meter  with  large  time  constant.  This  had  the  advantage  of  preventing 
free  longitudinal  movement,  thus  maintaining  the  pendulums  vertical, 
and  also  obviating  the  need  to  unclamp  and  clamp  the  model  at  the 
beginning  and  end  of  each  run.  Further,  it  was  not  necessary  to  know 
the  resistance  in  advance  and  offset  with  weights  as  is  usual.  The 
accuracy  claimed  is  about  1$. 

The  wave-pattern  was  recorded  with  depth  probes  of  the 
capacitance  tjpe,  mounted  on  a  submerged  frame  made  of  'Dexion' 

(slotted  light-alloy  angles),  originally  developed  by  Gadd  and  Hogben^. 
See  Figure  3*  The  outputs  of  the  probes  were  connected  to  four  channels 
of  an  ultra-violet  paper  recorder.  This  gave  a  series  of  continuous 
longitudinal  sections  through  the  wave -pattern,  which  moved  past  the 
stationary  probes. 


4.  Total  and  Residual  Resistance 


The  curve  of  total  resistance  measured  with  the  proving-ring 
was  reproducible  to  within  2$  over  a  year,  and  is  shown  in  Figure  4. 


Corrections  were  made,  first  for  the  resistance  of  the  two  trip  wires, 
then  for  the  blockage  due  to  the  finite  tank  size,  and  finally  for  the 
area  of  laminar  flow.  Friction  anc?  form  resistance  were  taken  to  follow 
the  curve  of  Hughes  determined  for  fully  turbulent  flow,  such  that  run- 
in  to  the  curve  of  total  resistance  occurred  for  Froude  number  of  about 
0.15  where  wave  resistance  is  negligible.  This  gave  a  k-factor  of  21 .3# 
above  the  basic  line,  quite  reasonable  for  a  model  with  block  coefficient 
Cb  =  O.575.  The  resultant  curve  of  residual  resistance  is  shown  as  a 
solid  line  in  Figure  5* 


The  theoretical  curves  derived  from  Tuck's  equation  and  also, 
for  comparison,  from  Michell's  equation  are  both  shown  in  Figure  5* 
About  twenty  points  were  considered  enough  ,to  define  the  curves;  the 
integration  was  performed  on  the  EDSAC  II  computer  at  Cambridge.  Tuch 
gives  for  the  wave  resistance: 


2  k  it/2 

pg  itl  p  2  2  ^ 

R  =  -  /  (P  +  k  )  sec  ©  d© 
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P  +  *iQ  =  J  hh'(x)  exp(ik  sec©  x)  dx  . 

-1 

o 

Michell  gives  (quoted  by  Wigley0)  for  a  body  of  circular  cross-section 
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When  c  -  Vax/1' 


h/e  1 


P  +  iQ  =  —  *  **3  exp(-eksec2©z  +  iksecOx)  dxdz, 

n  o  -  v  (h  -€^Z^) 
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where 


x  =  dimensionless  length,  -1  at  bow, 
r(x)  =  radius  at  given  section 
1  =  half  total  length 

h(x)  =  r(x)/l 
k  =  l/2f  =  gl/u2 
u  =  axial  velocity 


+1  at  stern 
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The  curves  of  Figure  5  were  obtained  by  numerical  integration, 
and  it  is  clear  that  their  general  shapes  are  the  same,  although  Tuck's 
estimate  is  roughly  twice  Michell's.  Both  curves  show  the  usual  humps 
and  hollows,  and  these  may  be  seen  to  occur  at  Froude  numbers  about  6# 
below  those  for  the  experimental  curve. 

The  latter  effect  is  frequently  observed,  e.g.,  by  Wigley^, 
and  seems  to  be  a  displacement  effect  of  the  boundary  layer.  This 
general  cause  is  also  believed  to  be  responsible  for  the  flattening 
of  the  humps  and  hollows  (Havelock^) .  It  is  hoped  to  carry  out  more 
work  on  these  two  effects  next  year. 

However,  the  most  noticeable  feature  of  the  results  is  the 
difference  in  the  magnitudes.  Some  reduction  in  resistance  may  occur 
because  the  model  is  not  vertically-sided  above  the  mean  water  level, 
but  this  would  seem  most  unlikely  to  be  the  75#  necessary  to  bring  the 
experimental  curve  up  to  the  level  of  Tuck's  theoretical  one.  One  is 
accordingly  led  to  the  conclusion  that  there  exists  a  fundamental 
discrepancy  between  theory  and  experiment. 


5 .  Wave  Pattern  Analysis 

The  method  used  here  fellows  that  put  forward  by  Gadd  and 
Hogben^.  The  principle  is  to  consider  the  energy  in  the  wave-pattern 
in  an  area  bounded  by  two  transverse  lines  behind  the  model.  For  a 
succession  of  longitudinal  strips,  corresponding  to  the  wave-probes, 
dRw/dy  is  calculated  from  the  Fourier  components  of  the  longitudinal 
wave  traces,  and  is  obtained  by  integrating  across  the  width  of  the 
tank. 


The  wave-records  were  made  at  four  speeds,  u  ■  4.0,  4.6,  5*4, 
6.0  feet  per  second  (f  =  0.203,  -233;  .275#  .505).  The  wave-height  was 
read  off  every  0.05  second,  and  punched  on  5-hole  paper  tape  for  analysis 
on  the  EDSAC  II  computer.  Analysis  was  performed  for  Fourier  ranges  of 
one,  two  and  three  transverse  wavelengths  (for  the  two-dimensional  long 
waves  behind  the  model  the  wavelength  XQ  =  2ru2/g)  in  the  area  between 
the  stern  point  of  the  model  and  4xo  further  downstream.  It  yielded 
values  of  dRy/dy  at  each  probe,  tabulated  in  columns  corresponding  to 
the  various  Fourier  ranges. 

The  wave -comb  frame,  (Figure  3)#  held  probes  at  3  inch 
intervals  from  18  inch  to  72  inch  from  the  center-line.  Two  further 
positions  were  used,  at  93  inch  and  114  inch  from  the  center-line; 
probes  for  these  are  attached  to  the  tank  wall. 
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Itypical  results  at  each  of  the  four  speeds  are  shown  in 
Figures  6  through  9.  Some  of  the  points  were  repeated,  as  may  be 
seen;  over  half  were  within  5#,  i.e.,  the  wave  height  was  reproduced 
within  2-1/2$. 

A  further  check  was  mode  by  measuring  the  wave -form  on  a 
longitudinal  section  with  point  gauges  suspended  from  a  boom  attached 
to  the  carriage.  At  first  this  was  carried  out  on  the  center-line  only, 
and  values  of  dJ^/dy  less  than  expected  by  30  -  50#  were  found,  at  all 
speeds,  and  for  several  wavelengths  downstream.  But  repeating  the 
check  at  21  inches  from  the  center-line  gave  good  agreement  (about  +4#), 
with  only  one  serious  discrepancy. 

The  areas  under  the  curves  were  averaged,  assuming  that  they 
were  unbiassed  estimates  of  the  resistance,  which  seemed  reasonable  as 
the  scatter  was  quite  small  (average  standard  deviation  =  6.1#).  In 
the  table  opposite,  the  limits  on  the  final  value  of  10^Cw  are  shown 
as  one  standard  deviation  of  the  mean  each  way. 


Range 

u  =  4.0 

u  =  4.6 

u  =  5 .4 

u  =  6.0 

0.855 

4im 

11.43 

20.87 

2 

0.934 

4.73 

10.80 

22.62 

3 

0.947 

5.15 

12.67 

21.27 

4 

1.051 

4.24 

10.94 

(13.95) 

1,2  X 

0.838 

4.80 

10.95 

22.71 

2,3 

0.84l 

4.86 

12.79 

21.91 

3,4 

0.967 

4.88 

13.26 

(18.34) 

i,2,3  X 

0.908 

5.03 

11.86 

23.73 

2,3,4 

0.967 

4.87 

11.86 

20.61 

Mean 

0.923 

4.79 

11.84 

21.96 

Rw,  lbs. 

0.074 

0.383 

0.947 

1.758 

3 

lcrc 

w 

O.296 
+  .007 

1.15 
+  .02 

2.06 
+  .05 

3.11 
+  .06 

(Areas  are 

in  square  inches 

,  taken  from 

the  original 

graphs ) , 
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6.  Discussion  of  Results 

The  values  of  the  coefficient  of  residual  resistance,  with 
which  the  above  figures  should  be  compared,  are  seen  from  Figure  5  to  be 

0.4o  1.57  2.64  4.35 

The  ratios  of  the  measured  wave  resistances  to  the  residual  resistances 
are  therefore 

0.741  0.734  0.779  0.715 

Now  if  the  wave  resistance  could  be  more  closely  related  to  the  theoretical 
wave  resistance,  than  to  the  residual  resistance,  one  would  expect  that  the 
second  and  fourth  of  these  ratios  would  be  higher  than  the  other  two,  as 
they  refer  to  speeds  which  give  maxima  on  the  theoretical  Cw  curve.  In 
fact  the  reverse  is  true,  and  as  the  actual  variation  is  quite  small 
(s.d.  =  3-l#)>  it  therefore  appears  that  for  the  range  of  speed  considered, 
0.2  <  f  <  0.3>  wave-making  was  responsible  for  a  constant  proportion  of 
residual  resistance,  74# . 

It  has  been  suggested  that  in  making  an  estimate  of  wave 
resistance  in  this  way,  the  ranges  considered  should  not  approach  too 
closely  to  the  model  because  of  local  effects.  There  is  some  evidence 
for  this  in  the  above  table.  For  the  one  XQ  range,  the  area  is  always 
about  5#  too  low,  and  a  maximum  is  reached  at  4x  (u  =  4.0),  3XQ(u  =  4.6, 
5.4),  2Xq(u  =  6.0),  i.e.,  at  a  roughly  constant  distance  of  130  inches 
downstream  from  the  stern-point.  No  reflexion  has  occurred  and  th**  bow 
wave,  stern  wave  and  transverse  wave  are  each  well  separated.  But  it  is 
quite  possible  that  the  real  explanation  lies  in  the  distribution  of 
probes,  which  are  very  sparse  towards  the  wall.  If  there  had  been  enough 
to  have  been  spread  evenly  right  across  the  tank,  the  effect  might  not 
have  been  noticed. 

The  effect  of  reflexion  at  the  wall  may  be  estimated  by  con¬ 
sidering  ranges  somewhat  further  downstream.  The  traces  at  one  speed, 
u  =  5*4  feet  per  second  were  analyzed  over  wavelengths  9  -  12 ,  and  gave 
areas  under  the  dF^/dy  versus  y  curve  as  follows: 


9  \> 

11.01 

9,10  X 

10.71 

10 

9.01 

10,11 

10.31 

11 

9.09 

11,12 

11.16 

12 

10.52 

Mean 


10.26 


The  standard  deviation  of  the  difference  of  the  means  is 
^(sd-L'/n^  +  sd22/n2)  =  0.415  the  difference  of  the  means  is 
11.84  -  10.26  =  I.58  which  eq  als  nearly  four  standard  deviations,  and 
is  statistically  very  highly  significant.  We  therefore  conclude  that 
reflexion  decreases  the  measurable  wave  energy,  here  by  about  13$. 

The  effect  of  the  length  of  range  chosen  for  analysis  seems 
small.  Careful  comparison  suggest  an  increase  in  area  under  the  curve 
of  about  5$  as  analysis  is  carried  out  over  more  than  one  transverse 
wavelength,  but  the  scatter  is  such  that  this  difference  is  not  signifi¬ 
cant.  It  is  not  therefore  established,  at  least  by  the  present  work. 

The  right-hand  maxima  on  all  the  curves  of  Figures  6  through  9 
represent  the  energy  contained  in  the  bow  wave,  the  second  hump  behind, 
visible  in  Figures  7  through  9,  represents  the  stern  wave.  It  may  be 
noticed  that  this  hump  is  rather  more  pronounced  in  Figures  7  and  9, 
which  correspond  to  maxima  on  the  curve,  than  in  Figure  8,  which 
does  not.  This  is  to  be  expected  on  physical  grounds,  as  at  wave- 
resistance  maxima,  the  bow  wave  reinforces  the  stern  wave,  while  at 
minima,  it  cancels  it.  The  positions  of  the  bow  and  stern  maxima  at 
u  —  5 • ^  ft  /sec  are  plotted  in  Figure  10,  which  illustrates  the  wave  pattern 

The  direct  effect  of  the  viscous  wake  is  quite  small  -  about 
10$  close  to  the  model  and  much  less  downstream  (compare  1XQ  and  3XQ 
curves  in  Figure  7).  The  discrepancy  between  residual  resistance  and 
wave  resistance  is  thus  only  made  up  in  part;  further  investigation  will 
be  needed  to  explain  the  difference  that  remains . 
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RESISTANCE  FROM  WAVE  HEIGHT  ON  A  LINE  PARALLEL  TO  A  SHIP'S  TRACK 
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ABSTRACT 


It  is  tneoretically  possible  to  calculate  wave-making  resistance 
if  the  wave  height  is  known  at  all  points  on  a  line  parallel  to  the  track 
of  a  ship  which  has  been  traveling  for  a  long  time  in  a  straight  line  on  an 
infinite?„y  wide,  infinitely  deep  body  of  water.  A  simple  formula  for  the 
wave-making  resistance  is  derived  employing  an  exponential  Fourier  transform 
of  the  wave  height  over  a  semi-infinite  segment  of  the  line  parallel  to  the 
ship's  track.  Although  ship  speed  could  also  in  theory  be  derived  from 
this  information,  in  this  paper  it  is  assumed  to  be  known. 

When  the  errors  of  the  technique  are  examined,  the  most  trouble¬ 
some  are  found  to  be  those  caused  by  using  the  derived  formula  over  a 
finite  rather  than  a  semi -infinite  segment  of  the  line.  However,  if  the 
general  shape  of  the  curve  of  amplitude  of  the  elementary  waves  as  a 
function  of  direction  is  known,  these  particular  errors  can  be  estimated. 


I.  Introduction 

Efforts  have  been  made  recently  by  several  investigators  to  find 
a  way  to  measure  the  wave-making  resistance  of  a  ship  from  the  waves  them¬ 
selves.  These  efforts  are  motivated  particularly  by  the  fact  that  the 
system  used  for  many  years  at  model  basins  contains  several  large  unknowns 
in  its  correction  factors.  That  method  consists  of  measuring  the  total 
resistance  of  the  model  and  then  subtracting  the  resistance  attributed  to 
other  factors  than  wave-making,  but  the  amount  of  the  resistance  caused  by 
these  other  factors  is  not  known  precisely.  As  a  result  it  is  questionable 
whether  the  resistance  which  is  ascribed  to  wave-making  is  really  all 
caused  by  waves. 

This  paper  shows  that  the  wave  height  measured  at  all  points 
on  a  line  parallel  to  the  path  of  a  ship  traveling  in  open  water  provides 
enough  information  to  calculate  the  wave-making  resistance.  The  necessary 
formulae  for  calculating  it  are  developed  as  part  of  the  proof  of  the  pro¬ 
position.  The  significance  of  this  finding  is  that  the  wave-making  resis¬ 
tance  of  either  a  mosel  or  a  ship  can  be  found  by  measuring  the  wave 
height  continuously  as  a  function  of  time  at  one  point  while  the  ship  or 
model  runs  past  the  point  at  constant  speed.  This  provides  not  only  a 
way  to  find  the  wave-making  resistance  of  models,  but  a  simple  way  to 
measure  the  wave-making  resistance  of  a  full-scale  ship.  It  has  the  advan¬ 
tage  that  it  does  not  involve  any  other  resistance  than  that  caused  by  the 
waves.  It  appears  to  have  the  disadvantage  of  requiring  a  very  long  and 
wide  towing  tank  to  obtain  accurate  results. 
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II.  Derivation  of  a  Formula  for  Calculating  Resistance  From  Observations 

on  a  Semi -Infinite  Line  Parallel  to  the  Ship's  Track 

It  is  well  known  that  if  a  ship  is  traveling  in  a  straight  line 
at  a  constant  speed  on  an  infinitely  deep,  infinitely  wide  ocean,  it  pro¬ 
duces  a  wave  pattern  which  in  the  vicinity  of  the  ship  assumes  a  constant 
shape  when  described  in  coordinates  moving  with  the  ship  This  wave  pattern 
can  be  described  by  superposing  a  set  of  "elementary  waves",  each  of  con¬ 
stant  direction  and  wave  length,  and  of  the  same  amplitude  everywhere  behind 
the  wave  front  through  the  disturbance  which  creates  it.  If  the  speed  of 
the  ship  is  constant,  then  the  wave  length  of  each  elementary  wave  is  a 
function  only  of  the  direction  in  which  it  moves,  and  there  is  only  one 
wave  length  for  each  direction,  There  are  two  directions  for  each  wave 
length,  and  they  are  symmetrical  on  either  side  of  the  direction  of  motion 
of  the  ship  It  can  also  be  shown  that  the  distance  between  crests  of  these 
elementary  waves  when  measured  along  a  line  parallel  to  the  line  of  ship 
motion  is  a  unique  function  of  the  absolute  value  of  the  angle  between  the 
direction  of  motion  of  the  ship  and  the  direction  of  motion  of  the  wave. 
These  considerations  lead  to  the  conclusion  that  it  must  be  possible  to 
find  the  amplitudes  of  the  elementary  waves  if  enough  is  known  about  the 
wave  height  on  a  lane  parallel  to  the  track 

1.  Statement  of  the  Theorem  and  its  Corollary 
Theorem ; 


If  the  height  of  the  waves  produced  by  a  ship  is  known  at  each 
point  along  a  straight  lane  parallel  to  the  path  of  travel  of  the  ship,  and 
the  distance  between  the  ship  s  track  and  this  straight  line  is  known,  then 
it  is  possible  to  decompose  the  entire  wave  pattern  into  its  elementary 
waves,  obtaining  the  amplitude  of  each  wave  as  a  function  of  its  wave 
lenght  and  so  of  its  direction  of  travel 

The  wave  heights  along  the  line  parallel  to  the  ship  can,  of 
course,  be  obtained  by  a  probe  which  is  fixed  in  one  spot  and  measures  the 
wave  height  continuously  as  the  ship  moves  by 

If  the  amplitude  of  each  elementary  wave  as  a  function  of  its 
wave  length  and  so  of  its  direction  of  travel  is  given,  it  is  possible  from 
known  expressions  to  calculate  the  wave -making  resistance  of  the  ship.  We 
can  therefore  draw  the  following  additional  conclusion: 


9 


9 
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Corollary ; 


If  the  wave  height  has  been  measured  at  one  instant  at  alL  points 
along  a  straight  line  parallel  to  the  direction  of  motion  of  a  ship  of 
known  speed,  and  the  distance  between  the  ship's  track  and  the  straight 
line  Is  known,  then  if  the  ship  has  been  moving  in  a  straight  line  for  a 
very  long  time  all  the  Information  necessary  to  calculate  its  wave-making 
resistance  has  been  obtained. 


2.  Proof  of  the  Propositions  and  Development  of  the  Equations  for 
the  Resistance 

Proof  of  the  theorem: 


The  waves  produced  by  a  ship  consist  generally  of  a  local  distur¬ 
bance  which  moves  with  the  ship  together  with  two  or  more  sets  of  waves 
which  are  left  behind  as  the  ship  moves  through  the  water.  Only  the  waves 
left  behind  contribute  to  the  wave-making  resistance.  An  ordinary  ship 
usually  leaves  behind  two  distinct  trains  of  waves,  one  originating  at  the 
bow  and  the  other  at  or  near  the  stern.  Sometimes  there  are  more  trains  of 
waves,  but  there  is  always  a  f intie  number  of  them  and  they  all  originate 
somewhere  between  the  bow  and  the  stern. 


If  the  wave  height  corresponding  to  each  of  these  wave  trains  is 
decomposed  into  its  elementary  waves,  each  of  which  has  a  single  direction 
and  corresponding  wave  length,  then  the  wave  amplitude  of  each  wave  train 
at  any  point  on  the  surface  can  be  written,  '  if  y  >  0  , 


tan_1( -x/y )  tan_1(-x/y) 

£  =  /  C(q)  cos(x,  ')  d9  +  /  S(9)  sin(x,y)  d©  ,  (l) 

-jt/2  -«/2 


where  the  function  (x,y)  is  defined  as 


(x,y)  =  Kq  sec  9  (x  cos  9  +  y  sin  9). 


(?) 


Since  the  ship  is  symmetrical  in  the  centerline  plane, 
an  even  function  of  y  and  the  functions  C(9)  and 
Lions  of  9  To  make  Equation  (l)  apply  for  y  <  0 
integration  are  changed  to  n/2 

tan  (-x/y) 


the  wave  height  is 
S(9)  are  even  func 
the  limits  of 


Suppose  that  the  hull  produces  two  trains  of  waves,  one  originating 
at  the  bow  where  x  =  0  ,  the  other  at  the  stern  where  x  =  -L  ,  both  on 
the  centerline  plane.  Then  the  equation  of  the  free  waves  produced  by  the 
hull  is  simply  the  sum  of  the  heights  of  the  two  trains  of  waves. 


tan_1(-x/y)  tan'1-(x/y) 

t,  =  /  co(0)  cos(x,y)  d 9  +  /  Sq(9)  sin(x,y)  d9 

-jt/2  -jt/2 

.1 ,x+L.  -1/X+L\ 

tan  (— )  tan  (— ) 

+  /  0^(9)  cos(x+L,y)  d9  +  /  S^C©)  sin(x+L,y)  d9  .  (3) 


-n/2 


•*/2 


The  coordinates  move  with  the  ship,  the  x-coordinate  positive  forward  and 
originating  at  the  bow,  the  y-coordinate  positive  to  starboard  and  origin¬ 
ating  at  the  centerline  plane.  The  amplitude  functions  CQ(9)  ,  SQ(9)  , 
0^(9)  )  and  Sjj(Q)  are  the  amplitude  of  the  elementary  waves  of  cosine 
and  sine  form  originating  at  the  bow  and  stern  respectively.  The  angle 
9  is  the  angle  between  the  direction  of  motion  of  the  ship  and  the 
direction  of  motion  of  an  elementary  wave.  The  parameter  K0  =  g/c  , 
where  c  is  ship  speed. 


The  physical  interpretation  of  Equation  (3)  is  that  the  elemen¬ 
tary  waves  of  any  one  wave  length  form  a  pattern  which  over  part  of  the 
surface  results  from  the  interference  between  waves  going  in  directions 
which  are  symmetrical  on  either  side  of  the  direction  of  ship  motion. 

Over  the  rest  of  the  water  surface  the  pattern  results  from  waves  going 
in  only  one  direction  or,  for  points  far  enough  ahead  of  the  ship  and  at 
a  fixed  distance  off  the  track,  there  is  no  pattern  at  all  from  the  par¬ 
ticular  wave  length.  The  concept  is  shown  for  bow  waves  in  Figure  1. 

For  stern  waves  a  similar  pattern  originates  at  the  stern. 

The  terms  of  Equation  (3)  may  be  combined  to  place  it  in  the 
form  of  Equation  (l).  To  do  this  the  following  identities  are  needed: 

cos(x+L,y)  =  cos(x,y)  cos(KQL  sec  9)  -  sin(x,y)  sin(KQL  sec  ©)  , 

sin(x+L,y)  =  sin(x,y)  coc(KqL  sec  9)  +  cos(x,y)  sin(KQL  sec  9)  . 

With  these  identities  we  may  make  the  following  definitions: 
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C(0)  =  CQ(o)  +  0^(9)  cosCKqL  sec  9)  +  3^(9)  sin(KQL  sec  9), 

-n/2  <  9  <  tan-1(7“) 

v 

=  C0(9),  tan”1(~i)  £  9  £  tan-1(-x/y)j 

S(9)  =  S0(9)  -  C^(9)  sin(KQL  sec  9)  +  3^(9)  cos(KqL  sec  9), 

-  */  2  £  ©  <  tan"1(“i), 

=  S0(9),  tan”1(— <  9  ^  tan_1(-x/y).  (4) 

The  wave  height  for  the  free  waves  originating  at  the  bow  and  stern  may  now 
be  placed  in  the  form  of  Equation  (l)  by  use  of  these  definitions. 

It  is  clear  that  the  terms  C(9)  and  S(9)  derived  this  way 
will  oscilate  even  where  the  original  functions  C0(9)  ,  S0(9)  ,  0^(9)  , 
and  S^Co)  are  slowly  varying  functions  of  9  .  On  the  other  hand,  if 
KqL  is  of  the  order  of  10  the  oscillation  will  not  be  particularly  rapid. 
This  becomes  of  importance  in  examining  the  errors  of  the  method. 


Figure  1 
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In  the  next  part  of  the  discussion  only  the  case  where  there  is 
but  one  point  of  origin  for  the  waves  will  be  covered.  The  normal  case  of 
the  two  wave  trains  --  originating  at  bow  and  stern  --  will  be  taken  care 
of  by  a  simple  extension  of  the  results  for  one. 

Suppose  that  we  measure  the  wave  height  £  at  all  points  along 
the  line  y  =  yQ  .  We  can  do  this  in  theory  by  measuring  the  wave  height 
at  a  single  point  continuously  as  the  ship  moves  past  the  point  with 
distance  yQ  of  closest  approach.  Then  we  may  decompose  the  wave  height 
so  measured  into  its  elementary  waves  by  taking  an  exponential  transform 
along  the  line. 

The  wave  pattern  over  part  of  the  line  y  *  yQ  is  different  in 
nature  than  that  over  another  part.  In  order  to  make  the  results  as  simple 
as  possible  the  transform  will  be  taken  over  a  portion  of  the  line  which 
traverses  only  one  kind  of  pattern.  The  nature  of  the  difference  is  clearly 
shown  in  Figure  1.  Aft  of  the  point  (-xr>y0)  the  line  y  »  y0  traverses 
a  wave  pattern  of  waves  of  length  corresponding  to  the  direction  0Q  which 
is  produced  by  two  interfering  waves,  one  traveling  in  direction  0C  and 
the  other  in  direction  -0C  .  Between  the  points  (-xc,yQ)  and  (xc,y0) 
the  pattern  comes  only  from  waves  of  direction  -0c  •  Forward  of  (xc,y0) 
there  are  no  waves  of  direction  -0C  or  0C  . 

Examination  of  the  plot  of  the  function  0  =  t8Ln“1(-x/y0)  reveals 
a  way  of  dealing  separately  with  the  two  different  kinds  of  wave  pattern. 
This  plot  is  shown  in  Figure  2. 

fi 

I  W/2 


•T/f 


Figure  2. 
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Suppose  we  divide  the  line  y  =  yQ  at  the  point  -xc  =  -yQ  tan  9C, 
where  the  angle  9C  >  0  is  chosen  large  enough  so  that  most  of  the  wave- 
makj-ng  resistance  R  is  given  by  R]_  in  the  expression 

R  -  +  Rj  ,  (5) 

where 

p  2  P  “5 

Rx  =  *pc  /  { [C (© ) ]  +  [S(©)]  }  cos  9  d9  (6) 

o 

and 

p  2  p  * 

R2  =  jrpc  /  { [C (9 )  ]  +  [S(9)]  }  cos^9  d9  .  (7) 

Gc 

It  is  always  possible  to  choose  9C  large  enough  so  that  R2  is  as  small 
as  we  please.  On  the  other  hand,  if  9C  is  made  too  large  the;  point 
-xc  =  -y  tan  9C  will  be  so  far  aft  that  the  wave  amplitudes  will  be  small 
and  the  accuracy  of  the  measurement  will  decrease. 

Now  the  wave  length  of  the  x-component  of  a  ship  wave  is  known  to 
be  \q  =  2jr/K0  sec  0  .  Hence  if  we  consider  only  that  portion  of  the  wave 
height  £  which  results  from  components  whose  wave  length  lies  between 
\  =  2ir/K0  and  =  2jt/KQ  sec  9C  ,  we  find  for  all  x  <  -xc  that  it  is 

given  by  qc  qc 

f  =  /  C(9)  cos(x,y)  d9  +  /  S(9)  sin(x,y)  d9  .  (8) 

~ec  -®c 

This  can  be  seen  by  exajnining  Figure  2.  The  integration  is  along  a  vertical 
line  from  the  lower  boundary  of  region  A  to  the  upper  boundary  of  region 
A'  ,  and  the  integrand  is  clearly  defined  and  single-valued  in  this  region. 

We  may  use  the  fact  that  C(9)  and  S(9)  are  both  even  functions  of  9 
to  simplify  the  equation  further.  This  gives  us 

Gc 

=  2  /  [C(Q )  cos(Kqx  sec  9)  +  S(9)  sinCl^x  sec  9)]  cos(K0y0sec  9  tan  9)  d9, 
o 

-  «  <  x  <  -xc  .  (9) 

By  the  use  of  symmetry  we  have  now  restricted  the  integration  to  the  vertical 
line  from  the  horizontal  axis  to  the  upper  boundary  of  region  A*  .  The 
domains  B  and  B'  are  included  in  Figure  2  to  show  where  a  rectangular 
domain  of  integration  raight  be  laid  out  which  involved  those  values  of  9 
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which  are  required  to  calculate  R2  .  Instead  of  being  semi -infinite,  that 
domain  is  bounded  and  very  small,  and  it  will  not  be  used  in  the  remainder 
of  the  derivation. 

We  must  next  convert  expression  (9)  into  the  form  of  an  exponen¬ 
tial  Fourier  transform  on  a  semi-infinite  interval.  To  do  this  we  must 
first  make  some  changes  in  variables.  Let 

s(0)  =  K0  sec  9  ,  (10) 


and 


0(9)  =  KQy0  sec  9  tan  9  =  s(9)  yQ  tan  9  .  (ll) 

Then  if  we  substitute  in  Equation  (9)  we  get 

ec 

=  2  /  [C(9)  cos(sx)  +  S(9)  sin(sx)]  cos  0(9)  d9  , 

o 

-  «  <  x  <  -xc  .  (12) 

We  now  define 


II 

0 

v» 

0  £  9  £  9C,  K0  < 

s  < 

Ko 

sec 

9C> 

- 

9C  <  9  <  n/2, 

*o 

sec 

ec 

<  s 

<  ». 

(13) 

•V 

a> 

03 

11 

0  g  9  £  9c,  Kc 

i  £ 

s  g 

Ko 

sec 

®c 

=  0, 

9C  <  9  %  it/2, 

Ko 

sec 

®c 

<  s 

<  00 . 

Since  d9  =  ds/K,-,  sec  9  tan  9  ,  and  we  may  use  the  notation  0[9(s)]  =  0  , 
we  can  rewrite  the  expression  for  as  an  improper  integral  in  s  . 

00 

£l  =  2  /  [U^(s)  cos(sx)  +  V^(s)  sin(sx)]  cos  0  ds  , 

O  - - - 

Kq  sec  9(s)  tan  9(s) 

where  -  «  <  x  <£  -  x  .  (l4) 

A 

Now  we  let  x’  =  x  +  xc  .  Then  it  follows  that 
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Ci  -  2  /  W  s)  [cos(sx')  cos(sxc)  +  sin(sx')  sin(sxc)] 
o 

+  V}_(s)  [sin(sx')  cos(sxc)  -  cos(sx')  sin(sxc)]} 


cos  P  c 

Kq  sec  9(s)  tan  ©(s) 

(15) 


Now  U^(s)  and  V-^s)  are  cut  off  at  large  s  ,  so  we  may  apply  the  infinite 
sine  or  cosine  transform  to  them  Further,  the  integrand  in  Equation  (12), 
from  which  (13)  is  derived,  is  obviously  bounded,  so  the  factor  tan  ©(s)  in 
the  denominator  of  Equation  (15)  cannot  produce  a  singularity.  It  follows 
from  the  properties  of  the  sine  and  cosine  transforms  on  a  semi -inf inite 
interval  that  we  may  recover  the  functions  U^(s)  cos  p/KQsec  ©(s)  tan  ©(s) 
and  V-l(s)  cos  P/Kq  sec  ©(s)  tan  ©(s)  by  taking  the  exponential  transform 
of  both  sides  of  Equation  (15). 

O  »oo 

/  CxU')  eirX'  dx'  =2  //  {Ux(  s)[cos(sx')  cos(sxc)  -  sin(sx')  sin(sxc)] 

-00  00 

+  V1(s) [-sin(sx' )  cos(sxc)  -  cos(sx')  sin(sxc)]} 


X[cos(rx')  -  isin(rx')] 


cos  p _ 

sec  ©(s)  tan  ©(s 


ds  dx' 


=  [Ux(r)  cos(rxc)  -  Vx(r)  sin(rxc)]  +  i[UL(r)  sin(rxc)  +  V^r)  cos(rxc)]} 
X  Kq  sec  ©(r )^tan  ©(r)  >  ICo  <  r  ^  Ko  sec  Gc*  x  S  '  xc* 


/  \  r  /  \  X1K 

We  will  let  W2(r)  =  /  {^(x')  e  dx'  .  But  then  the  exponential  trans- 

-  00 

form  of  the  wave  heights  over  the  semi -infinite  interval  will  filter  out  all 
components  other  than  those  of  wave  length  2«/r  ,  for  KQ  <  r  ^  KQ  sec  ©c 


wx(r)  =  /  (^(x1)  eirx  dx'  =  /  £(x')  e  rX  dx'  , 


(17) 


where  the  function  £(x')  refers  to  the  observed  total  wave  height,  not 
just  the  components  produced  by  wave  lengths  more  than  2JT/K,-,  sec  ©c  .  We 
can  therefore  obtain  w^(r)  from  the  observed  wave  heights  on  the  line 
y  =  yQ  at  all  points  aft  of  x'  =  0  ,  which  is  x  =  -xc  . 

If  we  multiply  w^(r)  by  its  complex  conjugate  W]_(r)  we  get 

p 

—  9,  o  p,  cos  B 

wx(r)  wx(r)  =  n  \ [U].(r ) ]  +  ^(r)]  }  ^2  sec2©(r)  t^(7)  ' 


where  KQ  <  r  £  KQ  sec  ©c  . 


(18) 
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This  result  is  clearly  independent  of  the  origin  chosen  for  the  coordinate 
x*  provided  all  points  aft  of  it  have  a  wave  pattern  resulting  from  the 
superposition  of  symmetrical  waves  going  in  directions  9  and  -9  for 
all  values  of  r ( | © | )  under  consideration. 


We  may  now  return  to  the  variable  9  and  employ  Equation  (6)  to 
get  the  resistance  corresponding  to  a  single  train  of  waves. 


.2  ©c 


R-^  =  Kq  p  —  /  w^(Kq  sec  9)  w^  (Kq  sec  9)  sin  9  tan  9 
0  cos23(9) 


d9 


(19) 


Equation  ( 19 )  provides  an  approximation  to  the  resistance  which 
is  correct,  except  for  the  omission  of  the  resistance  component  R2  ,  for 
a  hull  which  produces  a  single  wave  train.  It  may  be  extended  to  the  case 
where  the  ship  produces  two  or  more  wave  trains  by  the  simple  expedient  of 
making  the  upper  limit  of  integration  small  enough  so  that  only  such  por¬ 
tions  of  both  bow  and  stern  waves  are  included  in  the  calculation  as  are 
formed  by  interference  between  waves  moving  in  both  +9  and  -9  directions. 
This  can  be  done  because  Equation  (l8)  is  independent  of  the  origin  of  x'  . 
To  accomplish  the  extension  to  the  general  case  all  that  need  be  done  is 
to  make  t£e  upper  limit  of  the  integral  of  Equation  (19)  the  quantity 
tan~1(Xyo  )  instead  of  Qc  .  The  result  is 


Ri  ■  K0  e 


tan 

/ 

o 


-1 


.-L 


w^l^sec  9)  w^(KQsec  9)  sin  9  tan  9  d9 
cos*  3(9) 


(20) 


Proof  of  the  Corollary: 


Equation  (20)  provides  an  approximation  R-^  for  the  wave -making 
resistance  R  ,  and  the  error  of  the  approximation  is  given  by  Equation  (7) 
as  the  qunatity  R2  provided  the  lower  limit  of  the  integration  for  R2 
is  made  the  same  as  the  upper  limit  of  the  integral  for  R^  ^n  Equation  (20 ). 
However,  it  can  be  shown  that  the  quantity  {[C(9)]2  +  [S(9)]  }  cos^  9  0 

/  \  •  /  d.  — 1 r  sec^Q 

in  Equation  (7)  goes  to  zero  as  9  approaches  jt/2  like  sec“9  e  “  , 

where  k  is  a  positive  real  constant  and  n  is  a  real  constant.  Since 
this  is  true,  it  follows  that  there  exists  some  £  >  0  such  that  R2  <  c 
for  all  £  -  £  <  9q  g  £  >  where  £  is  any  number  greater  than  zero.  But 
from  this  it  follows  that  the  approximation  R^  may  be  made  arbitratily 
close  to  R  by  choosing  x£~-  large  enough,  and  so  the  corollary  is  proved. 

J  o 
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III.  Examination  of  the  Errors  and  Possible  Utility  of  the  Method 

In  part  II  it  was  shown  that  it  is  possible  in  theory  to  find 
the  wave-making  resistance  of  a  ship  by  measuring  the  wave  height  at  all 
points  aft  of  a  ship  on  a  line  parallel  to  its  track.  It  remains  to  be 
shown,  however,  that  this  method  can  be  applied.  In  order  to  get  a  feel 
for  the  problems  and  possibilities,  it  is  necessary  to  explore  the  sources 
of  error  in  the  method.  This  exploration,  together  with  conclusions  on 
how  best  to  apply  the  method,  will  be  discussed  in  this  part  of  the  paper. 

1.  Error  from  Disregarding  R2 

It  is  possible  to  conclude  by  examining  curves  of  C(©)  arxi 
S(©)  produced  by  other  authors,  '  that  nearly  all  the  resistance  is 
included  in  with  less  than  one  percent  in  Rg  when  the  upper  limit  of 

the  integral  is  chosen  as  8C°  of  arc.  Since  this  can  always  be  arranged 
by  making  xc  lerge  enough,  it  is  clear  that  this  source  of  error  can  be 
controlled.  To  permit  the  upper  limit  of  the  integral  to  be  80°  it  is 
necessary  that  the  point  (-xc  +  L,  y0)  ,  which  is  the  forward  end  of  the 
line  segment  on  which  the  observations  are  to  be  made,  subtend  an  angle  of 
no  more  than  10  degrees  with  the  track  of  the  ship  when  viewed  from  the 
ship's  stern. 

2.  Error  from  the  Factor  cos2p  in  the  Denominator  of  Equation  (20) 

The  factor  cos^0  =  cos  [K^q  sec  0  tan  0]  in  the  denominator  of 
Equation  (20),  the  expression  for  the  resistance,  will  have  zeros  in  the 
range  0  <  9  ^  jt/2  .  Although  there  should  be  corresponding  zeros  in  the 
numerator,  the  values  in  the  numerator  will  be  obtained  from  experiment 
and  they  certainly  cannot  be  trusted  to  come  out  to  be  exactly  zero  at  the 
points  where  they  theoretically  should.  Their  existence  is  a  consequency 
of  the  interference  by  the  elementary  waves  going  in  the  direction  0  with 
those  going  in  the  direction  -9  .  The  nature  of  the  interference  pattern 
is  shown  in  Figure  3. 
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To  got  around  this  problem,  we  may  take  advantage  of  the  continuity  of 
C(©)  and  S(@)  to  continue  the  integrand  across  the  zeros.  If  we  know 
enough  of  the  shape  of  the  integrand  of  Equation  (20 )  to  be  sure  that  it 
is  a  slowly  varying  function  of  9  in  the  vicinity  of  the  zeros  of  cos  p, 
then  we  need  only  evaluate  it  for  points  where  cos  p  is  not  close  to  zero 
and  fair  the  curve  across  the  points  where  cos  P  =  0  .  On  the  other  hand, 
if  we  have  two  lines  parallel  to  the  ship’s  track  and  they  do  not  have  the 
same  absolute  value  of  yQ  then  it  is  easy  to  show  that  nearly  all  the 
zeros  of  cos  &  on  one  line  will  not  be  zeros  on  the  other  line.  A  set 
of  measurements  on  a  second  line  parallel  to  the  ship's  track  is  therefore 
an  alternate  solution  to  this  difficulty. 

It  might  seem  reasonable  to  solve  the  problem  by  making  y0  so 
small  that  the  first  zero  of  cos  p  would  occur  for  9  >  80°  .  Unfortun¬ 
ately,  this  makes  yQ  so  small  that  the  line  on  which  the  measurements  are 
to  be  made  will  nearly  always  fall  in  the  ship's  wake.  Since  the  deriva¬ 
tion  in  this  paper  does  not  take  into  account  the  effect  on  the  wave  pattern 
in  the  wake  of  the  motion  of  the  wake,  this  solution  does  not  seem  to  be  an 
acceptable  one.  Either  of  the  other  two,  however,  should  be  satisfactory. 

3.  Error  from  Use  of  a  Finite  Rather  than  a  Semi-Infinite  Line  Segment 
on  Which  to  Measure  Wave  Heights 

The  derivation  of  part  II  of  this  paper  assumes  that  the  ship  has 
been  in  motion  an  infinitely  long  time  and  that  there  is  an  infinitely  long 
train  of  waves  behind  the  ship  on  which  the  measurement  of  wave  height  can 
be  made.  This  cannot  even  be  approximated  in  a  model  basin.  Hence  we  must 
examine  the  error  to  be  expected  from  making  the  measurement  on  a  finite 
segment  of  the  line  aft  of  x  =  -xc  rather  than  on  a  semi -infinite  segment. 

To  find  the  order  of  magnitude  of  the  errors  to  be  expected  we 
start  with  Equation  (l6),  but  instead  of  using  the  lower  limit  -  °°  for 
the  integration  with  respect  to  x'  we  use  the  lower  limit  -X'  ,  where 
-X'  is  the  distance  from  the  point  x  =  -xc  to  the  after  end  of  the  line 
segment  on  which  the  wave  height  is  measured.  After  some  trigonometric 
substitutions  this  gives  us  the  following  equation: 

°  irx ' 

/  £q_(x ' )  e  dx'  = 

-X' 

00 

=  /  {^(s)  cos(sxc)  -  V1(s)  sin(sxc)  +  iU^s)  sin(sxc)  +  iV1(s)  cos(sxc)} 
s=Kq 

y  cos  B _  sin  [(s-r)X'] 

sec  9(s)  tan  9(s)  ’  (s-r)X' 


d[(s-r)X*  ] 
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00 


♦  2  /  {-Vs)  sin(sxc)  -  V1(s)  cos(sxc)  +  iU^s)  cos(sxc)  -  iV^(s)  sin(sxc)} 


s=K 


cos  g 


sin[|  (s-r)X' ]  l 


sec  ©(s)  tan  9(s)  1  ,  w 

2  (s-r)X 


d[~  (s-r)X'] 


+  2  /  {-Ux(s)  sin(sxc)  -  V1(s)  cos(sxc)  -  iU^s)  cos(sxc)  +  iV^s)  sin(sxc)} 


s=K„ 


/ - £££.£. 


sin^[j  (s+r)X' ]  ^ 


sec  ©(s)  tan  9(s)  ’  1 


2  (s+r  )X' 


d[2  (s+r)X*  ] 


00 


+  /{Vs)  cos(sxc)  -  V1(s)  sin(sxc)  -  iU^s)  sin(sxc)  -  iV-^s)  cos(sxc)} 


s=K, 


- C£s_g -  .  sisU>_trJXIi  d[(s+r)X.]  . 

sec  9(s)  tan  9(s)  (s+r)X* 


(21) 


The  first  of  the  four  integrals  on  the  right  side  of  this  equation  tends 
as  X'  becomes  infinite  to  the  inverse  transform  given  by  Equation  (l6). 

The  sum  of  the  remaining  three  integrals  must  therefore  go  to  zero.  That 
this  is  true  not  only  for  their  sum  but  for  each  of  them  separately  is  clear. 
The  |econd  integral  is  like  the  first  one  but  multiplied  by  a  factor 
sintj  (s-r)X']  .  This  makes  the  integrand  an  odd  function  of  (s-r)X' 
which  goes  to  zero  as  a  -»  r  and  which  for  large  X'  goes  to  zero  for 
all  s  not  close  to  r  .  Hence  for  large  X*  it  goes  to  zero.  The  abso¬ 
lute  value  of  the  third  and  fourth  integrals  is  dominated  by  2{Max|UjJ+|VjJ} 
-  Si(K0X')]  ,  which  also  goes  to  zero  as  X'  becomes  infinite. 

To  estimate  the  error  which  corresponds  to  a  given  value  of  X* 
we  may,  of  course,  go  through  the  integrations  of  Equation  (2l)  if  we  know 
the  approximate  shape  of  the  functions  U^(s)  and  V^(s)  .  We  may  then 
compare  the  result  with  the  corresponding  result  with  the  same  functions 
using  Equation  (l6),  and  then  see  what  effect  the  difference  would  have  on 
the  resistance  as  calculated  by  Equation  (20).  We  can  also  get  some  idea 
of  the  order  of  magnitude  of  the  errors  to  be  expected  by  approximations, 
and  better  still,  we  may  set  some  rules  for  the  proper  relative  magnitudes 
of  quantities  in  the  measurement. 


The  first  integral  of  Equation  (21 )  is  an  approximation  to  the 
inverse  transform  only  when  X'  is  very  large.  We  may  see  this  by  examin¬ 
ing  the  nature  of  the  approximation  for  the  first  term  of  the  first  integral. 


m 
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The  approximation  assumes 

"  VO  cos(skc)  cos  p  sm[(s-r)XM  d[(s.r)xt] 
g=K  sec  0(s)  tan  9(s)  (s-r)X' 

-v  Ul(r)  cos(rxc>  <=°s{P[8(r)]}  ^  sin[(s-r )X' ]  d[(s.r)x.] 

sec  0(r)  tan  9(r)  .«  (s-r)X’ 

jt  U,(r)  cos(rx  )  cos{p[9(r)]} 

=  - i - 2 -  .  (22) 

sec  9(r)  tan  9(r) 


For  this  approximation  to  be  reasonably  accurate  it  is  necessary  that  the 
factor  sin  [(s-r)X']  oscillate  very  rapidly  compared  with  the  rate  of 
change  of  the  rest  of  the  integrand.  We  may  therefore  profitably  investi¬ 
gate  the  period  of  the  other  oscillatory  factors  in  the  integrand. 

For  9  <  80°,  tan  9  <  6  .  Hence  cos  P  oscillates  no  faster  than 
cos(6y0s)  over  the  range  in  which  we  are  interested.  Hence  we  may  reason¬ 
ably  require  that  X’Kq  »  6yQK0  ,  and  hence  X'  »  6y0  .  Further,  if  the 
amplitude  functions  C0,  S0,  CL  and  SL  are  slowly  varying  functions  of  9 
then  the  oscillation  of  the  remaining  terms  of  the  integrand  may  be  control¬ 
led  by  the  factor  cos(sxc)  or  sin(sxc)  .  But  if  this  is  true  we  must 
also  have  X*  »  xc  .  Since  xc  >  L  ,  this  means  X*  »  L  . 

Compared  with  the  possible  error  in  the  first  integral  of  Equation 
(2l)  it  appears  probable  that  contributions  from  the  second,  third,  and 
fourth  integrals  will  be  quite  small  for  fairly  reasonable  values  of  KqX'  . 
For  example,  the  third  and  fourth  integrals  would  probably  contribute  less 
than  one  percent  of  the  first  for  KqX'  =  100  ,  which  is  only  ten  ship 
lengths  for  an  18  knot  ship  300  feet  long.  The  second  integral  goes  to  zero 
as  i/CKqX')2  ,  and  will  also  disappear  rapidly.  The  first  one,  however, 
can  have  errors  of  the  order  of  several  percent  from  the  appraximation  which 
is  supposed  to  be  equal  to  it  even  for  runs  quire  a  bit  longer  than  ten  ship 
lengths.  It  is  unfortunate  that  there  seems  no  way  which  does  not  involve 
considerable  labor  to  place  a  bound  on  this  error. 

4.  Some  Tentative  Rules  for  Application  of  the  Method 

It  seems  reasonable  from  the  discussion  so  far  to  specify  that  the 
line  on  which  the  measurement  is  made  should  be  as  close  to  the  track  of  the 
ship  as  possible  without  getting  into  the  wake.  The  foreward  end  of  the 
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line  should  subtend  an  angle  of  about  10  degrees  of  arc  with  the  track  of 
the  ship  when  viewed  from  its  stern.  The  line  should  extend  as  far  aft 
as  possible  in  order  to  minimize  error  from  use  of  a  finite  rather  than 
a  semi-infinite  line.  Finally,  it  is  obvious  that  reflections  from  the 
walls  of  a  towing  tank  would  introduce  serious  complications  and  would 
certainly  invalidate  the  formulae  derived  in  this  paper.  Hence  for  these 
formulae,  at  least,  the  measurement  must  be  made  in  a  very  wide  and  very 
long  tank 

IV.  Conclusions 

The  method  of  measuring  wave -making  resistance  by  observing  wave 
height  at  all  points  on  a  line  parallel  to  the  track  of  a  ship  from  a  point 
a  short  distance  aft  of  the  ship  to  a  point  infinitely  far  aft  is  theoreti¬ 
cally  accurate.  This  method  is  equivalent  to  measuring  the  wave  height  at 
one  point  as  the  ship  passes  it  on  a  straight  course.  If  the  line  on  which 
the  wave  height  is  known  is  of  only  a  finite  length  then  the  accuracy  of 
the  result  decreases.  Although  a  bound  on  the  error  can  be  calculated  if 
the  shape  of  the  curves  C(©)  and  S(©)  is  known  approximately,  it  is  not 
a  simple  calculation,.  Unfortunately,  the  accuracy  will  probably  be  enough 
affected  by  using  runs  of  a  length  which  can  be  obtained  in  a  maneuvering 
basin  so  that  the  calculation  of  the  error  is  a  necessary  one.  This  matter 
aside,  the  technique  looks  simple  and  attractive.  Certainly  this  method  or 
an  equivalent  appear  to  be  that  best  suited  for  the  measurement  of  the  wave¬ 
making  resistance  of  a  full-scale  ship  in  open  water  or  of  a  self-propelled 
model  on  a  pond,  so  it  seems  to  merit  further  investigation. 
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THE  MOTION  OF  A  SHIP  IN  RESTRICTED  WATER 


F.  Kolberg 

Technishe  Hochschule  Aachen 
Aachen,  Germany 


INTRODUCTION 


In  the  paper  we  develop  a  theory  of  the  motion  of  a  ship 
under  the  action  of  a  constant,  propeller  thrust  and  rudder  force  in 
restricted  but  calm  water.  We  assume  that  the  ship  moves  through  a 
canal  with  variable  breadth  and  depth.  We  shall  give  a  perturbation 
theory  with  three  perturbation  parameters  e^,  and  analogously 
to  the  famous  work  of  Peters  and  Stoker^)  on  the  motion  of  a  ship 


in  a  seaway,  is  the  beam-length  ratio  of  the  ship,  eg  is  the 
maximum  elevation  of  the  bottom  above  a  horizontal  bottom  and  e^ 
is  the  maximum  deviation  of  the  canal  walls  from  parallel  vertical 
walls.  Under  constant  propeller  thrust  and  suitable  rudder  force 
the  main  motion  of  the  ship  is  a  translation  with  constant  velocity 
s.  Generally  our  problem  is  non- stationary  because  of  the  variable 
breadth  and  depth  of  the  canal.  Only  in  cases  where  the  deviation 
of  the  bottom  and  tank  walls  from  the  horizontal  bottom  and  vertical 
parallel  walls  i ;  independent  of  the  coordinate  in  whose  direction 
the  main  motion  the  ship  takes  place,  the  problem  becomes  station¬ 
ary  referring  to  a  coordinate  system  which  translates  with  constant 
velocity  s.  It  is  clear  that  in  the  last  cases  the  cross  section  of 
the  canal  is  independent  of  the  same  coordinate.  Therefore  our 
theory  includes  also  the  cases  where  the  ship  moves  with  constant 
velocity  in  the  direction  of  the  centerline  of  a  canal  of  trapezoidal 
cross  section.  More  information  will  be  given  later. 
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1)  Formulation  of  the  Problem 

Let  x,  y,  z  be  &  rectangular  coordinate  system,  which  is 
fixed  in  space  (Figure  1).  We  assume  the  main  motion  of  the  ship  to 
he  a  translation  with  constant  velocity  S000  in  the  direction  of 
the  x-axis .  The  xy-plane  of  our  coordinate  system  may  always  coincide 
with  the  undisturbed  free  surface  of  water  and  the  z~axis  will  be 
directed  vertically  upwards. 


Further  we  assume  an  lnviscid,  incompressible  and  irrotational 
flow,  so  that  there  will  exist  a  velocity  potential  0(x,y,z,t).  For 
later  linearization  we  consider  a  three  parameters  family  of  motiors 
with  parameters  €p  c2#  where  e1  is  the  beam-length  ratio  of  the 
ship,  €2  the  maximum  elevation  of  the  bottom  above  the  horizontal 
bottom  and  the  maximum  deviation  of  the  tank  walls  from  vertical 
and  parallel  walls. 


In  our  coordinate  system  the  equation  of  the  free  surface 
then  takes  the  form: 


«  -  *<*.y,*j . 

Under  our  restrictions  we  have  for  the  velocity  field 


(1.01) 


where 


m  V  ^  (  *i  fi  ) 

(1.02) 

V  • 

( }  i  j_ ) 

»fr  ’ 

(1.05) 

function  0 

satisfies  Laplace's  equation 

ft*  *  9yj  f  ^*»  *  ® 

(1.04) 

in  the  domain  occupied  by  the  fluid.  If  respectively  p(x,y,z,t; 
€i,c2,€^),  g  and  $  are  the  fluid  pressure,  gravity  acceleration 
and  fluid  density,  ”in  the  domain  occupied  by  the  fluid  holds  the 
equation  of  Bernoulli: 

|  ♦  V  *  K  ♦  - 


o 


(1.05) 
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With  this  equation  the  pressure  p(x,y,z,tj  can  be  determined 

if  the  potential  function  0(x,y,z,t;  is  known.  If  we  intro¬ 

duce  the  hydrodynamical  pressure  P(x,y,z,t;  e^^C})  defined  by 

^ *•  *i ^ j ^  Ki (1.06) 

the  Bernoulli  equation  (1,5)  becomes 

f  *  0t  4  i(  70)(7  0)  «  0  (1-07) 

Now  we  are  able  to  derive  the  boundary  conditions  on  the  free  surface. 

At  the  free  surface  we  have  the  dynamical  condition 

|>C«,y,*,t.)£Jl£1)es)  =  «*  $(<,y,t 

which  results  on  account  of  (1.5)  in 

yiTU|ir,tjt4.eA|t4) ♦0t(x,y(*/fi «,,«*, tj ♦  (70)(F0)  «0  d.oe) 

«•  *  •  $(‘>‘,r,t}t4,£ll6i) , 

If  now 

FU.r.t.tj  -  o  (1.09) 

is  the  equation  of  a  rigid  surface,  which  is  a  boundary  of  our  fluid 
domain,  on  this  surface  we  have  the  kinematic  condition 

77  =  0,F,*  *yFr*0,F.  tFt*  0  w 

(1.10) 

If  specifically 

F 4  *•  y. •.*;«« s  *  -  (i.n) 

we  get  as  kinematic  condition  on  the  free  surface 

■  tt$,  -  tr $i  +  - $t  *  o  •*  *•  A(x,r,f d.i2) 

In  order  to  linearize  the  above  nonlinear  boundary  conditions  we 
assume  that  all  the  functions  which  appear  in  connection  with  our 
problem  can  be  expanded  in  asymptotically  convergent  power  series 
in  terms  of  the  three  perturbation  parameters  e^,  £2*  €y  With 
respect  to  the  physical  meaning  of  e^,  €2#  we  can  assume  the 
following  expansions: 
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£^4oou'r-*'f)  +  fc«M  «u<y.*.f) 

*  £<£j  «>*)♦..  (1.15) 


^*1  y*  */  t) 


^••.(*1^*/^  +t4^«ol  *,1,1I^*'  *.  ^4,t  *,t) 

♦  ^004  (  */  Yl  V"^  *  ^i^jL  F440  ^ 

*■  M.»*  F44«  t*<  V|  *»  *  ^  *  •••  (1'15) 

*  ^*00  ^*1  *  ^4  fljoo 

+  ^  ^440  U.y.e.iJ  +  e^  f)<w(*,y,*,<) 

*e4eAe3  tyAiA  (*,V,i,-t)  +  •"  (1.16) 


where  for  the  last  expansion  we  have  used  (1.7)  and  (1.13).  If  we  now 
substitute  in  equation  (1.7)  the  expansions  (1.13)  and  (l.l6)  we  get 
collecting  the  coefficients  of  the  first  powers  of  €p  e3 
successively: 


(1.17) 

f„. c +  t.o*  Ur,*,*)  ■ 

0 

(1.18) 

f44.u>r,*,*)  *  to il‘.r,*,*)  m 

0 

(1.19) 

f4.4  Uv,*<*)  *  t* -t ( xi y< 1 * 

0 

(1.20) 

f444  (*>r,*,*)  +  fmt  Ur,*,*)  * 

0 

(1.21) 
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Further  the  substitution  of  the  power  series  (1.13)  into  the  potential 
equation  (1.4)  gives: 

°,  I  ,  V'L  m  0,  .  .  .(1-22) 

Here  the  question  necessarily  arises  as  to  what  are  the  domains  in 
which  the  equations  (1.17)  to  (1.22)  are  valid.  Therefore,  we  have 
first  to  consider  the  boundary  conditions  on  the  free  surface.  If  we 
substitute  the  power  series  (1.13)  and  (l.l4)  in  the  boundary  condi¬ 
tions  (1.8)  and  (1.10)  we  get  for  the  coefficients  of  the  corresponding 
powers  of  €p  €2,  e^: 

*  0 

WKy,*1  •  0  (1-25) 


^4.0  *  *4.0  1,0ft)  -  0 

$00 .  ■  W  (  “  0 

(l.2k) 

*  ^44** r, o,<)  -  0 

$4.,u<*.0»t)  ‘  m° 

(1.25) 

^•^04 +  Kit  K *  0 

$04  *  ~  ^404  i  ® 

(1.26) 

+  fAUi  (*,y,o,*)  *  o 

*444  *  -  3,44*  )  m  0 

(1.27) 

Eliminating  the  functions  C^k^y**)  gives  the  following  boundary 
conditions  on  the  free  surface: 
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Now  we  consider  the  boundary  conditions  on  the  bottom  of  the  tank. 

Let 

*  ♦  h.  -  tx»U,y)  ■  0  (1.32) 

be  the  equation  of  the  bottom,  then  the  kinematic  condition  (1.10)  gives 

iv  *  *•  ‘  0  *  d.j5) 

Substitution  of  the  power  series  (1.13)  and  equating  the  coefficients 
of  corresponding  powers  of  €p  e2,  to  zero  gives: 


r.-M1 

-  0 

( 1.3*0 

"  ^<oo  i  i  ^  *<  x ) 

(1.35) 

- 

X 

1 

H- 

-  0 

(1.36) 

to  i 1  *'  *) 

s  L<x  (x.y.-St)^u,r) 
+Cy  £r(x,r) 

~toin  ^  f) 

(1-37) 
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Last  we  consider  the  boundary  conditions  on  the  canal  walls.  Let 

r  -  +  Ej-b/*,*)  =  0  ftMl  r  +  \  -  e3bttx(*)  *  0  U.J8) 

be  the  equations  of  the  canal  walls.  The  kinematic  condition  (1.10) 
then  gives: 

t£i^'b ix  +  ty  ±  0  W.  y  *  ♦  Ejb;l«i*V 

j'(1.39) 

where  we  have  the  upper  sign  for  i  =  1  and  the  lower  sign  for  i  «  2. 
Substitution  of  the  power  series  (i.13)  and  equating  the  coefficients 
of  corresponding  powers  of  €p  e2>  .to  zero  gives  for  i  =  1,  2: 


1*440 y  ^Xl  ~  ^i|  */ 

^404  y  ^  *1  *  ^i,  *|  ^  ^ 


0  •  (l.4o) 

0  (1.41) 

i  ^•orr(x*  C*",*)  (1 4s) 

♦  ^4o/Xl4^l*l^'b,vU,*) 

♦  $no  *  (*i  ^£*(*1*) 

"  ^ueyy  l  b  j- ( ’fi  *) 

(1.43) 

I 


Additionally  there  are  boundary  conditions  on  the  ship's  surface  and 
suitable  radiation  conditions  which  will  be  discussed  later.  For  our 
problem  it  is  more  appropriate  to  formulate  boundary  value  problems 
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111  '!“?  |,yd^oay”a®10  Pressures  P1Jk(x,y,z,t)  Instead  of  the 
potentials  Pllk(x,y,2,t).  Equations  (l.l8)  to  (1.21)  now  give 

».«,*)  4,<U 

and  from  (1.22)  follows:  4t  »  0# >| 


and  from  (1.22)  follows: 


i** 


(1.45) 


v  'fti*  *  ■*  d-46) 

Therefore  we  get  successively  the  following  boundary  value  problems: 


“  f...  „  ♦  .  0 


f«o,  K r, -It,*)  *  o 

^CO  jr  IsjlS;,*,  *)  E  0  I 

%  fL.  °/*)  +  *  0 


~k  <  2  <  0 

■V  r  <  3, 

outside  the  ship 


i  •  >U 


7  'fU  -  'fL*,  +  ^,,,-0 


|  -k  <  t  <  0 

-Vr  < 

outside  the  ship 


f. -M>  •  «•$,(»,,) 

*  f”*r  ^xiYi-  M)  •  (*,>-) 

^  oo  *  *  ^  *i  K  / "  ^  t ^  ( Kt  y  ) 

*  0  ,.a 

J f..o. ^ r. o, t ) .  t *, r, 01 )  >o 


k  <  «  <  0 


y  * 

outside  the  ship 

^04  t  ^  *»  Y,  •  k,  ^  )  *  0 

*  f<»i  (*i  t  (*,») 

1  /P«err(*,titl*(t)-b,(^i)  i.y/i 
$fU«(*,y,o,t)  4  /fL,ttU,r,o,i)  =  0 


7/p'“  *  /fu, +  /fLrr 

f*.  *  U  r,  -  k,  t )  ■  ^ , 


-k  <  *  <  0 

-  4  <  Y  < 

outside  the  ship 


*j^A04  Y  (*,  YrW)  •  ^  lkfY  ) 

^404  ff 

'fW  *  ♦  'fL*U,  *  (*,  t) 

♦  'flioe  4  ij,  *i  *)•!>,•,  (*,*) 

^  X>  *^i|  bt"  l*(  t)  ‘“4,4 

l*,r,  o,t)  ♦  yfkiii**  o,i)  -  o 

Additionally  there  are  boundary  conditions  on  the  ship's  surface  and 
suitable  radiation  conditions.  For  the  functions  ^is^(x,y,t)  we 
obtain  from  ( 1 . 24 )  -  (1.27): 
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2.  Discussion  of  the  Several  Coordinate  Systems  Used 


Since  we  deal  with  a  moving  rigid  body  it  is  convenient,  to 
refer  the  motion  to  the  various  types  of  moving  coordinate  systems  as 
well  as  to  the  fixed  x,y,z -coordinate  system.  Let  x,  y,  z  be  the  first 
moving  coordinate  system  with  th*  following  properties:  The  x,y-plane 
coincides  with  the  x,y-plane  of  the  fixed  coordinate  system,  the  7-axis 
is  vertically  upward  and  contains  the  center  of  gravity  of  the  ship. 

The  x-axis  has  always  the  direction  of  the  horizontal  component  of  the 
velocity  of  the  center  of  gravity  of  the  ship  (Figure  l).  If  now 


ft  ■  Ult; y.ltj 


is  the  position  vector  of  the  center  of  gravity  of  the  ship  relative 
to  the  fixed  coordinate  system. 


ft  *  (  *«,*,)) 


is  the  velocity  of  the  center  of  gravity  and  the  x-axis  has  the  direction 
of  the  velocity  vector 


by  (2.01) 


with  a  ,li  unit  vectors  in  the  direction  of  the  x- 
jc7  'y 

is  the  unit  vector  along  the  X-axis,  ^  o  have 


®  ^  i  i  **»  *  ^7  m  ^ 


and  y-axis. 


If  M— 
x 

(2.02) 


with  s(t;€p€2^€^)  being  the  speed  of  tlte  ship  on  its  course.  Further 
we  introduce  the  angular  velocity  vector  o>  of  the  moving  coordinate 
system  as 


'S  Itji,  »  tu  1 1  j  t4J  £»,£,) 


(2.03) 


Under  the  assumption  that  the  ship  moved  originally  (t-»  -  ») 
rectilinear  in  the  direction  of  the  x-axis,  the  angle  ^(tjCpCgjC^) 
between  the  vectors  |i-  and  p  is  given  by 

A 


-  OP 


(2.04) 


Now  the  transformation  formulas  from  one  coordinate  system  to  the  other 
are 
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<  ■  *  •  *•»  ♦FWXlt;c4|et,eJ 

♦  «i  <*}<., Vi) 

r  —x-**  0+7-w»i(t;t4  £,,{,) 


"  Kc  4**  £4|€4(£j) 

y  •  (*  -  *<.«;£-, *.,«»))  **  *■(*•,£, ,£„0 

1  ■  t  '(2.05) 


The  unit  vectors  along  the  axis  of  the  coordinate  systems  transform 
according  to 


*%  *  *7  ‘  **  (04  *7  *'**<*;  Va.O 

toy  AAto  4  Ap  C0iA(tj 

to§  m  to% 


toj  -  V*Utj£«£(0-*r 


*1  *  *» 


(2.06) 


The  equations  (2.1)  and  (2.2)  can  now  he  written  in  the  form 

♦  £.(*;£„ «*,*,)*, 

and  the  substitution  of  the  transformation  (2.6)  yields: 


<0  *1  “  U  <t;  0  «*  -  ytU;  v.,‘a)  Wtt;  d,i<4(£j) J  ^ 

+{ <tlt  i  e,  .£  ..tjU*  ye(t;  «» A  Uj  £„{„*,)]  *p 


Therefore  we  have 


Alt;  £„t„0  “  *^1  v.,0  (2-07) 
f.ttjMi.O  **  Alii{..£4l0+  O  *  0  (2.00) 


We  will  now  proceed  in  giving  the  power  series  in  terms  of  e^,€ 2**3 
for  our  transformations.  If 


*c  ♦  t4  *t4Mu)  ♦  *^t»tmm*w,i(Miui*"l(s.o9) 

(2\10) 

i*ti£<.t».0  ■  4.,.(t)  +«4s4#o (*)  ♦  f4«,  •  •  •  (2,u) 

w(t)  V».0  *  W*«.  U)+M.  «,„,(*>  ♦  C'ia  w4W  U )  *et(xes  UJ<4  (*)♦ ...  |(a.i2) 

are  the  expansions  in  terms  of  e1,  €g,  €3  for  the  functions 

xc(ti€l#€2'€3)>  s(t;€i,€2,€3),  co(tj €^62,63).  We  next 

have  from  (2.4) 

with  ^  ^ 

,  A’.jfcU)  -  /  1  .  .  .  (2.1*) 

With  (2.13)  now  follows: 

c-  Attj  w.)  - 

cm  <iw#ep  w  •*•*{ *AJ*K*A..Wha4„ w ♦ 

-***w.W  * 

**  *»» ;«., «!,«»)  -  '“»{*•.«(*)  4«A  jt)  ♦  ♦  «,c4 JL.lt) ♦mM* <*)♦•-] 

1 «,  *«»  <* )  *  <A *■„.  «)♦  <A  Ai  W  ♦  «A* ,  *J,4  w+-} 
4  cm  iM) «)  /m*  MA4(t).  e4cli1A>4)Wl4-i 
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Fur  the  more  there  are  the  expansions: 


*•»  A...(t)  -  £4Aj„(t)  /w»  AM,(t)  -  e««A* (*)•*»■  Am, It) 

"  e4£*A(IMU)  v'*A,((#lf)  -  e,iLtti>A„  (t)  •  -v*. <A-^#(*)+  *•• 
,x'*'A,„('t)  ♦f|A,lt(t)-w»A„,lt)  ♦  e4t,i<4,lt)-c«  A...(t) 

♦  *<*1  AJ*>  m  A0„H)+t,£,f4A4„  W  c*A,„(t)+  • .  • 


If  we  substitute  the  expansions  (2.9)  -  (2.13)  into  the  transformation 
formulas  (2.5)  and.  (2.6)  we  get: 


*  * 


(2.15) 


* .  ^{hvt)  u»A,„it)  ♦  vu)  *  •  ■ •  • 

y«U-  *Co##^  «**•••  l*)  ♦  (y-  on<l  •••  it) 

"*'*  -  r,4i%Wv.^.u)  -  ♦  -  • 

(2.16) 


*  »  * 


“d  •  ik, 

*„■  *f  “»  A.Jtl  +  4f  {'*,•  *<*  A.Jt)  4-  *-  0>i  Jt)  [ut)» 

»r*-> t  /waA^u)  +  *p 

Jk9  *  >fcr  fo  i 


(2.17) 


*x'w4K..W**r'>**A...lt)  -£,Z  eiff  j lA  lt)  ♦*  a»JL  (t)Jd.  .  It)  ♦ 

r  j(*.*  r  •••  *|4 

****  A.Jt)+ywa*„lt)  +£,  Strive* A.J*)--*,,  v*AJt)]i.U)+  - 

j,£»0  ' 


(2.18) 
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For  the  derivation  of  the  boundary  conditions  on  the  ship's  hull  it 
is  convenient,  to  introduce  another  moving  coordinate  system  with 
axis  x',  y',  7'  which  is  rigidly  attached  to  the  ship.  It  is  assumed 
that  the  hull  of  the  ship  has  a  vertical  plane  of  symmetry  and  that 
this  plane  is  also  the  plane  of  symmetry  for  the  mass  distribution  of 
the  ship.  We  now  locate  the  x',  7'  -plane  in  this  vertical  plane  of 
symmetry  and  suppose  that  the  7'  -axis  contains  the  center  of  gravity 
(Figure  2).  In  the  at  rest  position  of  equilibrium  the  x',  y';  7' -system 
and  the  x,  y,  7-system  may  coincide.  With  respect  to  the  x',  y',  7'- 
system  the  center  of  gravity  has  the  coordinates  (0,  0,  7^). 


Because  in  this  paper  we  only  deal  with  motions  of  the  ship 
which  deviate  only  little  from  the  translation  of  the  ship  with  constant 
velocity  in  the  direction  of  the  x-axis,  it  is  convenient  to  suppose 
that  the  angular  displacement  of  the  x',  y',  7'  -system  relative  to  the 
x,  y ,  7-system  is  so  small  that  it  can  be  treated  as  a  vector: 


fa  •.  ‘<,‘.,*0  + *i  ©j(t;  wO  {s-19) 


With  7c(tj€1,€2#€^)  as  7-coordinate  of  the  center  of  gravity  we  have 
the  following  transformation  formulas  correct  up  to  first  order  terms 
in  the  components  ©j. (t;€1,e2,€^)  i  -  1,  2,  3  of  ^(t;elfe2f€^: 

or 

*  -  C0,0, *'-(0,0,1')  •  Ox{*'-(0, 0,5')} . 


Hie  components  of  these  transformation  formulas  are: 

»'  ■  I  -  9jlty4,f«,OF  ♦  O' 

V  «  y  -  tj) * 

?  »  i  -  («cUj£, ,£»,£.)-  *l)  (2.20) 


! 
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ancL 

x  m  r  *  s/tj t„cJl(t4)r'  - 

y  •  p*  e,(ti£„£,(£l)i,'-i')  -e,u; £,,(,,0*' 

*  -  S' -  U'-?eCtj£J|£,(t3))  ♦  ©/*;£„£», OF'  (2-21) 

Now  we  suppose  the  following  developments  in  terms  of  ep6 2>€3 

ei4„W  *  t,ikdit<u)  * 

♦£,£t£3  $;,,„(*)  ♦  ^,22^ 

*«*,„(*)  +  M»  *■<«  l  *)  *Mj  *„,<*> 

♦M*e,  **4  (*)♦••  •  (2’23) 


All  these  developments  state,  that  the  motion  of  the  ship  with  respect 
to  the  E,  y,  ^-coordinate  system  is  small  of  order  e1.  If  we  now 
substitute  the  expansions  (2.22),  and  (2.23)  Into  the  transformation 
formulas  (2,20)  and  (2.21)  there  results: 
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which  are  correct  up  to  first  order  terms  in  The  appropriate 

formulas  for  the  transformation  of  the  unit  vectors,  correct  up  to 


first  order  terms  in  are: 


V  *  *f  *  £'  I  ~  +  '*’?]♦  ••• 

*•'  *  *»  +  £<  2  fif,  (  **  +  *7  J +  ’  ‘ 


(2.26) 


*t  ■  *v  *  *f,  1  4  ••• 

*7  ■  *r'  *  £<^  «f«*f®4  4i»w  *s-  "  +  • '  • 

*  *•'  *  £4  2  £i«i  tt)  *p,j+  •  •  •  (2.27) 

If  we  now  substitute  the  transformation  formula  (2.l6)  into  formula  (2.24) 
we  arrive  at  the  formulas  for  the  transformation  from  the  x1,  y',  in¬ 
coordinate  system,  rigidly  attached  to  the  ship,  to  the  fixed  x,  y,  z- 
coordinate  system: 

V  •  (  *  -  i*)  -  ly  - 

♦  i4z  t*  -U‘ 

-h-  (*)]  c»»  K„  I*) 

f  m  («  -  *,,„,(*))  4»'*A.<mU)  ♦  ()f- 

♦«4  2 -  »«..<*)){  8*^  (t)  ♦  A4j4(^l  cwA.„,(*) 

-tr-  +  <44-.W]  •*»*».<*) 

-  *t4j*'*l  /v*A,.,(i)  -  ~ ♦  •  •  •  (2. 
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Substitution  of  formula  (2.25)  in  formula  (2.15)  gives  for  the  inverse 
transformation: 


X 


♦  t,  2  ej  cf  {- S' 

♦  xc^*(t)  ♦  ii- 


♦KC4tt(t)*Ci'.%)|St41.W«A^W)^<i|(i)«U‘rt}  ♦  •••j(2.29) 

•-  s'  +e4.i £*£‘{V«)+ s'0^u)  -  r'S^u)}-- 


For  the  unit  vectors  in  the  direction  of  the  axes  of  the  coordinate 
systems  ve  have  the  transformation  formulas: 

Aj,  •  (*»£„,( t)  -  JyAA*i,M(t) 

♦  e4Z«*e* 


*» 


•  •  • 


^*M^Af9(t)  ♦  CWdl900(t) 

*  ”  -ikVT-  (,<30> 

A*  +  tA  e} {- *,l ©l4i%ti) C«lw(+) -e^it(t) 
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and 

1 


♦  to*- 


1...W) 


Mrjl  CMQl(|0  \n  ▼ 

♦  e,  .2  ei»J  %W  ♦  V*’1  *■  a 


•M 


It) 


-  *9  {  ©»,^a) «-» W*1"  V**1*^®^  * 


•  •  • 


by*  -  4,-,  to»bo0o(t)  ♦  wad  •  00 

+  6,2^  e*  [-  *r  t®wj*W  +AKi»lt)}»»A...(t) 

-  *r' t  ©44j»(*)  ♦  ^ 


**  *  *!<  +  e4  2  p  «i t4 1  *«.  %*<*)  '  *y  +  “  * 

When  the  boundary  conditions  on  the  hull  of  the  ship  are  derived  we 
shall  prove  that 

i...it)  -  o  (2-J2) 


Thus 


<UW 


£  const. 


(2.35) 


Because  we  are  interested  in  the  motion  of  a  ship  under  the  action  of 
a  constant  propeller  thrust  and  rudder  force  in  a  canal  of  variable 
breadth  and  depth,  we  may  assume  the  motion  of  the  ship  to  be  in  the 
direction  of  the  x-axis  for  t  -♦  -«.  Therefore  from  (2.33)  we  get 

<L...(t)  5  0  .  <S-M 

If  we  now  substitute  the  power  series  (2.11)  and  (2.13)  in  equations 
(2.7)  and  (2.8)  the  terms cf  zero  order  in  €1#  € 2 ,  £3  give  the  conditions 

fC0„U>  «  «... U)  .  ‘<2-55> 

*C»«  (*)  **A,„U)  ♦  J^lt)  twl.M  l*)  *  0  (2.36) 
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On  account  of  (2. 3*0  we  find  the  equations: 

"S.„U)  (2-57) 

yt0„  lt)  =  0  •  (2-58) 

Therefore  we  yield  the  following  coordinates  of  zero  order  for  the  center 
of  gravity  of  the  ship  with  respect^to  the  fixed  x,y,  z -coordinates  system: 

*cooo  s  [$•••(  t)  cl  t  ^2*39) 

t. 

ycooe(t)  *  o  . 

Here  we  have  assumed  x  (tQ)  »  0.  Also  we  used  our  assumption  about 
the  motion  of  the  ship°?or  t  -»  For  future  reference  the  following 
fonnulas  may  be  noticed 

'**  A...I*)  ♦  *C.«  (t) 

+  *  0  J  (2.42) 

which  are  derived  from  (2.7)  and  (2.8)  by  considering  terms  of  order 

€i#  €1*  €2,  €1  •  and  €i  *  e2  *  €3*  ^ooo^  *  0  the  followln6 

relations  result: 

>  *  *  •“*m*  u) :  1  {z'k!) 

Also  for  future  reference  we  notice  that  the  potential  $  and  dynamical 
pressure  P  with  respect  to  the  x,  y,  z‘-coordinate  system  obey  the 
following  identities: 
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<f>  (?t»ilt;£, .£,,£»)♦  ? •V*i.Wjt„(,,0+ 

|)  ( 7-cwiUjf,,^,  e,u  Y  * «tlt ;£«,£*,  t4)j 

(2J(6) 


thus  we  have  the  following  developments  in  powers  of  e^,  Eg, 

♦WMVmO  * 

♦£.£x£a  ■  1 

f  il<FM  w»)  ■  £<  ♦  Mx 'fLt?'?'M)  *  M, fL^.F,1,^ 


4(2.47) 


?,!,*)♦  •••  ,  •  (2,48) 

as  can  be  seen  from  the  transformation  formulas  (2.15)  and  the  develop¬ 
ments  (1.13)  and  (l.l6).  In  these  formulas 


^.4(  *  * **  A««  ^  *** )  — 

-  *  **  A,„(t)  +  f  C »i„.  (t  )♦»'„„(*  )  )  *  f  t  )  (2.1x9) 

ilM-l 

U.F,1,*)*  /|5^llC«t»>A,„U)£.f  /»«•» A,,, («  +  *„„«), 

Ak  ,t)  .  (2.50) 

On  account  of  (1.22)  and  (1.44 )  it  now  follows,  that  these  functions 
satisfy  the  Laplace’s  equation: 


?(.«  4  ?j.rr  *  k-»  '  0 

V’iw'f'i-  ■* 


■  -Ui<0  (2-5D 

K  * 

outside  the  ship 
•  • 

.  (2.52) 
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3.  The  Boundary  Condition  on  the  Ships  Surface 

>  In  our  theory  we  assumed  all  the  physical  variables  to  be 

functions  of  the  parameters  €p  e2  and-  6 3  •  meaning  of  the 

parameters  c2,  can  be  Inferred  from  (1.32)  and  (1.38).  The  parameter 
however  should  be  the  beam-length  ratio  of  the  ship,  introduced  in  our 
theory  by  the  equation  of  the  ship's  surface 

y 1  ■  it,  f  S  0  ^■01'> 

with  respect  to  the  x',  y',  z '  -coordinate  system  rigidly  attached  to  the 
ship  (Figure  3).  Here  the  function  h(x',z‘')  is  defined  over  a  region  A' 
of  the  x' ,  z '-plane  (Figure  4).  We  see  the  ship's  surface  reduces  to  A' 
for  — »  0  and  a  translation  of  such  a  surface  parallel  to  the  x,z-plane 
would  give  no  surface  waves  on  account  of  our  assumption  of  an  inviscid, 
incompressible  and  irrotational  flow.  Only  for  e^  4  0  the  translatory 
motion  with  constant  (or  variable)  velocity  parallel  to  the  x-axis  as 
also  the  superposed  small  perturbations  would  give  surface  waves  of  small 
amplitude,  so  that  our  assumptions  with  respect  to  the  expansions  of  the 
physical  variables  are  justified.  Now  we  proceed  in  giving  the  boundary 
conditions  on  the  ship's  hull. 


Let  the  ship's  hull  be  given  by  a  relation  of  the  fora 


(3.02) 


with  respect  to  the  fixed  x,y, z-coordinate  system.  The  kinematic  condi¬ 
tion  on  the  ship's  hull  is 


dH 

dt 


ft  *fr  V  0tH%+  Ht «  0 


«-  (3.03) 


Since  the  equation  of  the  ship's  hull  (3*1)  is  firstly  given  with>espect 
to  the  x' ,y' ,z‘l -system,  we  have  to  transform  the  equation  (3.1)  with  the 
help  of  the  transformation  formulas  (2,28)  to  the  function  H(x,y,z,t; 

®1* ^2, ^3 )  wkich  aPPeQrs  in  the  boundary  condition  (3.3).  Let 


*  y';  £>U’,Z')  '0 

Then  with  regard  to  (2.28)  we  have 


^  (3.04) 
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^ ^ y» * j *4,^,0  *  ^  y', ^i^ti^y  * 44 ■  t4 * eA  •  o 

**«[  Hi,  ^  *  fif'H  *  Mvw# 

*  ^  [*«■&/  fir-fe;  M&*  *U  ]vvv 
♦^P*  *  qfS;  VBk*  *U  Jwv 

+Wj  ^-'fec  H,  ^5{j+  Hr<VJ 


♦ 


i'V^’O 

(5.05) 


where  all  quantities  such  as  H£i,  Hy,  etc.  are  to  he  evaluated  for 
€1  =  €2  3  €3  =  °>  i,e*>  on  the  surface  HQOO(x,y,z,t)  =  0  (see  (3.8)) 
into  which  our  hull  collapses  when  £i  a  e2  ■  ej  “  0.  With  regard  to 
(3.4)  and  (2.28)  we  obtain: 

■  u-  *....(  t))  ***.„«)♦(,»-  rc„,lt))  «,A,„u) 

*c»o©(^H  +i,^(^)l  C 4t4....(i) 

*°  -4-  ju^IW*1  ♦  Vf)1  **a- (t) 

-  *e  *»» «  K.  w- 

wu)l  »Ji J*) -ir*y« 

4  •  •  #  —  Q  (3*06) 

» 

with  8^00  =  1  >  =  0  for  J,  k  =  0,  1.  In  writing 

down  the  boundary  condition  on  the  hull  it  is  convenient  to  use  the 

abbreviation: 

» 

♦Ms  H4.4tM,,*»t)+t<£t£1Hwi*,r,«)t)*  ••  -*0 

(5.07) 
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where  on  account  of  (3.6) 

(3.08) 

V-W*)  "  U' W^H91<it(i)U^U)itwJ,0..(f) 

'( Y- rtm  <*)) f 9Jljk  It)  ♦  v*  4...  <*) 

-  *C4-, (t)  **  <L...(t)  -  fC(^<t)  c«<*.,M(i)  -  S^4(t) («-»') 

+  ^1" " *c...(t)l ">A.,Jt) -ly-)t.w,(t)l'>'»4|(t))*) «o 

(3.09) 

for  J  =  0,  1  j  k  =  0,  1  with  810q  =1  ;  6jjk  =  0  otherwise. 

We  now  substitute  the  expansions  (1.13)  and.  (3*7)  in  the  boundary  con¬ 
dition  (3*3)  and  get 

+[i^»r 4  ('l'W  ^  V  w>  V  '"J  £<  V  Vt«Uf  ♦  W  Hm/’"  3 

*  ^»..t  tf4  H4M^  +  £4f4  H440^  +  e,t3  Hu<  t  ♦  t4£4tj  *  0 

(3.10) 


The  terms  of  zero  order  lead  to  the  condition 


H...t 

and  the  terms  of  order  e^Cg^e*' 


(3.H) 


J'  k(J 


0,l;k  =  0,1)  to  the  condition 

<wh~*  4  ^wH-r+  v  °  i’. .  (j-i2) 

The  conditions  (3.11)  and  (3.12)  are  to  be  satisfied  on  the  surface 

H«.u.  ».*,*>  *  («-*c...lt))  ****,(«  .(y-rt,M(t))c«4M(t)-0  W(t*  A . 

(3.13) 
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vhere  A  is  the  region  whose  points  have  coordinates  x,y,z  which 
follow  from  the  transformation  formulas  (2.28)  with  ei  =  e2  =  e3  = 

♦  «  V  «• 

r  ♦  P’  «*♦  i.„  (t)  ♦  Kt...  It) 

»  »  i'  (3.14) 

from  the  coordinates  x!,  y',  z'  of  the  region  A'  ,  i.e.,  A  is  the  region, 
into  which  the  hull  surface  collapses  for  ei  *  €p  =  e3  =  C.  First  we 
consider  the  relation  (3.11).  With  HQ00(x,y,z, t)  from  (3.13)  the  rela¬ 
tion  (3*11)  becomes: 

<L.#eU)  lU-*t0#.(t))u»<L##0U)  -C)f-  Jl|||  «)|  (3.15)' 

-  xc,„  -) i„,,(t)*  0  *ir,» • 

On  account  of  (2.36)  and  the  equation 

which  follows  from  (2.28),  relation  (3.15)  can  be  written  in  the  form 

■  0  p<  I'  cm  (3.16) 

Therefore 

i,»,  It)  *  0  •  (3-17) 

As  we  have  seen  in  section  2,  the  relations 

t 

fc# 

are  a  consequence  of  (3.17).  With  regard  to  these  relations  and  (3.8)# 
(3*9)  the  conditions  (3*12)  yield  the  boundary  conditions: 

W  ’ 1  fWt)  *  "  W«l*  t  V*1 ♦ Vt)]  <..„(*) 

♦  ,  -  s< ) 

♦  -  *C «<*);»)  •*.«. 

yoHu*. 


(t) 


*>  r,«  «» 

*-<M  s>-m  A  (3.19) 
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Here  the  region  A  for  x,y,z  is  obtained,  from  the  region  A'  for 
x' ,  y* ,  z'  with  the  help  of  the  transformation  formulas 

*  *  *'  ♦ 

Y  m  ? 

*  a  5'  (3-20) 


which  follow  from  (3.14)  because  of  (3.18).  With  regard  to  (2.37)* 
(3.18)  and  xcooo(t)  =  s000(t),  (^(t)  =  ^jk(t)  J  -  0,1*  *  -  0,1 

the  boundary  conditions  on  the  ship's  hull  can  finally  be  written  in 
the  form: 


t 

j- 

t. 


i*1 


t. 


+  u-5i)®Vt) 


*,r,  * 

M.  At  (3.21) 

r  0,-1 

*•0,-1 

§•^*0  Am* 'at 

o  work  with  the  hydrodynamic 

pressures 

)  -  -  i tl 


f. 


i  ■  o,  >t 
-k«  O.H 


If  we  take  in  consideration  the  result  of  the  last  section 


5||Q  ^  ^  “  S|f0  * 

we  get  as  the  boundary  condition  on  the  ship's  hull: 


II 

♦1 

J* 

A—  ■ 

1,*  ^000  *  C  X  - 

•  to  -.It) 

~  ^  Sooo’Sj^U)  ♦  lx 

-  *.J*  -  ♦  W4^(t)  ] 

+  (•  - 

*0 

x*r,  * 

0 %  , 

-  (3*22) - 

^400  *  ^ 

*•0,-1 

^4*0  tHinm 
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where  the  region  A  for  x,y, z  follows  from  the  region  A'  for  5c* , y * , z’" 
by  the  transformation  formulas  (3*20)  with  xcooo(t)  =  s000(t-tQ). 


4.  The  Boundary  Value  Problems  for  the  Hydrodynamic  Pressure 


Now  we  are  able  to  formulate  the  motion  of  our  ship  as  a 
linear  boundary  value  problem  for  the  hydrodynamic  pressures  P-j_Jk(x,y, z, t) 
J  =  0,1,  k  =  0,1  .  The  differential  equations  and  boundary  conditions 
derived  in  section  1  and  2  for  a  theory  of  first  order  in  €y  can  directly 
be  taken  over.  Therefore  with  repsect  to  the  fixed  x,y,z -coordinate  system 
we  have  respectively  the  following  boundary  value  problems,  if  we  assume 
that  for  t  =  0  the  x-coordinate  of  the  center  of  gravity  of  the  ship  .is 
zero.  For  the  dynamic  pressure  ^loo^y*2**)1 


Hieo  <*  *  ‘T4°V/  * 


y 


*  0 


-It  <.  s  <  0 

oai  oj  ^ 

I  »  ■*  It 


*•  0 


A,„  Uk,*,*)  ‘  0  w.  ».-h- 

)  *  0  o*'  Y*'\ 

+  'fLitUr.t*)  ■  0  •»  *  •  0 

- 2  i*)  *  c*  -  i£fMiDi*>  ♦  d w(«] 

♦l*  -  *0  ®|400U^  ».r(*  •*** 


(4.oi) 


(4.02) 


(4.04) 


+  &L  Ily-F-  <■*  -  3..J  ,  *)  +  S„„  u>4M(i) 


for  the  dynamic  pressure  P11Q(x,y,  z,t): 


‘f.  •  *  |...„  *  f. 


-HO  C  f 


^*iYi ^ ; 


*,  y  *  on,  4*  ,  (4.05) 


-lu^  «  <  o 

(4i06) 

ouJ  4 


(4.07) 


on,  *  *  -Ip 


(4.08) 

(4.09) 


f«,  =  0 


±1; 


w,  «  -  0 


Aioy 


^000  ^440 


>(,1*  «*  A  4  . 


(4.10) 


for  the  hydrodynamic  pressure  P101(x,y, z;t): 


*  >fU* +  >fL,f  +  >fL„-  0 


^4H  «»” 


-i  *  t  <  0 

«J  ^  A  (4al) 


(4.12) 


,  <•  *. y,  *,  i )  ■  0  m.  *•  -k  C1*-*2) 

f«-*y  I'lf,*/*)  =  ♦  ^e**  ^*i  ft  *(  ^  ’  ki  » 

±  f^r/'ift*/^' M*<»)  im*,*  (k’v) 


XfjMtiwi*)  +  >f»4 «i y, », * )  s  0  on-o  ( 

<|L r  *  *•«  w«<u) 'H.. ©3j1Wu) ♦  [*-s*.tjr$ j*)  ♦  ^C4(t)] 


(4.14) 


+  t*  -  *c)  ®„MU) 


M,*  «•  ;(1*'15) 


-646- 


and.  last  for  the  hydrodynamic  pressure  P^^(x,y,z,t) : 

t  (  -  k  *  «  <  0 

7  -  {«<  "  *  f Lyy  ♦  fL..  =  0  -\<y<$4  (4.16) 


K  «  •  -  It 


'(4.17) 


~  ^404  1  §(*iY,  xiY ) 


0*  (4.18) 


on  »  •  0 


(4.19) 


*  »«.*W444W  +[»-S.,.t][©JJt)+W^(t)] 

1  *.  *• 


x,  y,  *  tn  A±  9  (4.20) 


Here  the  region  A  for  x,y,z  follows  from  the  region  A’  for  x',y',z' 
by  the  transformation  formulas 


x 

y 

z 


x' 

7' 

7' 


+  s 


000 


t 


A  boundary  value  problem  which  is  also  interesting  in  connection  with 
our  problem  is  that,  in  which  the  fluid  extends  horizontally  to 
infinity  (Bj^  ■  ^  *  08 )  but  the  fluid  depth  is  variable.  Here  we  have 
for  the  dynamic  pressure  P11(x,y,z,t)  which  describes  the  influence  of 
the  variable  depth  of  the  water  in  analogy  to  (4.6)  -  (4.10)  the  boundary 
value  problem: 


7*f«  -  f«,«  +  'fLrr  *  /fL„  »  o  { 

<■  f„r 


-K*  a  <  0 
A 


on  t 


-i 


(4.21) 


(4.22) 
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+  f -0  «if-  o 

fu r  =  V “><< ^  - 1  s» ®*«U >  *L*- s^f 4 <o4i it)] 

+  («-  if)  ®,44(i)  ir()f(i  on.  A4 

fl 

Here  we  have  a  two  parameter  perturbation  theory  and  therefore  all  the 
physical  variables  have  only  two  indices.  The  dynamic  pressure 
plo(x'y>z't)  whose  derivatives  appear  in  (4.22)  is  identical  with  the 
solution  P100(x,y,z, t)  of  the  boundary  value  problem  (4.1)  -  (4.2)  and 
(4.3)  -  (4.5)  except  that  the  third  index  of  all  the  physical  variables 
is  omitted. 

The  formulation  of  the  boundary  problem  for  a  canal  of  variable 
breadth  but  infinite  depth  is  directly  evident  from  (4.11)  -  (4.15). 


(4.23) 


(4.24) 


5 .  The  Solution  of  Our  Boundary  Value  Problems 

Now  we  are  able  to  solve  the  various  boundary  value  problems. 

For  this  purpose  we  introduce  the  following  Green's  functions:  The 
function  G(x,y,z,t;  |,rj,  £;fi)  satisfies  the  following  conditions: 

*  &«,4  6Y1  * 

-K.  <  •  <  0 

G,  =  0  (5.02) 

♦  Gtt  *  0  Ml.  0  (5,05) 

Gy  *  0  m.  y«tl.  i.4,i  (5.o4) 

together  with  some  radiation  conditions.  If  we  introduce  G(x,y,z;5,i],£;ft) 
by  the  equation 


G(  *,r,  *,  J,  7 ,  Sj  h) « [-  ;  a.ti£(  *-  t;  i,  2,  i;  si) 


the  boundary  value  problem  (5.1)  -  (5*5)  transforms  into 


V  &  *  +  Gfp  +  =  -It  SU-i)£(p-j)S(i-is) 

G|  «  0 

^  &5  ♦  lO%G„  ♦  itlls...  G?  -  IIVG  *  0 


-W  <  *  <.  0 

(5.01)' 

h  i 6-k, 

(5.02)' 

©*.  *  *  0 

(5.0})' 

i*4tl 

(5.0U)' 

together  with  some  radiation  conditions. 

The  Green's  function  which  satisfies  (5*1)  -  (5*3)  respectively 
can  be  found  in  reference  4.  For  later  reference  we  designate  this  func¬ 
tion  by  G°°(x,y,z,t;£,Ti,{;jft)  resp.  G^x.y.z;  £,tj,  £;fi).  With  the  help  of 
the  method  of  images  described  in  Lunde'?',  the  Green's  function  which 
satisfies  (5.1)  -  (5.4)  resp.  (5.1)'-  (5*4)'  is  obtainable. 

One  other  Green's  function  we  need  is  the  function 
g(°)(x,  y,z,t;£,Tj;n)  which  satisfies  the  conditions 


7iG“’ 


lo) 


rio) 

G(O) 

Y 


lo>  ^  <•> 


(o) 


-  k  <.  z  <  0 

-!,</<  i, 

[- »Ht!I  -S)  S(y- ■y) 

Ml  2  r  0 


g;;  ♦  gw  ♦  g;:  =  o 

x*  yy  2* 


(o) 


♦  *  0 


(5.05) 

(5.06) 

(5.07) 


cm)r«iS;  in  4,1  (5.08) 


together  with  some  radiation  conditions.  If  we  introduce  G^°^(x,y,z; |,tj;G) 
by  the  equation 


Gl  *1  K,  y{  2ti  ;Sf  y  .  il)  *  i#p[-i.fttlG 
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7*G 

w*  r  101 

*  &«* 

er 

*  sc* 

♦  Is...)1  1 

S'- 

-  0 

(0) 


T  t°) 


the  boundary  value  problem  (5*5)  to  (5 .8)  transforms  into 

-4  <  i  <  0 

“  ®  (5.05)' 

on  5  *  -  h,  (5.o6)' 


*g4;  «■  i8...r &;•;  a^^G;4’  - av-o  •**.<>  (5.07)* 


A  rioj 


m,  y  *  tt,  (5.08)' 


together  with  some  radiation  conditions. 

If  we  first  consider  the  Green's  function  G°°^(x,y,  z,t;£,Tj;n) 
resp.  G°°(0)(x,y,zj£,T];ft)  which  satisfies  the  conditions  (5.5)  -  (5-7) 
resp.  (5.5)'-  (5*7)'j  this  function  is  found  in  reference  4  and  can  be 
determined  by  a  method  similar  to  that,  by  which  the  function 
G"(x,y,z,tji,T),C;n)  resp.  G^Zy^l,1], is  obtained.  Then 
G^°^(x,y,z,tj|,ri;G)  resp.  G^°)(x,y,z; |,rj, ;ft)  which  also  satisfies  the 
condition  (5.8)  resp.  (5.8)'  can  be  determined  by  applying  the  method 
of  images. 


For  future  reference  we  denote  by 


G#l” 


the  Green's  functions,  which  satisfy  the  above  conditions  with  specially 
S00o  =  0  in  (5*8)  resp.  (5.7)'.  Analogous  for  the  functions 


G  *(rt l x, y, *,f;- J, il)  1,^-Sl)  . 

The  last  two  Green's  functions  G^(x,y, z, t; |, £,fl)  and  G^(x,y, z, t; |, £;fl) 
needed  must  satisfy  the  following  conditions: 


A 


- —  -  - — 
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7*  &u)  =  &l“  +  &“’  +  &u' 

X*  ^  f  f  21 


ii) 


l 


/-(‘I  /*  < 

G*  +  Gtf 


0 

iii 


and 


0 


A- 4* 


-t  *  2<  0 

-3* <  y  <34  (5.09) 

0*  fc*-k  (5.10) 

oti  I»  0  (5. 11) 


G1^  *  **f  c-tHi]  $u  -s#0.t  -1)  Jis-s) 

-  0 

respectively 

&‘1’  -  0 

SU-s,Mi  -i)  e -S') 


«t-  y  *  ^  (5.12) 

owys-lj,  (5.13) 

•*  y  »  3,  (5.  n) 

<*■  y  ‘-&x  -(5.15) 


together  with  some  radiation  conditions.  Again  introducing 
G^'(x,y,z by 

Gu'i x, y( 

the  boundary  value  problem  (5-9)  -  (5*15)  transforms  in: 


VlGu,=  G‘--  +  4  g"  »  0 

x  <  r  f  vt  f  v 

Gj1  =  0  1-42 


-It  <2^0 

-  V  y  <  3, 

(5.09)* 

mv  5  «- K 

(5.10) » 

W  5  s  0 

(5.11)' 

Al¬ 


and 

G-*  - 

Y 

S(t-s)  Sd-$) 

«  Y  - 

(5.12)' 

r  Hi 

bp  * 

0 

7  -A 

(5.13)- 

respectively 

Si?  - 

y 

0 

f  =  $4 

(5. Hi)’ 

&Ll)  = 
y 

Six  -S )  Sit  - !> ) 

**■  y  *  "ij. 

(5.15) ' 

together  with  some  radiation  conditions.  The  Green's  functions 
G°°vi)(x,y,z,tj  £;ft)  [resp.  G®(i)(x,y,z;|,^;G)]  satisfying  the 
conditions  (5-9)  -  (5«H)  [resp.  (5*9)’  -  (5.H)']  and  (5*12)  [resp. 
(5.12)']  respectively  (5.15)  [resp.  (5.15)']  can  be  determined  by  a 
method  similar  that  by  which  the  function  G°°(x,y,z,tj|,Ti,  £;G) 

[resp.  G  (x^z’jljT),  £;ft)]  is  obtained.  These  functions  we  denote  by 
G00'1'(x,y,z,t;6,5;fl)  resp.  G00^1'(3r,y,£;|.  £jfl)  i  =  1,  2.  Then  the 
functions  G^i^(x,y,z,t;|, [resp.  G^'(x,y,z; £;n)]  satisfying 
also  the  conditions  (5.13)  [resp.  (5.13)*  3  respectively  (5.1*0  [resp. 
(5.14) ']  can  again  be  found  by  applying  the  method  of  images. 

.  Further  we  denote  by  G  v  ;(x,y,z,t;|,^;G)  resp. 

G  '(x,y,z;S,  £;fl)  i  =  1,2  the  Green's  functions  which  satisfy  the 
above  conditions  with  specially  sooo  =0  In  (5.12)  [resp.  (5.11)'] 
resp.  (5.15)  [resp.  (5. 11)'].  Analogous  for  the  functions 
G*"V i)(x,y,z,t; £;ft)  resp.  G*O0(i)(x,y,zj4,^jG)  i  =  1,2  .  These 
functions  are  necessary  when  the  motion  of  a  ship  along  a  wall  is  con¬ 
sidered. 


The  methods  for  obtaining  the  Green's  functions  will  not  be 
given  in  detail  here,  only  these  explanations  be  enough. 


5.1  The  Solution  of  the  Boundary  Value  Problem  (5»l)  -  (5»5) 

From  the  conditions  (5.1)  -  (5*5)  and  the  differential  equa^ 
tions  for  the  physical  terms  ^(^(t),  ®3ioo^^  ©HOo(t)>  derived  in 
section  'J,  together  with  the  initial  conditions  at  the  time  t  = 
we  see  that 
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I  *  <***■  ,  (5-l6: 


and  with  (5.16)  the  boundary  value  problem  (4.1)  -  (4.5)  reduces 
exactly  to  the  problem  of  finding  the  hydrodynamic  pressure  for  a 
ship,  moving  horizontally  with  the  velocity  parallel  to  the  vertical 
and  parallel  walls  of  a  canal  of  constant  breadth  +  B2  and  con¬ 
stant  depth  h.  The  solution  of  this  problem  it  known  and  for  instance 
found  in  the  paper  of  Kostjukow^)  except  that  Kostjukow  refers  to  the 
moving  5?,  y,  7-coordinate  system.  If  there  are  no  canal  walls 
(B1  -  ®2  =  °°)  the  solution  (|)^Q(x,y,z, t)  of  this  problem  can  be  found 
in  Lunde^  ' '  as  well  as  in  many  other  papers  on  shallow  water  ship  waves. 
We  have  only  to  transform  the  formulas  of  the  other  authors  to  the 
fixed  x,y,z -coordinate  system. 


5.2  The  Solution  of  the  Boundary  Value  Problem  (4.6)  -  (4.l6] 


The  difficulties  which  arise  for  the  solution  of  the  other 
boundary  value  problems  lie  specially  in  the  fact,  that  in  general 
there  is  a  dependency  on  time  in  some  of  our  boundary  conditions  which 
can  not  be  omitted  by  referring  to  the  moving  x,y, 7-coordinate  system, 
a  method  which  succeeded  in  solving  the  boundary  value  problem  (4.1)  - 
(4.6).  Therefore,  in  these  non-steady  state  cases,  we  have  to  use  another 
method.  Now  the  boundary  conditions  (4.7)  and  (4.10)  suggest  the  use  of 
potentials  which  are  produced  by  surface  distributions  on  the  surfaces 
A  and  z  =  -h.  But  according  to  (4.7)  and  (4.10)  the  surface  density 
must  depend  on  the  time  t  and  now  the  free  surface  condition  (4.9)  intro¬ 
duces  some  difficulties.  To  avoid  these  difficulties  we  will  first  assume 
surface  densities  whose  time  dependence  is  harmonic  with  frequency  ft  and 
then  generalize  by  multiplying  with  a  frequency  spectrum  and  integrating 
with  respect  to  ft  from  ft  =  -°°  to  ft  =  +«.  Therefore  in  the  non-steady 


with  respect  to  ft  from  ft  =  -°°  to  ft  =  +«.  Therefore  in  the  non-steady 
state  case  where  g(x,y)  is  really  dependent  on  x  and  ^^+00°  X,y  =  0  as 
a  necessary  condition  we  assume  the  function  Pno(x>y>zTO  to  ^ave  the 
following  form: 


W 
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where  the  functions  and  a^l(£>Ti;fl)  have  to  be  deter¬ 

mined  such,  that  the  conditions  (4.7)  and.  (4.10)  are  satisfied. 

If  g(x,y)  is  independent  of  x,  g(x,y)  a  g(y),  our  boundary 
value  problem  becomes  independent  of  time  t  when  referred  to  the  moving 
7,7- coordinate  system^  With  respect  to  this  system  we  assume  the 
hydrodynamic  pressure  P^Q(x,y,z‘)  to  have  the  form: 


*  )U..U(s)  G,U,F(! }s,0,jr,0) AH* 

l 

♦)  dSa?  • 

-m  .« 

*K 


(5.17)’ 


Again  the  functions  and  CT]j_ q( &»*))  have  to  be  determined 

so  that  the  conditions  *4.7)  and  (4.10;  are  satisfied.  In  the  next 
section  we  will  derive  integral  equations  for  these  functions. 

11m 

If  generally  g(x,y)  *  gQ(y)  +  g,(x,y)  with  ;“+-(x,y)  -  o 
as  a  necessary  condition  the  solution  can  De  obtained  by  superposition 
of  (5.17)  and  (5.17)’. 


5.3  The  Solution  of  the  Boundary  Value  Problem  (4.11)  -  (4,15) 


If  one  of  the  two  functions  bj_(x,z)  andbg(x,z)  is  dependent 
on  x,  and  llm  tl(xiz)  ■  lim  ^2(x>z)  ■  0  as  a  necessary  condition 
the  problem  “is  non-steady  stwte  and  the  same  considerations  as  before 
lead  here  to^the  following  assumption  on  the  form  of  function  P^01(x,y,zt) : 

♦J  j{<:'4tl(Siil)G#wU1,1.,S,!rin) 


The  funotions  u 
detemined  such 


♦  *iJ  \*,y#l;J(ljXd}cUdkJ  All  (5.1B) 

(||S*0),  and  .«(»,»)  have  to  be 

t  the  boundary  conditions  (4.13)  and  (4.15)  are 


satisfied. 


If  the  functions  bx(x,z)  and  b2(x, z)  are  independent  of  x, 
bx(x, z)  =  bx£z)  and  b2(x,z)  a  b2(z),  our  boundary  value  problem 
becomes  independent  of  time  t  when  referred  to  the  moving  x,  y,  z- 
coordinate  system.  Therefore  with  respect  to  this  system  we  assume 
the  following  form  for  the  hydrodynamic  pressure  P^01(x,y,7): 

1  JP 

♦j 

-®  -W 

(5.18). 

Here  also  the  functions  U101(£>£)>  and  a[ol(^0  have  to  be 

determined  such  that  the  boundary  conditions  (4.13)  and  (4.15)  are 
satisfied. 


generaliy  bi(x,z)  =  b10(z)  +  bu(x,z)  and  b2(x,z)  =  b20(z)  + 
l  ^  ll(X,Z)  =  i^+oob2l(x'Z"  =  O  as  necessary  condition, 


If 

b2X(x, z)  with 

the  solution  is  obtained  by  superposition  of  (5«l8)  and  (5.18)’ 


5.4  The  Solution  of  the  Boundary  Value  Problem  (4,l6)  -  (4.20) 

This  is  the  most  complicated  problem  in  connection  with  the 
considered  motion  of  the  ship  in  a  canal  of  variable  breadth  and  depth. 
But  its  so  tion  follows  the  same  line  as  before .  In  the  non- steady 
state  case,  where  at  least  one  of  the  three  functions  g(x,y),  bx(x, z) 
and  bg(x, z)  is  dependent  on  x  and 


lira 
x-»  +°° 


g(x,y) 


0, 


lim 
x— »+°° 


bx(x,z) 


lim 
x  — »+°° 


b2(x,z) 


0  as  a 


necessary  condition,  we  assume  the  solution  Pxxx(x,y,z, t)  of  the  boundary 
value  problem  (4.l6)  -  (4.20)  to  be  of  the  form: 
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and  now  the  boundary  conditions  (4.17),  (4.l8)  and  (4.20)  will  result 
in  equations  for  the  determination  of  the  four  functions  dm  ( ^  £;fl), 

°ill(^Tl'n)'  °ill(^^n)  and 

If  the  three  functions  g(x,y),  b1(x,z)  and  b2(x,z)  are 
independent  of  x,  g(x,y)  *  g(y),  b1(x,z)  a  b-^z)  and  b2(x,z)  a  b2(z), 
our  boundary  value  problem  becomes  stationary  when  referred  to  the 
moving  x,y, 7-coordinate  system.  Here  we  assume  the  hydrodynamic  pressure 
Pm(x,y,z‘)  to  have  the  following  fora: 


Again  the  functions  ^  qm(EjS)  have 

to  be  determined  such  that  the  boundary  conditions  (4.17),  (4.l8)  and 
(4.20)  are  satisfied. 
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If  generally  g(x,y)  =  g  (y)  +  g^tay),  bx(x,z)  =  b1Q(z)  + 
^n(x,z),  b2(x,z)  -  b20(z)  +  b21(x,z)  with 


lim  g(x>y)  -  llm  bx(x,z) 
x — >  +®  x-»  +« 


lim  b2(x,z)  =  0  as  a 

x->  ±°° 


necessary  condition,  the  solution  is  obtained  by  superposition  of 
(5.19)  and  (5.19)’. 


6.  The  Integral  Equations  for  Our  Surface  Distributions 

Now  the  distribution  functions  in  the  formulas  (5.17)>  (5.18) 
and  (5.19)  have  to  be  determined  in  such  a  way  that  the  boundary  condi¬ 
tions  on  the  canal  bottom  and  the  canal  walls  are  fulfilled.  Here  only 
the  boundary  conditions  on  the  ship's  hull  makes  some  difficulties, 
arising  from  the  first  term  on  the  right-hand  side  of  (5*17)  -  (5*19). 

The  boundary  conditions  on  the  ship's  hull  require  the  differentiation 
of  P  (j,k  =  0,1)  with  respect  to  y  and  then  a  limit  process  such  that 
the  point  (x,y,z)  goes  to  a  point  of  A.  For  the  first  term  in 
P-,  ,k( J,k  »  0,1)  such  a  limit  process  is  not  possible,  since  the  function 
clearly  becomes  singular  at  x  ■  i,  z  ■  {  and  y  =  0.  This  difficulty 
can  be  avoided  by  transforming  this  integral  term  before  permitting  the 
point  (x,y,z)  to  lie  on  A  in  a  way  described  in  Peters  and  Stoker^.  Here 
we  will  only  give  the  formula  without  any  details  of  derivation.  We  have 
for  (x,y,z)  and  A: 

<U<IS 

A 

♦  U,  S ;  ill 


(6.01) 
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in  which  C'  represents  the  boundary  of  A'  and_  dG/dn  the  derivative 
of  G  in  the  direction  of  the  outward  normal  on  C'  with  respect  to  £. 
On  the  right  side  of-  this  formula  only  first  derivatives  of  G  occur 
and  here  we  can  therefore  permit  the  point  (x,y,z)  to  approach  a  point 
of  A,  and  then  the  integral  over  A'  would  exist  in  the  Cauchy  sense. 

We  assume  this  transformation  to  be  carried  out  in  the  first  terms  on 
the  right-hand  side  in  the  formulas  for  Pijky  (J>k  =  0,1)  needed  in 
the  boundary  conditions  on  the  ship's  hull.  Then  we  are  able  to 
formulate  integral  equations  for  the  distribution  functions  in  (5.17)  - 
(5.19). 


6.1  The  Distribution  Functions  of  P 


110 


We  first  consider  the  boundary  condition  (4.7).  With 
Pn0(x,y,z,t)  from  (5*17)  this  gives 

1 


(6.02) 


and  the  inversion  formula  of  the  Fourier  transformation  yields: 

« 

Cur;  ^  £  j  “f c  ‘ 114 1  *,r) 

-00 

4  ')  4fUw*Mtyv)]cU 


Y  *■  ^  (6<03) 

The  function  therefore  determined  expllcitely.  With 

this  formula  for  (x,y;fi)  in  mind  and  (6.1)  the  boundary  condition 
(4.10)  results  in  the  following  integral  equation  for 
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*  vwts.*/n)  W o,ViWi^\AUi 

i^jXlUsijUil 


P 


*< 


♦  (  JClSi1!/n^&*  Uvsmt(0,*'j 

•>  CD  -t 
% 


*  C1*1  *  A^uMv-ktyt) 

V,  i  rn.  V  .  (6-0U) 

In  the  steady  state  case  with  the  hydrodynamical  pressure  P11Q(x,y,z) 
from  (5.17)'  the  boundary  condition  (4.7)  now  with  respect  to  the  moving 
coordinate  system  gives: 

«2(5 ,?)  •  f^(r'^VFl '  -vm,  .  (6-05) 

The  function  ai?o(x>y)  therefore  determined  explicitely.  Now  the 
boundary  condition  (4,10)  results  in  the  following  integral  equation 
for  m110(|,0: 

■  ij  l  V M'M V1  )}*j  aj 


1-^,0, *;0)4s 


C' 

♦j  j  ASA^  «0 

-•  -»x 


x',  i'  on  A* )  (6.06) 
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where  we  have  used  the  result  of  section  7  that  under  the  present 
conditions 

w44,U)  *  o  ,  84440  U)  »  ,  04  44#(t)  *  C*«J. 

Of  special  interest  is  the  case  where  the  plane  y  =  0  is  a  symmetry 
plane  of  our  canal.  If  Bi  =  B2  =  B  and  g(x,y)  an  even  function  of  y: 

g(x,-y)  =  g(x,y) 

then  we  have  generally 

a>no(t)  =  °3iio(t)  =  ®1110^^  =  0 

and  the  right-hand  side  of  the  boundary  condition  (4.10)  vanishes.  At 
the  same  time  the  functions  P11Q(x,y,z, t)  from  (5*17)  resp.  Pno(xjy>z) 
from  (5.17)'  with 


3  0  resp.  h.10^'^  *  0 

become  even  functions  of  y  resp.  y  and  therefore  the  boundary  condition 
(4.10)  is  evidently  satisfied  by  the  hydrodynamical  pressure  (5*17) 
resp.  (5.17)'  vith  |ino( !, £;fl)  ■  0  resp.  puo(S^)  *  <?•  On  the  other 
side,  the  distribution  function  a^^(|,tj;fl)  resp.  o^^(^,T))  is  deter¬ 
mined  from  (6.3)  resp.  (6.5)  and  consequently  in  this  interesting  special 
case  we  have  the  following  explicit  forms  for  the  hydrodynamical  pressure: 


♦ 


IL&irW 


r.i»l 


ct  II 
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re  spec  tively 


•  0 ) <i j  cl ^ 


(6.08) 


For  B  *  0  (or  in  the  unsymmetrical  case  B-^  =  «  or  Bg  =  00  or  both) 
corresponding  formulas  can  be  obtained;  only  we  have  to  take  the 
corresponding  Green's  functions  and  the  corresponding  pressure  P^qq. 


6.2  The  Distribution  Functions  of  P-, 


In  the  non-steady  state  case  the  boundary  conditions  (4.13) 
give,  with  Pioi(x*y# z> t)  from  (5«l8) 


j  Jtff  C“  i  -Qt]  ^‘'4  ( t  j  £i)  A  il 


-©<  X  4  00 


-  i  <  t  «  0 


and  the  inversion  formula  of  the  Fourier  transform  yields 


U)  , 


-  CO  <  X  *  CO 


-  k.  <  »  <  0 


(6.09) 
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Now  the  boundary  condition  (4.15)  results  in  the  following  integral 
equation  for  HioiU> 


i(0,S;Xl) 


5 1 cs,  &)  &5  ( r,  0,  i i(  o(  s  •  xi) }  cU  a  s 


♦  j  a...  1 1,  t}  nU-  G(«;o,i';  i  o,  ^  xi)  ds 
c  ** 


j  j  1 s...t;0,  i'}  J(Jr;  D.) 


♦ 


- "... «...  (*)  - 1  s...  g1<m  it)  ♦  H  fi>  4W(t)  ♦  ci.jt)]  +(i'-VoJt) 

*’  m  A1  '(6-10) 


In  the  steady-state  case  the  boundary  condition  (4.15)  gives  with  the 
hydrodynamical  pressure  P10^(x,y,z')  from  (5.18)'  with  respect  to  the 
moving  coordinate  system 


-  oo  ^  x  <  co 

-  n  *  i  <  o  L"l,a .  <6-u> 
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The  distribution  functions 
Now  the  boundary  condition 
equation  for  u101( 5, £ ) : 


ottfrt)  i  ■  1,  2  are  therefore  determined. 
(C.15)  results  in  the  following  integral 


l' 


S';i,0,S;0)  + 


♦  u,  s)  &  ( «•',  o,  i'.  j(o,  i;  o)  a  s 

C' 


♦  a-“;)U,S)G“’u;o,»,ji(SjO)}4US 


r,l  •»  X'  (6-12) 

Here  also  we  used  the  resvilt  of  section  7  that  under  the  present  con¬ 
ditions 

“ioi^  "  °'  ®5101^t^  "  const.,  ®1101(t)  ■  const. 

When  again  y  »  0  is  a  plane  of  symmetry  of  our  canal  the  formulas  reduce 
considerably.  If 

Bi  =  B2  «  1>  and  b1(x,z)  a  b2(x,z)  *  b(x,z) 
we  have  generally 


c^Ol^)  *  ®310l(t)  *  ®1101^t^  =  0  * 

therefore  the  right-hand  side  of  the  boundary  condition  is  zero.  Be¬ 
cause  the  function  P1Q1(x,y,zt)  from  (5.18)  resp.  P101(3f,y,z)  from 
(5.18)'  with  ■  0  resp.  Hioi(S>0  *  0  become  even  func¬ 

tions  of  y  resp.  y  the  boundary  condition  (4.15)  is  evidently  satisfied 
by  the  hydrodynamical  pressure  (5.18)  resp.  (5.18)'  with  ^oi(^Si^)  a  0 
resp.  Hiqi(IjC)  *  0*  Since  on  the  other  hand  the  distribution  functions 
resp.  i  =  1>2  are  determined  from  (6.9)  resp. 

(6.11)  we  have  the  following  explicit  forms  for  the  hydrodynamical  pressure: 
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and 


CO  0 


•  (  Gl"(r,F,  *j  J,S,0)  -  i(  t.0)J  di 

(6.14) 


The  special  case  of  motion  of  the  ship  in  a  canal  of  infinite  depth  or 
along  a  wall  can  be  handled  in  a  similar  way. 


6.3  The  Distribution  Function  for  fin 

In  the  non-steady  state  case  the  boundary  condition  (4.17) 
gives,  with  P111(x,y,z, t)  from  (5*19) 


-CD 


-«<*<« 

(6.15) 


and  by  the  inversion  formula  of  the  Fourier  transform: 

-  00  «.  X  <  00 

-&x*  y  *  A* 


(6.16) 
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Analogously  the  boundary  conditions  (4.l8)  give  rfith  the  same 
Plll(x,y,2’*'t)  the  following  equations  for  the  distribution  functions 
<jW(x,z;n)  i  =  1,2: 


*  +  f I J*'*  W)  buM 
if 


-  CD  <  tf  <  CO 

i-il 

-  It  4:  »<0 


(6.17 


and  by  the  inversion  formula  of  the  Fourier  transform 


oo 

(  *1  ^  ■  4f  |**f 1  int  3  l  +  f  4»  *  ^  I1  ^  M  ^ 


1  f*wlVW)hiM)«U 


-  (9  <  X  <  00 


-  K  <  * <  0  l*4-\<6*18 


By  (6.16)  and  (6.l8)  the  distribution  functions 

C  Uyj  XI)  ,  C« 


are  explicitely  known  provided  the  factions  P110(x,y,z,  t)  and 
PlOi(x,y,z,t)  are  determined  in  the  preceding  steps.  Now  the  boundary 
condition  (4.20)  results  in  the  following  integral  equation  for 
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j  -f  -1J  fyrWiWi** 

Vi44f(l,Sin)gJ(r,0,«'1Wiifll«« 

♦  | y^cs.5;  &)  i-  5U-,  0, 1'ji,  0,  S;  G> As 

£/  '  Q  tl 

♦  [  |V;*’csl-?im  S#wUv.M.tJo,i',sl?inUi*f 

-w-J* 


S...  “>*■,(*>  -  A  s.„  01<4U)  *  S'[0liH(t)  ♦  w4W(ri]  ♦  c  i 


3444 


V  V 

*  I  * 


OK 


(6.19) 


In  the  steady-state  case  the  boundary  condition  (4.19)  gives,  with 
the  hydrodynamical  pressure  P1^(5T,y,7)  from  (5.19)’  with  respect 
to  the  moving  coordinate  system 


-00  <  X  <  00 

-K*  F<  *4 


(6.20) 


and  the  boundary  conditions  (4.l8)  yield 
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^41  tx»?'  "+  bLti) 


-  CO  <  X  <  00 

-  h,  <  t  <  0 


L  •  A'X  .  (6.21) 


By  (2.20)  and  (2.21)  the  distribution  functions  a^(x,y)  and 
a^|(x,7)  i  =  1,2  are  determined,  provided  we  kn&^the  pressures 
Pn0(x,y,z)  and  P. nl(x,y,z)  from  the  preceding  steps.  The  boundary 
condition  (4.20)  on  the  ship's  hull  now  yields  the  following  integral 
equation  for  Hm(£>C): 

- )  ( l/Ws-s) V*’-0-1’;  W  W*-*1 ^'W-jWiOiidsdir 

4  ( ^u's)^r&(!,'0'i'is'<>,!!/oUs 

V 

♦  j  j  C« 

♦  |  j  i  ^  1 S,  s)  o,  i';  s,i;0)  ^  Oj^ti ,  SJ  °,  r f  i , Jfj on 


-®  -V 


=  0 


f,  r  ok  A'  . 


(6.22) 


Here  we  use  the  result  of  section  7  that  under  the  present  conditions 

ci)j^j^(t)  =  0  ,  ^3111^^^  =  const.  ,  ^1111^^’^  =  const. 

The  formulas  become  extremely  simple,  if  y  =  0  is  a  plane  of  symmetry 
of  our  caned..  Then 

3,  *  ix  •  3  ,  V*,*)  =  bt(*,*)  *  b(«,»)  , 

^u,  *  y)  *  ^  U,r) 


(6.23) 
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and  we  have  generally  (also  in  the  non-steady  state  case) 

ab.u(t)  =  =  eilll^t^  =  0  ; 

therefore  the  right  hand  side  of  the  boundary  condition  (4.20)  is  zero. 
Because  under  conditions  (2.23)  the  function  P^^(x,y,z, t)  from  (5.19) 
resp.  Pm(x,7,z)  from  (5.19)'  with  HujUiCjA)  5  0  resp.  s  o 

become  even  functions  of  y  resp.  y  the  boundary  condition  (4.20;  is 
evidently  satisfied  by  the  hydrodynamical  pressure  (5.18)  resp.  (5.18)' 
with  Mni(^Ci^)  2  0  resp.  Hin(£>£>)  =  0.  On  the  other  hand  the  dis¬ 
tribution  functions 

0j_ll(  *) )f  I*  )  resp.  tT]  •]_•](  it  0 

i  =  1,2 

are  determined  from  (6.16),  (6.l8)  resp.  (6.20),  (6.21).  Therefore 
we  have  the  following  explicit  forms  for  the  hydrodynamical  pressure: 


- *; ^ r, i j S, 6; H) )di d sldUl  (6.24) 
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respectively 


-  a  1 

^  .(  *  |  Yi  *  ;  i  ,  0  )  fill  dl 

•{&UU.F.*ji,l>;0)  "G“W.*iS(S;0)}«tSii  (6.25) 


These  are  the  formulas  which  we  intended  to  give  here.  A  numerical 
calculation  especially  for  the  steady-state  cases  will  be  treated  in  a 
future  publication.  There  also  the  wave  resistance  in  canals  of  various 
cross  sections  will  be  examined. 


7.  Equations  of  Motion  of  the  Ship 

On  the  right  hand  side  of  the  boundary  conditions  (3.19)  on 
the  ship's  hull  there  appear  the  physical  variables  o>  (t), 
and  ©nik(t)  J,k  *  0,1  which  at  first  we  suppose  to  be  given. 

But  really  these  terms  Just  as  the  other  terms  S1jk(t),  Zijk(t)  and 
e2ijk(t)  which  fix  the  motion  of  the  ship  as  a  floating  rigid  body 
under  the  action  of  its  weight  M  •  g  ,  the  propeller  thrust  ^  , 

rudder  force  R  and  the  pressure  p  of  the  water  on  its  hull  must 
satisfy  some  differential  equations,  the  differential  equations  of 
the  motion  of  the  ship,  which  will  be  derived  in  this  section.  First, 
the  principle  of  the  motion  of  the  center  of  gravity  yields  the  condi¬ 
tion  . 

M  ^  ♦  ft  (7.01) 

S 

By  M-  we  mean  the  inward  normal  on  the  hull.  Now  by  (2.6)  we  have 

•IF*.  *  "“•*r. 


(7.02) 
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d 

dt 


<1}  * 


,  (7.03) 


(7.04) 


because  the  unit  vectors  ,  dg  are  independent  of  time  t. 

Therefore  (7.1)  can  be  written  in  the  form 

Ms*,  -  +  «jf/i*AS  ♦  ^  *,  (7.05) 

with  the  pressure  p  defined  by  Bem^illi's  law  (1.5),  The  law  of 
conservation  of  angular  momentum  is  written  with  respect  to  the  center 
of  gravity  and  takes  the  form 


j  l f  -  x  li  -  A »  «  |  f  ( *  ~  ^  ^  _ 

M  Z(V  *t)x  ♦  +  R  .  (7.06) 

By  JIC  *  y(»}  m  X  Mfg  ♦  fMty  t  l4j  is  meant  the  position  vector  of 

the  element  of  mass  dm  relative  to  the  fixed  coordinate  system; 

^  fixes  the  position  of  the  center  of  gravity,  4**  locate  the 

points  of  application  of  the  propeller  thrust  ~  and  rudder  force  R 
respectively.  The  crosses  indicate  vector  products  both  here  and 
latar  on.  If  we  introduce  the  position  vector 


v  •  •  !'*r-  ♦  T*r  *  l’*i< 


(7.07) 


with  respect  to  the  x',  y’,  z ’ -coordinate  system  fixed  in  the  ship, 
we  obtain 


^  “  x>  -  IJ  *,. 


(7.08) 


for  the  vector  Xfrom  the  center  of  gravity  to  any  other  point  in  the 
ship.  1  * 


Because  the  motion  of  a  rigid  body  can  be  decomposed  in  the 
translation  of  point  fixed  in  the  body,  for  instance  the  center  of 
gravity,  and  a  rotation  of  the  body  with  respect  to  an  axes  through 
this  point  we  have  the  relation 


-  I  W  4  X  I  X 


since  <d  +  &  is  the  angular  velocity  of  the  ship.  (cf.  (2.3)  and  (2.I9)). 
Therefore  with  respect  to  the  moving  x',  y',  z'  -coordinate  system  the 
dynamical  condition  (7.6)  yields 


-  5't*|»)  X  [  (  S)  k  fr)  x  l  V  -  VQ  ct** 

AV  AS  x  ft  . 

s 


(7.10) 


Equations  (7-5)  and  (7.10)  must  now  be  developed  with  respect  to  the 
parameters  e^,  €g#  e^. 

We  begin  with  the  non-integrated  terms  in  Equations  (7.5)  and 
(7.10),  which  can  be  obtained  easily  once  the  developments  for  the  mass 
M  of  the  ship,  the  propeller  thrust  ^  and  the  rudder  force  R  are  given. 

Since  the  volume  of  our  ship  is  of  order  the  mass  should 

also  be  assumed  to  be  of  order  €-j_: 

M  »  e,  M„.  (7.11) 


The  propeller  thrust  is  in  the  x' -direction.  Since  we  assumed  that 
the  displacements  are  small  relative  to  a  motion  with  constant  velocity, 
the  acceleration  of  the  ship  in  the  x' -direction  must  be  small  and  it  is 
clear  that  following  expansion  for  A  should  be  assumed 


[e1  I  k  £1  I  +  et£  T 

S  *  N  Xt4f  *  *4  c3 


<-0(£‘)] 


From  (2.26)  we  then  obtain  with  respect  to  the  x,  y,  z -coordinate  system 
the  expansion: 


\  -  [  ♦  AjrO^lujOUJ)  (7. 12) 


For  the  rudder  force  R  we  assume  with  respect  to  the  x', 
coordinate  system  the  expansion: 


y' ,  z'- 


tt  •  *f<  {  lt  ®4»«4  *  *<  *1**^4444  *  ’  } 

♦*p{  £4  l  *4.0  4  *4*4  ^144#  *  ^44#4  4  *4  *t  *4  ^l^4  *  } 

♦  *|»  {  64  ^J400  4  t*tx  4  ^  fj  ^3i»4  4  *4  ^3*44*  *  *'  } 


(7.13) 


With  respect  to  the  x,  y,  z'-coordinate  system  we  obtain  from  (2.26) 
the  expansion: 

^  {  C4  l  ^4t00  4  ^*400  ^340#^  ^  *4  *1^4  *4.  4  ^4,400^440  4 

*  *4  ^4104  4  ^t40»®S4t4  4  ^44M  ®J4©J 

4  *4  Vj  ^  ^4  444  4  ^14.0  ®1444  4  ^*444  ^J*..4  ^»44#^4M4 
4*f{  ^4  ^14©«  4  *4*4.  ®144#  4  *4*3  404  4  *4*4*3  ^4444  4  1  - .. 

4  *1  [  *4  ^J4O0~  ^44.0  ®44M^  4  *4*t^  ^Jt4."  ^1400^440  4  ^1,440  ^|40*^ 

**4*3  ^  t#4  "  ^4  400  ^4  404  ""  ^1404  ^4  4##^ 

#14.0®4444  -  ^444®44H-  ^44.  KJi  J4' " ”  1  C7-1A) 

Substituting  (7.1l)>  (7*12)  and  (l.lb)  together  with  the  expansions 
(2.11),  (2,12),  (2.23)  and  noting  that  0>ooo  ■  0,  (7*5)  takes  the  form: 

{  ^4  ^400  $.*  *  €^A^449*  ^JM4..i.44«4VlM4.0«4444“’} 

•Ajl  (*4  ^4M^M»^4M*  ^  U>404  4  ^  *4*3#.00  ^##0^44 4  J 

4  *J  UJ  M*.  »4.0  4  fh  ^4.0  *44.  4  «f  «l  #4.0  *404  4  #A  M4.0  *444  4  ‘  ‘  ’  1 

5  AV(IS  4  ^  (riH4^1H^^4M©j<t0^4f/l^|40+ ^t4»4^<*0®M404^U4#®i<0#^ 

^  4  *4  ^3^^*  104  4  ^4  404  ^  ^14M  ®S4.44  ^1404  ®J4W^ 

**4*4*3  ^44  4  ^4 144  4  ^  1 4 00 ^|44 <4  ^1444^1400*  ^440®34044^U04^44^^  ^ 
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4  4  M*  Rt4M  4  e4CA£iHi444  4  *  *  *  ) 

♦  C4  fcA  l  R"5  ”  ®'»40*^|4*4  ^14*4  ®4400^ 

4€4€*ti  ^Jt44  “  ®t4M  ®^444  *  ®t  444  ^44*#  "  \  44*fy  404  ~  ^14*4  ®<|4<J4'  *  ’  }  (7.15) 

The  equation  (7.10)  for  the  conservation  of  singular  momentum  can  be 
expanded  analogously  in  a  power  series  of  ea,  €2*  €3*  We  assume  that 
the  propeller  thrust  ^  is  applied  at  a  point  in  the  vertical  plane 
of  symmetry  of  the  ship  with  coordinates  -t£  -  z£)  with 

respect  to  the  x’,  y',  ^'-coordinate  system  fixed  in  the  ship.  It 
follows  that 

\  *  (-  *r,  -  k  l 

S  “  ^  4  *4  *1  ^140  4  *4  £S  ^l#4  4  *4 

«  -  *'t  1  £*  r». ♦  «J*» *.«♦  *A„f£X£.r.«4"H 

•  -  f;u:  t,„  ♦  ♦*,  i,.^w.«+-N 

4-ylj-OU*)  4  0  ( ej1 )  .  (7. 18) 

Now  we  must  derive  the  corresponding  development  for  the  term 

\fr0  -  4h  )  X  ft .  I11  accordance  with  (7.13)  the  rudder  force  R  is  the 

resultant  of  rudder  forces 

ft  •  .  2  l*  tj  e J  ft ; ;  V 
ftijk  ’  *F'  4 


with 


and 


%  *\k  * 


*r  i 


Jk  *  0 ,  ^ 


If  now  &  is  the  position  vector  of  R  and  .  the  position 
r  _  *‘4* 

vectors  of  R^.^  the  following  equation  holds  by  the  definition  of 

the  resultant  rorce  of  a  system  of  forces: 


*t% 

It  follows  that 


A  *e  * 

'  1  ‘  Rji*  ‘4* 


Ut-*c)  *  &  <‘1*?  UV  *cU  • 

We  assume  that  the  rudder  force  is  applied  at  a  point  in  the 

vertical  plane  of  symmetry  of  the  snip  with  coordinates  (-^ri,)k>0>trijk“zc) 
with  respect  to  the  x',  y’,  z' -coordinate  system.  Then 


*nijt  -  *C  *  "  Kii*  *V  -  *v 


(7.19) 


and  we  have 


Ur"c)xR‘  '-5*  «• t>A  %>** + V*1 *  ( V*"  %y 
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-*«(  .  Z  < t}  i'tiik  Ki,*  \ 
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*€*  £4  ^  ^U4  *XjJJU4)  4C4£tCjl*ri44®il44*  Kl4i  K*  -.4) + " “  } 

^5#  {^4X4*4##  4  C4t»Xt4<#ftM4f4  C«fj  ^  ff€a€J ^^,4  ^444^  *  *  *  } 

i  44  t*4*  ^*4M  4  ^ 4<#  Rt44#  ♦  t+494  ftM#4  4*  ^,£id |  if44i  ^  44J  '  *  ’  } 

’  *f  t  ^  ^t»0^W  4  ?*4.A<"®14  j  “  ^  X'  dJ*#e-Xr4##(li4M644j] 


♦  £X  t  ( ?rt4,  ft4t4.  ♦  i;44.dV44,e14..  +  ?V4»ft.4«©144.) 

*  ^»«^i»®4444*  ^4»*^t4»» 

Kk,.t  K..  + 

~  [  ^-l.«  "  KtH  ®<«  “  Kt*  ®44«4^ 
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. . .  J 

"*i  (£<0*«.  +  £a0i«.*£<£i£«A«4  +  £<£t£XA444+"  j  <7-*» 

The  left  hand  side  of, (7.10)  gives  the  rate  of  change  of  angular 
momentum;  since  to  +  ^  is  of  first  order  in  e1  and  the  mass  is  also 
of  first  order  in  it  follows  that  this  quantity  is  at  least  of 

second  order  in  . 

We  consider  the  angular  momentum  with  respect  to  axes 
x’,  y*,  z*  through  the  center  of  gravity  cmd  parallel  to  the  moving 
x‘,  y',  zl  -system.  The  angular  momentum  =  {h^,  H^}  has 

components  with  respect  to  these  axes  giveiras  .follows  in  terms  of 
the  components  of  the  angular  velocity  -(<3  +  .ft>  =  {©^,  ©2*  ©^  +  to} 
and  the  moments  of  inertia  and  products  of  inertia  1^ : 


-H 


-  i4e4  -I(Jie3*J 
Hi  •  iA 

hj  *  -i«®<  ♦!,(©,♦  «•) 


(7.21) 


since  only  small  angular  displacements  are  considered,  and  the  symmetry 
of  the  hull  leads  to  I^2  =  =  w^ere  we  assumed  that  the  mass 

distribution  has  the  same  symmetry  as  the  hull  surface.  The  moments 


of  inertia  1^,  I2  and  are  clearly  of  order  e^: 


i.  -  «,  I, 


400 


i  *  i,  3 


(7.22)- 


as  veil  as  the  product  of  inertia  I^: 


I„  “  €<  *44  40« 

Upon  using  the  developments  (2.12),  (2.22),  (7.18)  and  (7*20)  ve  can 
write  the  development  of  (7*10)  in  the  form: 

+^l|l440#S4<4#-In40#(S^^  ^44^1 

’  *7  t  e‘  CNJ*4»®L.*  •  •  •  ] 

+  e4£jl  ^4 S4M  ®44#4"Ij4H^j4W4  IJ4##^4l4+%4^ 

(f u  -  ^  x 

s 

**f  ^  C4  i  ^  ^4*«®im®44t  J  +  (  ^4##^4#«®44M^  ^ 

♦  -  ( ZM  V*Km  *144.^  KAJj 

I*#4“  ^  ?M#4  ^t!4  +  ^44#4  ®44t*  +  ^t4«*^«#®i4#4^ 

♦  ( It4#4  RJIW  4#4)f 

4|«Vil- 1;  r„4  -  (t;,44  t4MI  ^ 

*^Kl4A  Ku~KtU  ®1444  ®4«H*^H^4»^"  ^14^4*4*  ^^«W®444#)1 

♦ . 3 

“♦  >|  [  *4  ^t4M  ^a4M  *  *4^1  ^1440  *  ^4»4^»4»4  *  ^4*4*3  ^*444  ^4444*  *  *  *  I  (7*24) 


We  turn  next  to  the  problem  of  developung  the  surface  intergrals  in 
(7. 15)  and.  (7.24).  With  respect  to  the  3c',  y',  z' -system  fixed  in 
the  ship  the  equation  of  the  ship's  hull  has  the  form 


Y '  ♦  £<  M  **) 


t\  v  J; 


(7.25) 


We  begin  with  the  development  of  the  pressure  integral  in  (7.15)#  but 
replace  the  pressure  p  by  the  hydrodynamic  pressure  P  (cf.  (1.6)): 

(fAVctS  *  -  S|(*^olS  +  sj/p^VolS  .  ■  (7.26).- 

*  3 

The  surface  S  over  which  the  integrals  are  taken  is  the  part  of /the 
hull  surface  submerged  in  the  water.  Consider  first  the  termS %  IlHi'ctS 
If  we  express  this  integral  in  terms  of  the  x‘,  y1,  z'  -coordinate 
system  it  follows  with  (2.29): 

'3&(,ws  ‘  •  s£)tr  + 


41 4t*o 


,(7.27) 


On  the  right  hand  side  the  integration  is  to  be  carried  out  over  the 
hull  surface  submerged  in  the  water  with  respect  to  the  x’,  y',  z'  -system 
fixed  in  the  ship.  It  is  convenient  to  consider  the  two  sides  of  the  hull 
separately: 


s  J  dls  * 
$ 


-  s  *  )cr  ♦  <,  ijtit  v+ ••  •)• 

A 

A  ->iy( +  £4h,|,i|(]cix'olt# 

-  }[*'♦ 

4  (7.28) 


The  unit  normal  isN_  in  the  x',  y',  z' -system  was  expressed  through  use 
of  (7.25);  by  we  mean  the  projection  of  the  immersed  part  of 
y'  *  +  e^x' ,  z' )  on  the  x',  z' -plane,  by  A2  the  projection  of 
y'  »  -  c1h(x',  z')  on  the  x',  z' -plane. 

The  free  surface  displacement  of  the  water  differs  from  the 
x,y-plane  only  by  a  quantity  of  first  order  in  e^,  since: 

^  ^*1  Yl  m  ^4  ^A9$  ^440  (  *1  Yl^ 

♦M#  Wmv*)  i(7>29) 


1  * 


If  we  substitute  in  (7.29)  the  transformation  formulas  (2.29)  ve  get 
for  the  equation  of  the  free  surface  displacement  with  respect  to 
the  x',  y ’,  z ' -coordinate  system  the  expansion: 

£4  ^  ^400^  f  ^ 

*40»  "  T  ^ 

♦i4ctC  j^4^( ?*cjh A#M  ♦  pe*iA### j 

■  *  ©»...  *'  *  f '  ] 

?w„;  u.)*' 

~  *4.4  "  ®44.4  ^  *  *  ©4404  y  *  ^ 

*wJL  *'  **  *•••• 4 1'<**  *■•••* 

'  *444  -  ©4444  *’  ♦  ©444.  f  ^ 

(7.30) 

♦  *  *  * 


From  (7.30)  follows:  The  surface  displacement  of  the  water  differs 
from  the  x' ,  y' -plane  only  by  a  quantity  of  first  order  in  e^.  Con¬ 
sider  now  the  part  of  the  hull  surface  given  by  (7.25)  which  lies 
below  the  x',  y* -plane  and  call  its  projection  on  the  x',  z' -plane  A'. 

In  Figure  4  this  area  is  shaded.^  It  is  now  clear  that  in  those  portions 
of  and  A2  which  differ  f rom_A '  the  quantity  7'  is  of  order  €p  and  in 
addition,  tnat  the  areas  A^  -  A'  and  A2  -  A'  are  of  order  c^.  It 
follows  therefore,  that  (7.28)  can  be  replaced  by  the  equation: 

-g^ \*Md.S  -  -  jU'  *c4  Z t (*4j, 

♦  *j.  0(£,’)  ♦  ♦  *fiO(e{) 

--J52:I[r  ♦e4  i  cie1‘(zn4.?'fit4JJ- 

17  V  *  M 

♦  a,.  0(t‘)  ♦  OU})  ♦  A|,  0( ef) 


1(7.31) 
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The  last  integral  can  be  given  a  different  form  by  means  of  the 
following  relations.  In  fact,  since  h  =  0  at  all  boundary  points 
of  A'  for  which  z'  <  0  (from  the  symmetry  and  continuity  of  the  hull 
surface)  the  following  formulas  can  be  derived  through  integration  by 
parts: 


j  kfl  d.*'  *«'  *  0 
J’ 

jl'kfld«'d?  -  0 
JP 

J  x' kf, d-F'ctl'  ■  -flidf'dr 

r  v 


I  kj, di'Ai'  -  j  k  dx’ 

*'  V 

( i'  k,fl  dx‘  d*1  •  - (k  d  J1  d 3> 

v  i 

| Jf*  kt,  dx'd*1  »  (*'  k  d*’ 

r,  l  (7.32) 


where  the  line  integrals  are  taken  over  the  part  L1  of  the  boundary 
of  A1  which  lies  in  the  x'-axes.  Insertion  of  (7*32)  in  (7*31)  yields: 
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(7.53) 


If  we  now  transform  to  the  x,  y,  z -coordinate  system  we  find  on  account 
of  (2.26): 


*  *?[0(e*)] 

♦  Af[0U*]  ] 

. (7.3*) 


-679- 


Here  we  made  use  of  the  fact  that  the  development  of  all  quantities 
takes  place  about  the  rest  position  of  equilibrium  of  the  hull;  there¬ 
fore,  in  this  position  the  two  moving  systems  x',  7‘,  and  x,  y,  7 
coincide,  and  hence  we  could  replace  the  integration  variables  x* ,  z' 
by  x,  z  in  the  integrals  of  (7*5^ ) •  Next  we  calculate  the  development 
for  the  second  integral  on  the  right  hand  side  of  (7.26).  Here  the 
discussion  takes  the  same  general  course  as  the  one  just  completed. 
Hence  we  give  the  steps  in  summary  fashion  only: 


♦  Aj.  COU*)]  ♦  Ay,  tOCt,1)]  +  A|,  [0(£,S)J 
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where  we  signified  with  _and 
hydrodynamical  pressures  ^ljk 
and  A’"  of  the  disk  A'.  This  is 


pressures 

disk. 


3  Jk 


(j,k  =  0,1)  are 


P  the  limiting  values  of  the 
(j,  k  =  0,1)  on  the  two  sides  A,+ 
necessary  here  since  the  hydrodynamical 
in  general  not  continuous  across  the 
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Substitution  of  the  developments  (7*3*0  and  (7*35)  in  (7*15)  gives 
the  following  scalar  equations: 
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In  (7.37)  -  (7.^0)  and  (7.46)  -  (7.49)  we  have  already  used  the 
relations  (4.4l)  -  (4.44). 

The  interpretation  and  significance  of  this  equation  is 
analogously  to  that  of  the  corresponding  equations  of  Peters  and 
Stoker '  and  will  not  he  discussed  here.  Next  we  turn  to  the 
development  of  the  surface  integral  in  the  angular  momentum  equation 
(7-24).  Again  the  calculations  proceed  in  the  same  fashion  as  above 
and  hence  we  can  cut  them  short.  We  first  introduce  the  hydrodynamical 
pressure  P  insteed  of  p  by  use  of  (1.6).  Then  we  have: 

jf  (I- Ie*,1  x^AS  *  - 

m  -ga  ji(*-^*|)jfA*'dS  +  g|/0(3-J(^k/»'olSl(7.5O) 
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Consider  the  first  term  _  *  5  )  X  Mr  ci  S  . 

Inserting  (2.25),  (2.27);  (7*7)  and  (7*25)  it  follows  that: 
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where  we  have  used,  the  formulas 
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which  can  he  derived  through  integration  by  parts.  In  an  analogous 
manner  we  find  for  the  second  integral  on  the  right  hand  side  of  (7*50): 
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Insertion  of  the  developments  (7*51)  and  (7*53)  in  (7.24)  yields  the 
following  scalar  equations: 
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These  equations  together  with  the  integral  equations  of  section  7  and 
initial  conditions  serve  to  determine  the  motion  of  our  ship  under 
the  action  of  a  constant  propeller  thrust  and  rudder  force. 

Consider  for  instance  one  of  our  boundary  value  problems 
which  is  steady-state  when  referred  to  the  moving  x,  y,  7-corrdinate 
system.  Here  the  equations 


I;.'1*’1"  -w 

A*  Mi-sUiJ*  *  ^4 


1(7.6?) 

(7.68) 


(7.69) 


serve  to  determine  the  rudder  force  ^21  Ik  and-  the  coordinates 
"^rljk*  “^rljk  of  tiie  Poiirt  of  the  3c',  sP  -plane  where  it  applies 
J,  k  =  0,  1.  Then  the  quantity  T2jk  +  R12jk  is  determined  by 

-  3  j  (/{>*  ♦  f.  j J,  k  -  0,  1  (7.70) 

i 

and  we  have 


Sljk  =  0 


Ji  k  ■  0,  1. 


The  constant  values  of  z^jk  and  ©21Jk  mus-t  satisfy  the  equations 
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Next  consider  the  non-steady  state  case.  Since  we  assumed  constant 
propeller  thrust  and  rudder  force  we  have  first  for  the  determination 
of  the  quantities  co^j^t),  ©njk^)  and  ®31Jk('t)>  which  appear  in 
our  integral  equations,  the  differential  equations 
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together  with  the  initial  conditions 
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‘fhi  other  physical  quantities  S^jJt)  Z].jk(t)  and  ®21Jk  are  the 
solutions  of  the  differential  equations: 
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which  satisfy  the  initial  conditions 


(7.80) 


If  it  is  desired  to  study  motions  with  variable  propeller  thrust 
or  rudder  force  we  have  only  to  take  into  consideration  the  propeller 
thrust  or  the  rudder  force  as  functions  of  t  which  satisfy  the  conditions 
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For  the  determination  of  u^jj^t), 

Sll,k(t)  and 

®31Jk 

( t )  we  have 

the  differential  equations  (J,  k  ■ 
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together  with  the  initial  conditions  (7.76).  The  other  physical 
quantities  S,.k(t),  z1Jk(t)  and  ®21Jk^  J>  k  =  0,  1  are 
solutions  of  tne  differential  equations  j,  k  =  0,  1: 


^4 

and 
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and  the  initial  conditions  (7.80). 
In  the  general  case 


■  |.<r)  ♦ 


The  solution  can  be  found  by  superposition  of  the  solution  of  the 
steady  state  problem  corresponding  to  g0(y),  kio(z)>  ^20^z)  and 
the  solution  of  the  non-steady  state  problem  corresponding  to 

bi;L(x,z),  b21(x,z). 

The  special  problem,  where  there  are  a  wavy  bottom  or  wavy 
canal  walls  can  be  treated  in  the  same  manner,  no  additional  diffi¬ 
culties  arise.  k  Thus  the  whole  problem  which  appears  in  connection 
with  the  considered  motion  of  a  ship  of  Michell's  type  in  a  canal  of 
variable  breadth  and  depth  is  reduced  to  the  solution  of  a  system  of 
integro-differential  equations.  Only  if  the  problem  is  symmetrical 
with  respect  to  the  x,z -plane: 
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B±  =  B?  =  B  ;  g(x,-y)  =  g(x,y)  ;  bx(x,z)  =  b2(x,z)  =  b(x,z) 

can  the  solution  of  our  problem  be  given  in  an  explicit  form.  This 
special  case  will  be  the  subject  of  a  future  publication. 

It  is  clear  that  our  theory  which  is  here  given  for  the 
special  case  of  a  ship  of  Michell's  type  can  without  any  difficulties 
be  carried  over  to  the  cases  of  a  planing  ship  or  a  ship  of  yacht- 
type  hull.  Only  the  boundary  conditions  on  the  ship's  hull,  the 
dynamic  equations  of  motion  of  the  ship  and  the  integral  equations 
for  the  surface  distributions  have  to  be  reformulated.  Especially  in 
the  case  of  the  planing  ship  uniqueness  theorems  can  be  proven  in  a 
manner  similar  to  that  given  by  Peters  and  Stoker'^'  for  the  motion 
of  a  planing  ship  in  a  seaway. 


Schwtrpunkt 


The  fixed  x,y,z-  and  the  moving  x,y ,z-coordinate  system 
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ON  VOSSERS'  INTEGRAL 

E.  0.  Tuck 

Department  of  Mathematics 
University  of  Manchester 


Slender  Ship  Theories 


Let  us  consider  the  uniform  translation  of  a  rigid  body  (ship) 
situated  at  our  near  the  gravitational  free  surface  of  an  infinite  inviscid 
incompressible  ocean  which  is  at  rest  apart  from  the  disturbance  produced 
by  the  passage  of  the  ship.  This  is  a  well  formulated  boundary  value  pro¬ 
blem  in  hydrodynamics,  but  as  it  is  non-linear,  in  order  to  approximate  it 
by  a  mathematically  tractable  linearized  problem  it  is  generally  necessary 
to  assume  that  the  disturbance  produced  by  the  ship  at  the  free  surface  is 
small.  In  practice  this  means  either  that  the  ship  is  deeply  submerged  or 
the  ship  itself  "small"  in  some  sense. 

For  many  years  the  only  successful  and  mathematically  sound 
approach  to  problems  of  the  latter  type  has  been  that  usually  associated 
with  the  name  of  Michell( 1898),  and  the  theory  of  Michell,  or  "thin",  ships 
has  reached  its  highest  stage  of  development  in  the  work  of  Peters  and 
Stoker  (1957).  Since  thin  ship  theory  is  based  upon  the  same  type  of  appro¬ 
ximation  as  is  used  in  the  thin  aerofoil  theory  of  aerodynamics,  one  is 
tempted  to  try  another  technique  used  by  aerodynamicists  for  linearizing  their 
problems,  namely  the  theory  of  slender  bodies.  Recently  several  authors 
working  independently  (Vossers  1962,  Maruo  1962,  Tuck  1963)  have  been  success¬ 
ful  in  establishing  slender  ship  theories  for  the  case  of  steady  motion  which 
are  broadly  on  the  same  basic  as  aerodynamic  slender  body  theory. 

Vossers'  approach  is  perhaps  the  least  like  the  traditional  aero¬ 
dynamic  method  instituted  by  Ward  (19^9^*  Vossers  formulates  the  linearized 
problem  as  an  integral  equation  using  Green's  functions,  and  by  constructing 
the  approximate  form  of  the  Green's  function  in  the  slender  region  (i.e.  in 
a  region  near  to  a  straight  line)  occupied  by  the  ship  obtains  a  first 
approximation  to  the  potential  in  this  region.  Although  Vossers'  analysis 
is  unnecessarily  complicated  and  contains  numerous  serious  errors,  his  method 
has  much  to  be  said  for  it  from  the  point  of  view  of  mathematical  rigour,  and 
it  would  seem  worthwhile  applying  it  to  the  original  aerodynamic  problem  as 
well.  In  spite  of  errors  Vossers  obtains  a  wave  resistance  formula  by  inte¬ 
grating  hull  pressure  which  is  only  wrong  by  a  factor  of  four. 

Maruo  represents  the  ship  by  a  volume  distribution  of  sources  and 
then,  by  non-dimensionalising  his  problem  with  distances  in  cross-sectional 
planes  stretched  compared  with  axial  distances,  reduces  the  volume  distribu¬ 
tion  to  a  line  distribution  (except  at  the  ends  of  the  ship).  The  strength 
of  this  line  distribution  may  now  be  shown  by  arguments  similar  to  those  of 
Ward  to  be  proportional  to  the  axial  derivative  of  immersed  cross-sectional 
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area.  The  wave  resistance  follows  from  results  of  Havelock  (1932),  and 
Maruo  obtains  essentially  the  same  resistance  formula  as  Vossers,  together 
with  some  new  end -effect  terms. 

Perhaps  a  reason  why  the  development  of  slender  ship  theories 
has  lagged  so  long  behind  that  of  thin  ship  theories  is  that  in  the  latter 
case  the  hull  boundary  condition  may  be  approximately  applied  on  the  plane 
surface  to  which  the  ship  shrinks  as  its  beam  tends  to  zero,  whereas  it  is 
not  mathematically  feasible  to  apply  boundary  conditions  on  the  line  in 
three  dimensions  to  which  a  slender  body  shrinks.  This  is  why  it  is  useful 
to  consider  the  problem  with  a  distorted  co-ordinate  system  such  as  Maruo 
used,  since  in  the  new  co-ordinate  system  the  body  does  not  shrink  down  to 
a  line.  However,  in  this  "inner"  region  we  can  say  little  about  how  the 
flow  behaves  at  infinity  and  to  complete  the  solution  it  is  necessary  to 
also  consider  the  original  physical  space  with  the  ship  shrunk  down  to  a 
line.  In  this  "outer"  region  the  only  possible  disturbance  is  on  the  limit' 
ing  line,  so  that  the  flow  behaves  like  a  line  distribution  of  (Kelvin) 
sources  of  unknown  density.  The  solution  to  the  problem  may  now  be  com¬ 
pleted  by  matching  the  behavior  of  the  inner  and  outer  solutions  in  a 
supposed  common  domain  of  validity.* 

Thus  in  the  inner  region  the  disturbance  potential  becomes  two 
dimensional  in  cross-sectional  planes,  and  behaves  at  large  distances  r 
from  the  ship  in  such  planes  like  a  2D  line  source  of  known  strength; 
in  fact 

0  ~  —  S'(x)  log  r  +  b(x)  (l) 

JT 

where  U  is  the  speed  of  the  ship,  and  S(x)  is  the  immersed  cross- 
sectional  area  as  a  function  of  the  axial  co-ordinate  x  .  The  function 
"b (x)"  is  a  constant  in  planes  of  constant  x  ,  and  is  arbitrary  until 
matching  takes  place. 

On  the  other  hand  (Tuck,  1963)  the  outer  solution  behaves  for 
small  r  like 

0  ^  a(x)  log  r 
0° 

-  |  /  da(|)  {  sgn(x-s)  log  2  |x-||  +  |  Hq  (k(x-S)) 

-00 

+  (2  +  sgn  (x-0)  \  Y0(k|x-$')}  (2) 


*This  is  a  brief  and  inadequate  symmary  of  a  singular  perturbation  technique 
of  wide  applicability  in  applied  mathematics.  The  method  of  inner  and  outer 
expansions  has  been  mainly  used  ti"l  now  for  problems  involving  viscous  flow 
at  low  Reynolds'  number  and  a  very  careful  rigorous  statement  of  the  princip 
involved  is  given  by  Lagerstrom  and  Cole  (1955)* 
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where  sgn  =  +  1  according  to  the  sign  of  its  argument  and  ,  YQ  are 
Struve  and  Bessel  Y  functions  respectively  (Erdelyi,  1953,  pp.  8,  37). 
That  is,  the  outer  solution  behaves  like  a  2D  line  source  of  unknown 
strength  a(x)  together  with  a  function  of  x  (and  of  the  constant 
k  =  g/lT  )  which  is  determined  uniquely  from  a(x)  .  Now  matching  the 
inner  and  outer  solutions  together  giv<.s 


a(x)  =  -  S' (x) 

7t 

00  n 

b(x)  «  -  j  /  d  S'(|)  {  sgn(x-5)  log  2  | x-| |  +  “  Hq  (k(x-f)) 

—  00 

+  (2  +  sgn  (x-S))  ~  Yq  (k|x-||)}  (4) 

so  that  both  solutions  are  now  rendered  complete  and  unique.  Vossers  has 
given  a  result  similar  to  our  Equation  (l)  but  his  formula  for  the  function 
corresponding  to  b(x)  as  given  by  (4)  is  incorrect. 

The  formula  (4)  has  an  interesting  physical  description.  Let  us 
consider  separately  the  ranges  of  integration  |  >  x  and  t  <  x  .  In  the 
former  case  the  Struve  and  Y  functions  occur  only  in  the  particular 
combination  "HQ  -  Y0"  which  is  well  known  (Erdelyi,  p.  38)  to  be  a  mono¬ 
tone  decreasing  function  of  its  (positive)  argument.  Hence  this  portion 
of  the  range  of  integration  does  not  contribute  to  the  wave-like  character 
of  the  disturbance,  which  is  what  we  should  expect  since  it  is  a  contribu¬ 
tion  from  disturbance  points  behind  the  point  x  of  observation  (we  have 
chosen  axes  such  that  the  ship  moves  in  the  negative  x  direction). 

Further,  the  kernel  of  the  integral  in  (4)  is  bounded  as  |  x  +  , 

since  the  "log"  term  precisely  cancels  the  logarithmic  behavior  of  the 
Yq  function. 

On  the  other  hand,  when  5  <  x  the  kernel  contains  a  different 
combination  of  log,  Hq  ,  and  Yq  ,  retaining  all  the  oscillatory  nature 
of  the  Bessel  and  Struve  functions,  and  behaving  logarithmically  as 
i  -*  x-  .  Thus  this  portion  of  the  range  of  integration,  which  corresponds 
to  disturbance  ahead  of  the  observer,  contributes  most  to  both  the  wave-like 
and  source-like  nature  of  the  flow  near  the  ship.  This  description  of  the 
behavior  of  the  function  b(x)  has  more  than  qualitative  importance,  since 
it  can  be  shown  (Tuck,  1963)  that  the  amplitude  of  the  trans/erse  wave 
either  in  front  of  or  behind  the  ship  is  proportional  to  b'(x)  .  In 
front  of  the  ship  we  must  have  |  >  x  so  that  no  waves  are  predicted, 
whereas  far  behind  the  ship  we  ce 1  predict  from  the  asymptotic  behavior 
of  the  Hq  and  YQ  functions  that  there^is  a  wave  system  with  wave  number 
k  and  with  amplitude  decreasing  like  x”  2  • 
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Vossers1  Integral 

The  wave  resistance  may  be  found  either  from  the  inner  potential 
by  pressure  integration  along  the  hull,  or  from  the  outer  potential  by  use 
of  Havelock  on  source  distributions,  and  the  same  answer  is  obtained  in 
both  cases.  Thus  by  a  pressure  integration  we  have  the  wave  resistance  as 

00 

R  =  -  p  /  dS(x)  (U  b  ’  (x) ) 

-00 

00 

=  p  U  /  dS'  (x)  b(x) 

-00 

=  -  \  0  U2  7  7  dS’(x)  dS'(|)  Y0  (k|x-£|)  (5) 

<C  —00  —00 

since  only  that  part  (involving  ±Q  )  of  the  kernel  in  (4)  which  is  an 
even  function  of  its  argument  will  contribute  to  the  above  integral. 

(The  reason  why  Vossers  is  able  to  obtain  the  oorrect  form  of  the  resis¬ 
tance  integral  is  that  the  error  in  his  expression  for  b(x)  involves 
omission  of  some  odd  terms  only  from  the  kernel. )  If  it  is  assumed  that 
S(x)  vanishes  identically  outside  a  finite  interval,  the  length  of  the 
ship,  then  the  above  Stieltjes  integral  may  be  written  as  a  finite 
Riemann  integral  involving  the  second  derivative  S"(x)  ;  however,  if 
S'(::)  is  not  continuous  over  the  whole  real  axis,  then  extra  terms  will 
be  introduced  at  the  points  of  discontinuity,  and  Vossers  supplies  these 
explicitly  for  the  case  when  S'(x)  does  not  vanish  at  the  ends  of  the 
ship. 


The  formula  (5)  may  be  called  the  Vossers  integral  in  dimensional 
form.  Non-dimensional  formulations  are  sometimes  (but  by  no  means  always) 
more  useful.  There  are  innumerable  methods  of  carrying  out  non-dimension- 
alisation,  but  in  the  present  context  the  most  meaningful  is  that  based  on 
displacement,  as  used  by  Maruo.  For  definit£ness  let  us  assume  that  the 
ship  is  of  finite  length  L  and  that  S '(+£■)  =0  ,  so  that  the  end-effect 
terms  do  not  occur.  Thpn  we  put 


o(t)  =  i  s(-jr) 


where  A  is  the  displacement, 

L/2 

A  =  /  S(x)  dx 

-L/2 


(6) 
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Hence  we  have 


1 

/  dt  a  (t)  »  2 
-1 

In  terms  of  o(t)  ,  Vossers'  integral  becomes 


(7) 


R 


1 

2 


-  (^)2  f(F) 


(8) 


where  we  have  defined  a  resistance  coefficient  f(F)  of  the  form 

tr  1  1  |t,-tP| 

f(F)  =  -  J  f  /  dtx  dt2  ^”(*2)  y0  (“Zp - )  (9) 

-1  -1 

with  F  «  -Mm  =  7=  as  the  Froude  number.  There  are  other  useful  forms  for 
ygL  ykL 

the  resistance;  e.g.  a  "p's  and  q's"  form  is 


f(F) .  7  ♦  q8<^>  do 

where 

1  ikt 

p(k)  +  i  q(k)  =  /  dte1Kl  o"(t)  (11) 

-1 


is  the  Fourier  Transform  of  a"(t)  .  Also  it  is  sometimes  convenient  to 
use  a  "hull  function"  form,  with 

f(F)  =  Y  /  dv  Yo  (jk)  H(y)  C12) 

o 


where 


1-v 

H(v)  =  4  /  du  ct"(u  +  v)  c"(u  -  v) 
-1+v 


(15) 


High  Speed  Approximations 


The  integrals  (9)  or  (12)  can  easily  be  approximated  for  large 
values  of  F  using  known  behavior  of  the  YQ  function  at  small  values 
of  its  argument  (Erdelyi,  p.  8).  The  result  from  ( 12 )  is 


f(F)  -  f 0  +  fjF*1*  +  A  F"3  log  F  +  f2  F-8  +  0(F_12log  F)  +  ... 


(lit) 


where 


f  *  -  /  dv  loggr  H(v) 


(15) 


1  1  o 

f-,  =  r  /  dv  log  r  v  H(v) 
J-  H  o  e 


(16) 


"  §4  I  dv  l0Ee  r  V  +  yz  ^2  +  l0Be  2'  t1?) 


etc.  It  may  easily  be  demonstrated  (Tuck,  1963)  that  fQ  and  f^  are 
non-negative,  and  that  the  contribution  of  the  integral  to  fg  and  further 
terms  is  of  ever  diminishing  importance  compared  with  the  constant  terms 
involving  Euler's  constant  y  ,  which  occur  in  all  f n  ,  n  >  2  . 


Now  the  terms  actually  written  down  in  the  above  series  (14) 
already  give  information  about  the  highest  peak  on  the  resistance  curve, 
for  (l4)  clearly  breaks  down  at  a  value  of  F(<  l)  such  that  the  terr 
F-°  log  F"  sends  f  negative,  whereas  as  F  tends  to  indinity,  f 
tends  to  the  non-negative  value  fQ  from  above  (since  f^  is  non-negative). 
In  fact  there  are  plausible  grounds  for  estimating  the  position  of  the  last 
peak  as  that  value  of  F  for  which  the  "f-®"  terms  cancel  each  other, 
i.e.  at  F  =  F0  ,  where 


(18) 


Further,  we  may  gain  an  even  rougher,  but  universal,  estimate  of  this  peak 
by  putting  *2  —  ^  ^2  +  106  2  ■  7)  -  0.1515  ••  in  this  formula,  i.e.  by 
neglecting  the  contribution  of  the  integral  to  ( 17 ) .  This  gives  FQ  =  0.466.. 
if  exact  values  of  fg  are  used  in  any  particular  case,  somewhat  higher 
values  of  FQ  are  obtained,  in  the -range  0.45  to  0.5.  This  appears 
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to  agree  to  the  accuracy  expected  with  experimental  observations,  and  the 
fact  that  Fq  does  not  appear  in  experiments  to  depend  strongly  on  the 
shape  of  the  hull  is  a  reflection  of  the  fact  that  f2  is  not  much  differ 
ent  from  O.I515  for  practical  ship  shapes. 

If  further  terms  in  the  series  (l4)  were  used,  the  lower  limit 
of  F  for  which  the  formula  is  valid  might  well  be  pushed  down  to  the 
practical  operating  range  of  ships;  as  it  stands  the  formula  (l4)  ceases 
to  give  sensible  results  for  F  below  about  0.4.  It  is  possible  (Tuck, 
1963)  to  make  low  speed  approximations  similar  to  those  obtained  by  Kotik 
(Wehausen,  195?)  for  Michell's  integral,  but  these  seem  to  have  no  quanti¬ 
tative  use;  in  any  case  the  full  Vossers  integral  itself  is  not  expected 
to  be  valid  for  small  F  . 


Minimisation  at  High  Speed 


Maruo  (1963)  has  given  a  method  for  finding  the  shape  a(t) 

which  gives  least  drag  in  terms  of  Mathieu  functions.  It  may  be  worth 

noticing  that  at  high  speed  a  very  simple  result  (Tuck,  1963)  is  obtained 

for  the  minimisation  of  the  coefficient  fA  .  The  full  kernel  has 

o  o 

now  reduced  to  a  log  function,  and  the  integral  equation  for  the  minimisation 
problem  can  be  solved  by  use  of  Hilbert  transforms,  giving 


a(t) 


8_ 

3k 


(19) 


(normalised  by  (7)),  with  a  corresponding  resistance  at  infinite  Froude 
number  of  f  =  32  .  This  is  the  least  possible  value  of  fQ  ;  the  same 
ship  would  give  a  resistance  of 

00 

f(F)  -  64  /  dr  [Jg  (SfH*)]2  (20) 

o 

at  finite  F  ,  but  the  latter  is  of  course  not  by  any  means  the  least  pos¬ 
sible  value. 
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DISCUSSION 


by  G.  R.  G.  Levison 


The  experimental  confirmation  of  Mr.  Tuck's  theory  as  to  wave 
resistance  is  a  little  distant,  as  indicated  by  results  described  yester¬ 
day,  but  I  should  like  to  mention  some  other  results  which  I  have  computed 
and  may  be  of  interest. 

Firstly,  the  function  b,  of  Equation  (4),  or  rather  its  deriva¬ 
tive  (b')  with  respect  to  x,  has  been  calculated  for  a  range  of  speeds. 
The  general  behavior  is  much  as  described  by  Mr.  Tuck,  and  b'  is  very 
small  and  non- oscillatory  ahead,  and  oscillates  with  decreasing  amplitude 
astern  There  are  discontinuities  of  slope  at  the  ends,  x  «  +  1;  within 
the  body  [the  function  resembles  the  wave  profile  as  experimentally  ob¬ 
served,*  when  corrected  by  two  small  terms  dependant  upon  the  section 
area  derivative].  This  resemblance  is  more  noticable  as  speed  increases, 
and  is  fair  at  f^.}. 

Secondly,  the  position  of  the  last  hump,  for  my  choice  of  model, 
is  given  quite  well  by  the  calculations  of  page  10;  in  fact  f  ro  .49 
theoretically,  in  close  agreement  with  the  experimental  value  for  one 
model  of  F  =  .47. 

Thirdly,  the  calculated  wave  resistance  coefficient,  propor¬ 
tional  to  Tuck's  f(F)  of  Equation  (l4),  .seems  to  behave  very  much  as 
indicated  by  this  equation,  at  high  speeds,  and  to  approach  a  minimum 
value,  which  remains  quite  large,  as  the  speed  increases  further. 

*  As  mentioned  yesterday  by  Mr.  Tuck  in  his  discussion  of  Professor 
Takahei's  paper. 
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by  J.  N.  Newman 


I  should  like  to  outline  an  alternative  approach  to  the  wave 
resistance  of  a  slender  body.  This  is  based  upon  the  relatively  simple 
analysis  of  the  far-field  potential  through  Green's  theorem.  For  a 
point  in  the  interior  of  the  fluid  we  have 


0  -  jjff  //  (<#n  -  0Gn)  dS  +  0  (£3  log  £) 


where  the  integral  is  over  the  submerged  surface  of  the  body,  and  the 
Green's  function  G  represents  the  potential  of  a  source  satisfying 
the  linearized  free  surface  condition.  Now  we  can  apply  the  above 
relation  to  a  point  in  the  far-field,  whence  G  and  Gn  are  non¬ 
singular  and  0(l)  .  On  the  other  hand,  from  the  solution  of  the  first 
order  problem  in  the  near  field,  0  =  0(£2  log  £  )  while  0n  =  0(£  )  . 
Thus  for  points  in  the  far-field  the  above  equation  reduces  to  the  simple 
relation 


<f  -  //  °0n  dS  +  0  (£  5 


log  £  ) 


and  the  first-order  far-field  potential  consists  simply  of  a  source 
distribution  of  known  strength.  Since  the  far-field  potential  is  suffi¬ 
cient  for  the  determination  of  the  wave  resistance,  the  above  relation 
may  be  used  for  this  purpose.  Moreover  it  suggests  an  explanation  of 
the  fact  that  the  first  order  slender  body  wave  resistance  is  so  closely 
related  to  Michell's  integral,  for  the  Mitchell  potential  for  a  thin 
ship  is  also  a  source  distribution  of  strength  0n  . 

The  above  approach  can  also  be  carried  out  to  second  order, 
providing  a  relation  for  the  far-field  second-order  potential  in  terms 
of  the  first  order  potential  in  the  near  field. 
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by  H.  Maruo 


I  appreciate  Mr.  Tuck  and  Mr.  Joosen  who  obtained  independently 
and  simultaneously  the  right  expression  for  the  velocity  potential  of  a 
slender  ship.  When  Dr.  Vossers  and  I  got  the  wave  resistance  formula  for 
the  slender  ship  independently  last  year,  there  was  a  difference  between 
our  results  unfortunately.  However,  the  results  presented  here  show  a 
thorough  agreement,  in  spite  of  the  methods  by  which  the  formula  is  de¬ 
rived  are  different.  Therefore  we  can  conclude  that  the  slender  ship 
theory  can  claim  its  right  as  a  consistent  theory.  I  wish  to  point  out 
some  of  the  difficulties  when  the  slender  ship  theory  is  considered. 

That  is  the  higher  singularity  which  appear  in  the  kernel  of  the  integral. 
In  the  case  of  the  ship  form  which  has  finite  angle  of  entrance,  a  special 
treatment  is  needed  for  the  end  singularities  in  order  to  secure  a  con¬ 
verging  integral.  For  a  ship  form  with  pointed  nose,  this  difficulty 
does  not  appear  in  the  calculation  of  the  wave  resistance,  but  if  we  need 
to  discuss  the  surface  profile,  singularities  occur  at  both  ends.  Though 
the  slender  ship  theory  looks  nicely  as  a  linearized  theory,  it  does  not 
necessarily  so  if  a  practical  application  is  considered,  as  we  can  see 
in  Mr.  Lewison's  result.  One  of  the  Teasons  is  the  fact  that  the  theory 
assumes  free  surface  as  a  rigid  plane.  The  basic  idea  of  the  slender 
ship  is  to  regard  the  fluid  flow  near  the  body  surface  as  two-dimensional, 
and  this  assumption  is  so  strong  as  to  be  satisfied  by  the  second  approxi¬ 
mation  as  well.  The  assumption  of  the  rigid  free  surface  however  is 
much  weaker  than  it.  It  does  not  hold  in  the  second  approximation.  When 
the  second  approximation  is  considered  in  order  to  obtain  a  better  agree¬ 
ment  with  the  actual  phenomenon ,  a  difficulty  appears  again  from  the 
higher  singularity.  Converging  form  can  be  obtained  only  for  a  very 
sharp  pointed  form  with  cusps.  This  case  is  by  no  means  practiced.  This 
fact  suggests  that  the  perturbation  scheme  is  not  regular.  Some  special 
techniques  are  needed  to  handle  the  end  singularities.  Multipole  expan¬ 
sion  cannot  be  applied  to  the  slender  ship  with  finite  forward  velocity. 
Anyway,  the  theory  presented  here  is  the  only  self-consistant  linearized 
theory  for  a  slender  ship,  and  it  should  be  highly  evaluated. 
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AUTHOR'S  REPLY 


Professor  Maruo's  remarks  are  very  pertinent.  Time  did  not  allow 
discussion  of  them  in  my  presentation,  but  in  my  thesis  (Tuck,  1963)  I  in¬ 
vestigated  in  detail  all  the  questions  raised  by  Professor  Maruo.  In  parti¬ 
cular  I  obtained  a  second  approximation  with  the  properties  described  by 
him,  viz.  it  is  still  derived  from  a  two-dimensional  potential  function 
but  not  from  a  rigid  wall  boundary  condition  and  it  is  indeed  very  badly 
behaved  at  the  ends  except  for  cusped  ships.  These  end -effects,  which  are 
analogous  to  those  experienced  in  thin  aerofoil  theory,  clearly  need  special 
treatment  in  some  sort  of  singular  perturbation  scheme. 

Dr.  Newman's  method  of  constructing  a  slender  ship  theory  is  very 
useful,  especially  insofar  as  it  indicates  the  essential  similarities  (and 
differences)  between  thin  and  slender  ship  theories.  The  application  of 
his  method  to  finding  a  second  order  potential  would,  however,  be  very 
difficult  since  the  second  order  potential  depends  essentially  on  non-linear 
effects  from  the  free  surface  condition  near  the  ship.  Thus  a  naive  approach 
which  assumes  the  usual  linearized  outer  free  surface  condition  to  be  valid 
everywhere  does  not  work  (in  spite  of  the  fact  that  the  linearized  condition 
is  valid  even  for  the  second  approximation,  except  in  the  inner  region  near 
the  ship). 


The  fact  that  the  qualitative  and  asymptotic  descriptions  given  in 
my  paper  seem  to  agree  well  with  calculations  for  a  specific  hull  form,  as 
reported  by  Mr.  Lewison,  suggests  that  simple  approximations  to  the  full 
slender  ship  results  (such  as  the  high  speed  asymptotics  of  Equation  (l4)) 
may  be  as  useful  as  detailed  computations .  One  should  not  In  any  case  expect 
much  quantitative  agreement  with  experiment  from  a  theory  which  itself 
requires  severe  approximations  in  its  derivation,  and  the  chief  merit  of 
slender  ship  theory  may  well  be  the  simplicity  of  some  of  the  final  results 
which  may  be  utilized  in  qualtative  deductions. 
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SUMMARY 


The  paper  consists  of  two  parts .  The  first  part  deals  with  the 
steady  forward  motion  of  a  slender  ship.  The  velocity  potential  and  wave 
resistance  arising  from  the  motion  are  calculated  and  the  problem  of 
minimum  resistance  is  discussed  and  some  numerical  examples  are  given. 

In  the  second  part  a  slender  ship  oscillating  at  zero  forward  speed  is 
considered.  Again  the  velocity  potential  is  calculated.  An  integral 
equation  for  the  corresponding  two  dimensional  problem  is  among  the  results 
of  this  part. 

The  basic  ideas  are  essentially  the  same  as  those  in  Vossers's 
work,  but  it  appears  that  Vossers's  method  of  calculation  can  be  improved 
and  that  his  results  are  not  complete. 


INTRODUCTION 


Attention  has  been  paid  recently  to  the  wave  resistance  of  ships, 
having  small  beam  and  draft  compared  with  the  length  and  advancing  at  a 
Froude  number  of  order  one.  Vossers(l)  started  from  the  complete  linear¬ 
ized  three  dimensional  solution  of  the  velocity  potential  by  means  of 
Greens  theorem  and  expanded  this  expression  in  terms  of  the  small  para¬ 
meter  a  ,  representing  the  ratio  of  both  draft  and  beam  to  the  length  of 
the  ship. 


The  starting  point  of  Maruo(^)  was  Havelock's  formula  for  the 
wave  resistance  of  a  source  distribution  representing  the  ship's  hull. 

This  formula  was  developed  with  respect  to  a  as  well.  The  total  source 
strength  of  every  section  and  the  source  density  at  stern  and  bow  appear 
in  the  final  result.  These  unknown  quantities  are  deduced  from  the  boun¬ 
dary  condition  on  the  hull.  The  two  terms  depending  on  the  source  density 
at  stern  and  bow  are  missing  in  Vosser's  formula,  which  suggests  that  his 
expansion  with  respect  to  a  might  be  imcomplete.  The  purpose  of  the 
first  part  of  this  paper  is  to  derive  a  formula  for  the  velocity  potential 
and  the  wave  resistance  in  a  more  accurate  way.  The  starting  point  is 
tbe  formulation  in  wave  source  distribution  using  the  Green  function  for 
the  free  surface  condition. 

The  problem  of  a  slender  ship  oscillating  at  zero  forward  speed 
is  attacked  in  the  second  part  of  the  paper  with  the  same  method  as  used 


in  the  first  part.  Different  results  are  obtained  for  small  and  for  larg 
frequencies.  For  the  special  case  of  a  slender  body  of  revolution  Ursell 
solved  this  problem  recently  by  means  of  axial  line  distributions  and 
Fourier  transforms .  The  first  terms  in  his  expansion  are  also  found  with 
the  method  in  this  paper. 


It  is  shown  that  for  large  frequencies  the  potential  is  in  a 
first  approximation  the  same  as  the  two  dimensional  potential.  For  this 
case  an  integral  equation  is  derived  for  the  unknown  distribution  function . 

It  is  believed  that  the  formulation  as  will  be  discussed  in  the 
following  sections  can  be  useful  for  the  solution  of  the  full  problem  of 
the  slender  ship  oscillating  at  forward  speed. 


PART  I 

THE  VELOCITY  POTENTIAL  AND  WAVE  RESISTANCE 
FOR  STEADY  FORWARD  MOTION 


1 .  The  Velocity  Potential 

In  the  co-ordinate  system  used  in  the • following  the  x^,y^ 
plane  coincides  with  the  free  surface .  The  origin  moves  with  the  ship 
speed  V  in  the  same  direction  as  the  ship  and  the  z-axis  is  taken 
positive  in  upward  direction. 


8 
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The  hull  surface  is  assumed  to  be  of  the  form: 

yi  =  fi(xl,z1)sgny1  (1.1) 

with 


V5’°)  r  fd"  |’0)  *  0 


The  length  of  the  ship  is  L  ,  the  Beam  B  and  the  draft  T.  The  draft 
at  stern  and  bow  is  d_L  .  The  form  of  the  section  is  denoted  by  C(x^) . 

The  velocity  potential  0  (x^,  yj_,  z^)  should  satisfy  the 

equations: 


0  +0  +0  =0.z-j<0 

'xlxl  ^Wl  *lzl  1  “ 


V20 


xlxl 


g0zi  -  0 


z-j_  =  0 


(1.2) 


where  differentiations  are  denoted  by  subscripts. 


The  boundary  condition  on  the  hull  is 


d0  -  v  ^1 


dn 


dxi 


sgnyx 


where  n  is  a  co-ordinate  in  the  direction  normal  to  the  surface  S  . 


The  following  dimensionless  quantities  are  introduced 
L  L  L  „  L 

X1  -  j  t  *1  ‘  0  I  1l  Z1  '  0  2  V1  “  0  5  " 

fl(xi,z1)sgny1  =  a  k  f(t,,  ?,)  B0  -  —  (1*3) 

d  gL  L 

0(x1,yi,z1)  =  Vxx  +  a‘v|  cp(^1,T)1,  tL) 

o  L 

o“V-  <p(^,q^,C’)  is  the  potential  due  to  the  disturbance  of  the  uniform 
motion  of  the  fluid  .  The  most  important  term  occurring  in  the  slender 
body  theory  is  the  zero  order  term  in  a  of  <p(£i> Hi*  Cl)  •  The  deriva¬ 
tion  of  this  term  is  the  purpose  of  the  following  procedure. 


The  conditions  for 

<p(Si»ni»  Ci) 

are 

a2®,  ,  +  cp 

Wl  Wl 

%Ci '  0  ’ 

1  A 

o 

cm) 

°  P0  <P{lSl  +  ^  - 

0 

o 

n 

(1.5) 
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fvx=  \  +  +  °(°)  =  fli  ’  \  =  (1*6) 

The  potential  q>  can  be  written  in  the  form 
1 

-  /  d|  /  F(e,£)at  GU,n,C;l1,i1, 5,)  d.7) 

1  -i  o(o 

where  G(£, tj,  £. , £^)  Is  Green's  function  for  (1.4)  satisfying  the 
free  surface  condition  (1.5).  The  unknown  distribution  F(£,£)  is  to 
be  determined  from  the  boundary  condition  (1.6). 


Following  a  suggestion  of  Prof.  Timman  of  the  Technical  Univer¬ 
sity  at  Delft,  such  a  form  for  G  was  chosen  that  a  splitting  up  of  the 
integration  over  E  and  £  in  more  than  two  areas  as  was  done  in  the 
work  of  Vossers,(l/  can  be  avoided. 


With  this  in  mind  and  neglecting  terms  of  order  higher  than 
zero  (cf.  Appendix  A-3)  is  taken 


G(i> £]_)  = 


'/(t1-02+®s(Vf)2+°2(£  i-£)2 
_ 1 _ 


(1.8) 


oo  1 

r  P  ipa(  (;,+(;) -paacosh2T 

/  dr  /  P2_  e^  dp1 

J  J.  BnP-1 


+Pb(l1-OsinhT 

+ipc(p,1-|)coshT 


with 

a  =  ^(Sj  +  5)2  +  (^-f)^ 

b  =-{  ^  }1//2sgn(ii1-f)  (1.9) 

c  =  /  2a+Ul+C)  I1/2 
1  4a  1 


means  the  real  part  and  the  contour  M  passes  the  pole  in  the  upper 
half  plane. 
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The  potential  (1.7)  becomes: 
.1 


<!>(!!,  V?,)  *  A*  /  F<s-S)  , _ _ 


-1 


2 

+  ~  ! 


c(0+C(l)  '^Sl-S)2+02(li-f)S+0?(ti-S)5 


00 


1  A*  A<‘'» 

-1  C(s) 


M 


(1.10) 


sr.o  [ijpo(  ^1  +  0-Poacosh2T+pb(S1-|)sinhT 

- Pc:(sj  “t  )cosli  ]  dp 


where  C(0  is  the  contour  obtained  by  reflecting  C(|)  with  respect 
to  the  £-0-tj  plane. 


The  first  integral  of  (1.10)  can  be  considered  as  the  poten¬ 
tial  associated  with  the  motion  of  a  body  in  an  unbounded  medium.  The 
slender  body  theory  for  that  case  is  well  known  and  can  be  found  f.i. 
in  Ward.'*4')  Because  this  part  of  the  velocity  potential  gives  no  con¬ 
tribution  to  the  wave  resistance,  the  discussion  is  restricted  to  the 
second  integral: 


1  oo 

V  VW  -  -  fh- 1  .  A‘  J  f^/dr 

-1  C(0  —  (1.11) 


ej$>[ipa(  {;i+£)-paacosh2T+pb(£jL-0sinbT+ipc(t 


The  integration  contour  M  can  be 
changed  by  closing  the  contour  at 
the  upper  side  if  (|^-£)  >  0  and 
at  the  lower  side  if  (£^-|)  <  0  . 


j,-|)coshT  ]  dp 


'  — 
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The  separation  of  the  £ -interval  is  made  in  order  to  ensure  the 
convergence  of  the  integrals  on  the  lines  with  completely  imaginary  argu¬ 
ment  . 

00  00 

- f  ^/45/  f?/dT/ifen 

-1  C(0  -00  o 

exp  [^pa(^+^)-iraacosh2T+ipb(|1-|)sinhT-pc(|1-0coshT]  dp 

+  f  ^1^1 

C(0  •"  0 

exp  [-•ipa(£1+£)+ipaacosh2-r-ipb(£1  -£)sinhT+pc(£^-£)coshr]  dp 

1 

-  4  dE  f  F(e,«d£  | 

5j.  C({) 

exp  +0--^-acosh2T+— (Fn -^)sinhT+— (|, -OcoshT]  dr 

2^o  X  Po  P0  'L  P0  1 

(1.12) 


By  partial  integration  with  respect  to  £  and  deleating  terms 
of  higher  order  than  the  zero-th,  is  obtained: 

- !  P-.  f  n-i,  oac  At  f —  [5po(?i+?,-lpoacosh2T 

n  J  J_  J  i-i«  p 

+ipb(^1+l)sinhT 


C(-l) 


00  00 


-pc(^1+l)coshT]  dp 

♦  s  n.  r  F(1)  s)a5  r, dT  /go  exp  f-  ipoc^o^p^oshST 

n  ^  .  J  J  l+ift  p 

c(l)  -  oo  o  o  -ipb(£^-l)sinhr 

+Pc(^1-l)coshT]  dp 

-  f  P./F(|1,«d?/dT/ifE[5PO(?l+?)'iproCOSh2Tl  dP 


cCfti) 


p+- 

-  00  -  00  p0 
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00  00 


dT  yp0exP  [lpb(l!  -QslnhT-pc(|i  -|)coshTl  dp 
-1  C(0  -»  o 


00  00 


-\L  f  F.(e,£)<H  f  dr  fP°eXP  iPh^l-Osinhr+pcC^-Ocoshr]  dp 

Jt  J  J  *  J  j  1i<A  n 


ex  c(0 


£  1+i^oP 


4  /  F^l"^  d£ /exp  [2^(Sl+0-pCO6h2T]  dT 

0(5!) 


00 

*  /  F(l,5)  d£  / exp[-|—  (£■,+£)-  |-acosh2T+ “•(g1-l)sinhT 

c(D  -«  Po  Po 


C(l) 
1 


Po' 

+ic(^-l)coshT]  dT 


dT 


-  ^  /  d5  /  FeU,t;)d(;  /  exp  -t)sinhT+i^-coshT] 

y  cie)  p°  Po 

51  (1.13) 


After  transformation  of  the  last  two  integrals  in  (1.13)  accord¬ 
ing  to  Appendix  A3,  using  the  representation 


/exp  ripb(|1-e)sinhT-pc(e1-i)coshT]  dT  =  SC^p^-el) 

-00 

(1.1M 


and  neglecting  terms  of  higher  order  is  obtained: 


<PiCei.ni,  Ci)  -f  Ik /F(-i,t)dC /dT /£o _ 

C(-l)  —  o  1"1PQp 


exp  [2P<y(5i+5)-iP°ac08b2T+ipb(e^+l)8inhT-pc(e^+l)co8hT]  dp 
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00  00 


C(l) 


•00 


1+1PnP 


exp[-|pa( C1+5)+ipaacosh2T-ipb(|1-l)sinhT+pc(|1-l)coshT]  dp 


p  p  cosh2T+i  —  (tj.  -f)sinhTCOshT 

+  4  ft,  \  F(l,£)d£  /  e^°dT 

_*  ♦  ~(l1-l)coshT 


C(l) 


—ftif  dp 

"  -i  cio  o  ><p2 


•^r/d5/F5(6'«^/ 


k0(pUx-5|) 


6,  c<5) 


2  2 

o  1  +  enp 


dp 


1  „  ±-(5rS)cOShT 

hh‘-f  dif FS^.C)i? /e  dT 

5l  C({) 


(1.15) 


Denoting  /  F(|,£)d£  by  S(|)  and  with  the  aid  of  the  relation 

c(D 

(l.l4)  together  with 


(4  /  e&° 


“  i-Cl-L-OcoshT 


dr 


-00 


-  -*  Yn  (li-li) 

3o 


(1.16) 


and 


/ 


PoKo(pUi-6|)  dp  =  4  {  H0(L5,1'S|)  -  Y0  (iiill)  } 
o  i  +  e|p  Po 


where  HQ  is  the  Struve  function  and  Y0  the  second  Bessel  function,  for 
the  potential  in  a  point  >  at  SOme  distance  from  stern  and  bow  is 
obtained: 
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■PjUi.ni.ti)  *  ^(Si)  =  -'•■t  s(i)  Y0(ilii)  +  i«  f'  S{({)  « 

*  itS(l)  {H0(i^i)-  Y0(^ii)}  +  nS(-l)  {H0(ilii)  -  Y0(illi)} 

'0  Pq  Pq  Pq 

♦  itfSlS5(6){H0(Jii^i)  -  Y0(Hili)}d5 


-  «/'se(|){„0(i^ii)  -  Y0(lillii)}d6 


(1.17) 


The  velocity  potential  at  bow  and  stern  can  be  written  as 


<Px(M.?i)  »  -'t  f  f(i, t)in{jjf- ■J ( ti+cpt.  (n-^-f)2}  a? 


"(i) 

+  itS(-l){H0(“)  -  Y0(|-)}  +  it  j  S^OfHoCr1) 


-  ^(r1)}  d5 


(1.18) 


<ra.(-i,ni,  *  >*f  f(-i,Oh>  {^--Jlti+O^fni’-f)2}  a;  -  4ns(i)  y0(|^) 

c(-D 

+  *  f  : 8t(t)  Vj^  ♦  ttS(l){H0(|-)  -  Y0(§-)} 


-  k  rs.(6,{Ho(i±i)  -  Y0(ili)}  at 


(1.19) 


where  the  relations  are  used 
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p  “i  Pa(Ci+5)+P<Jacosh2T-ipb(5-,-l)sinhT-fpc(|-|-l)coshT 
lim  (V  f  1°  c2  dp  .  < 

i>  1+lpoP 

- o - * 


7'b  e  2  pa(Ci+C)-ipaac°sh2T-Hpb(|i+l)sinhT-pc(ii+l)coshT_o_aCoSh 
lira  (  /  -  dp  -  -2jre  Po  +  0(a) 

o  1“i0°P 

_ CL _ >  (1.20) 

811(1  K°^20o  ^  £l+£)^+(  li"**)2)  =  -ln  {^“  ^  (  Ci+C)2+(T)i-f>)2}  +  0(olna) 

The  expressions  for  the  potential  at  stern  and  bow  differ  from 
the  formulas  found  by  Vossers  and  only  the  first  two  terms  of  formula 
(1.17)  appear  in  his  results. 


Hence  the  total  velocity  potential  becomes: 


<pU1,ti1,£1)  =  As  f  F(^£) 
-1  <to)«c(0 


*S 


^lUiiVSi) 

(1.21) 


From  (1.17),  (1.18)  and  (1.19)  it  follows  that 


0 

dv 


Therefore  the  boundary  condition  (l.l6)  becomes: 


T-  F&i  [ F(i,0  ,  - 

Vl  •  '  '/(li-l)2-.d2(vf)2+°2^i-^2 


c(i)+c(e) 


-  f,  (1.22) 

51 


Taking  into  account  only  the  zero  order  term,  yields 

/  «*1.£)  W(11.f)2+(?1-5)2  dj  -  -  i 
CCliJ^d!) 


(1.25) 
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Integrating  both  of  the  equation  with  respect  to  £1  over 

the  contour  and  changing  the  order  of  integration  the  following  is  obtained 


/*(e i,C)a?  f  )d5 

C(5i)^(5l)  CUjWli)  C(5i)+C(5i)  (1.2*0 

Since  _ _ 

J  lB  '/(ll-f)a+(C1-0S  1?  -  2n 

c(ll)+^Ui) 

(1.24)  becomes 


s(5l>  =/f(£i,5) dS  -  -  Sfe 

C(5i)  C(5X)  (2' 

where  A(5^)  is  the  area  of  the  section  C(x^) . 

For  ^  =  1  is  obtained 
o 

hifH1’0  ln',^+(?i-5)2  15  =  -  if  d,^) 

-di 


f  qjF(i, » 

i  i?+(Si-02 


(!,?!> 


(1.25) 


for  i), o  : 

F(^l>  '  -fef5i(1^l) 

and  in  the  same  way:  (1.26) 

f(-i,Ci)  -  -sr  V1'^ 

By  substituting  (1.25)  and  (1.26)  in  (1.17)  through  (1.19)  the 
problem  is  solved. 
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2.  The  Wave  Resistance 


The  wave  resistance  of  a  slender  ship  can  be  calculated  by 
integrating  the  pressure  over  the  surface  of  the  ship: 

1 

ySpE^!  (2.1) 

-1  0(1!) 

where  the  pressure  p  follows  from  Bernoulli's  law,  which  is  for  the 
steady  case,  deleting  higher  order  terms 

p  =  o2  p  V2  <p  (fcx, rji,  Si)  (2.2) 

The  only  contribution  to  the  resistance  arises  from  tjj_,  £^)  . 

Therefore  the  dimensionless  resistance  R  becomes 

1 

B  "  ip  V*  l2  ‘  •  I  °kfdhf 

2  '1  0(5!)  (2.3) 


After  one  time  partial  integration: 


K-  -  {  Jv id,  11,  Ci)f|i(i,  SiJdCi  -y  T>i(- i,ii,  Ci)f5i(-:L,  Si)«Ci 

c(l)  c(-l)  1 

+  ‘»n/sSi(5i)<Pi(6i)d6i}  (2.1*) 


Substituting  (1.17)  through  (1.19)  in  (2.4)  results  in: 

o  0 

R--i 

*■  -  d-i  -  di 


dl 

o 


-d]_  "dl 

-  l6*2S(l)S(-l)Y0(f^)  -  l6n2S(l)  /s5(5)Y0(^1)d5 
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+  i&t2s(-i)/se({)if0(^i)de4e«2/st:1({1)as1/s{(e)Y0(iii^ii)dtj 

(2.5) 

(2) 

This  is  the  same  expression  as  Maruov  '  found  and  it  differs  from  Vossers's 
formula  only  in  the  first  two  terms. 

For  convenience  sake  the  new  variables 

i  =  2u-l,  s  =  ai,  e  -  of,  d  -  od1(  S({)  =  -  (2.6) 

are  introduced. 


For  (2.5)  is  obtained: 

o  o 


R  1  ‘  8  [»/ «u(l>sl)dsl  f  8 I  fHsl+sl}ds 

L  -d  -d 

0  o 

+  f /8u('1’Sl)d8l  f  8u(*1*«MJ  p“lslfsl}ds 

-d  -d  ^ 

r\ 

-  AjljAjojYoJ-)  -Vl)  J  *uu(“)lfo  {§-(l-u)}du 

O  o  0 

1  1 
+  M°)j  Wu)Yo(f^du+  §/  Auiui^ul)dul 

o  o 

1 

/ Auu(u>Yo  {f^lul-u l}du  J 


(2.7) 


It  is  assumed  that  A(u)  has  the  Fourier  expansion 


A(u)  =  Z  sin  nnu 
n=l  n 


and  that  g(u,s)  is  constant  fore  and  aft. 


(2.8) 


Therefore 


8u(1’s)  *  id  n5r  (-1),>n  “n 


s“(*1',)  =  at  n=!  n  a" 


(2.9) 


It  can  be  proved  by  substitutions  and  partial  integration  that: 

1  1 
/  2  n-fl  P  2 

J  sin  nrtu  Y0  |~(l-u)J.du  =  (-1)  J  sin  nrm  YQ(p“u  )du 

°  °  o 

1  1 

J  sin  nio^  du  J  sin  nutu  YQ(~-  lu^-u^du 
o  o  0 

n+m  1  1 

=  ^^2  {  n  J  simrwu  Y0(|^u)du-m  J  sin  nnu  YQ(^-u  )du  }  ,  m^n 

o  o 

r 1  n1  2 

J  sin  du^  J  sinnrru  Y0| — |u^-u|}du 


mJBln  ™u  Yo(f^)du  +  nf (l-u)sin  mm  *i(f^}du 


(2.10) 


With  the  notations 


^n(Po)  =  *  fs 


sin  nnu  Y0(f-u)du 
Po 


(2.11) 


Bn(p0)  «  it  J  (l-u)  slnmtu  Yx(|-u)du 


the  final  result  becomes: 


R  =  f[h  <1  -*>  ^){(  j^-D^)2  ♦  ( j^)2} 

+  +  (n|l(-1)nnan)(J1(-l)nnVn(Po)) 
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(|inan)ffin2anAn(e°))  +n|1.lmn2'"2  ^J)(rtn(e0)-"Vl>o,>V 


-  L  n2(A  (p0)  +  Bn(fs0 )  )a® 
n-1 


(2.12) 


To  obtain  numerical  results  the  series  have  to  be  broken  off 
after  a  finite  number  of  terms  N  and  for  an  has  to  be  taken: 


J. 

=  2  ^A(u)  sin  nnu  du 


(2.13) 


For  the  determination  of  the  minimum  wave  resistance  the  following 
expression  is  needed: 


M  _  y  k 

dak  “nil  Vk  an 


(2.14) 


After  some  elaboration  of  the  formulas  is  obtained: 

b2n, 2k  '  r  ft  (l  -tojg)(2n)(2l0+2(2k)(2n)  Y0(gj> 

+  2(2k)(2n)(2nA£n+2kA2k)+  ggffigg  ^ 

b2n+l , 2k+l  ‘  T  [l(l  -ta|;)(2k+l)(2n+l)-2(2k+l)(2n+l)  Y0(|j) 

+  2(2k+l)(2n+l){  (2n+l)A2n+1+(2k+l)A2k+1} 

4.  ?(2n+ll2.(21gl)g  J(2k-KL)A21-(2n+l)A  }  1 

(2n+l)2.(2k^l)2  1  2n+1  2k+l/  J  n/k 


b2k,2k  =  -l«^)(2k)2+2(2k)2  YQ(§4  +4(2k)5A2k+2(2k)5(A2k+B2k)} 


,  i2/  24  .„,2S. 


2  „  /2 


b2k+l,2k+l  -  §{  -ta£)(Sk-l)‘-2(2k+l)‘  Y0(^) +M  2k+l )  ^ +1 

*(»*1)5<A  «B  )} 


b2n+l,2k  =  0 


:  b  =  o 

’  2n,2k+l 


(2.15) 
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The  expression  for  the  dimensionless  displacement  is: 
V  1  p],  v,  1  v  l-(-l)n 

D  -  7?  "  S  J  A<u>du  *  5?  nSx  n  -  an 


(2.16) 


The  wave  resistance  is  reduced  to  a  minimum  in  the  condition  that 
the  length  L  and  the  displacement  V  are  kept  constant. 


Therefore  should  be  satisfied: 


(R+  X  D)  =  o  ,  k  =  1,2,3-  -  - 


and 


1  «  l-(-l)n  . 

StF  ^  n  an 


n=l  n 


(2.17) 


an 


If  6n  is  defined  by  6n=-^  it  follows  that 


n^bn,k®n  “  4^  >  k  =  -  i+nD{ri?'i  ~^n  ^n} 


Lnally  is  defined  by 


an  =  Dq^  ,  where 


^  (I  ^ 


(2.18) 


(2.19) 


The  5n's  can  be  calculated  from  (2.18)  by  breaking  off  the 
series  after  a  finite  number  of  terms. 

The  curve  of  sectional  areas  is  determined  by  the  formula 
00 

A(u)  =  D  EQn  sin  nnu  (2.20) 

n=I 

As  an  example  the  wave  resistance  is  calculated  for  the  shipform: 


|  =  0.! 


T 

L  =  °*05 


A(x)  =  0.02  sin  itx  ,  o  <  x  <  1 
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The  values  for  R  are  shown  in  the  graph  below: 


Concerning  the  problem  of  minimum  wave  resistance  it  may  be  noted  that 
according  to  the  relations  (2.15)  and  (2.18)  the  ^'s  with  even  indices 
are  equal  to  zero. 

00 

Therefore  (2.20)  becomes  A(u)  *  D  E  Q^+iSin^+lJmi  ,  which 

shows  that  in  this  case  the  curve  of  sectional  areas  is  symmetrical  with 
respe.ct  to  the  midship  section. 


Part  II 


THE  VELOCITY  POTENTIAL  FOR  THE  MOTION  OF  A  SIENDER  SHIP 
OSCILLATING  AT  ZERO  FORWARD  SPEED 


1.  The  Case  of  Small  or  Moderate  Frequency  Parameter 

• - -  ■  - u 

The  same  method  is  followed  as  in  section  1  of  part  I.  Only 
swaying,  yawing,  heaving  and  pitching  harmonic  motions  are  considered. 
The  linear  displacements  of  the  C  G  of  the  ship  and  the  rotations  of  the 
ship  are  assumed  to  be  small  of  order  a  and  we  put: 


L  —  ivt 

y0  =  <*  2  6 


♦r 


—  ivt 
0  *o  e 


*0  -  0  \  to  0iWt 

*O=0XO  elVt 


(1.1) 


If  the  amplitudes  of  the  rolling  and  surging  motion  are  of 
order  a  ,  they  will  contribute  to  the  slender  body  theory  only  in  a 
higher  order  approximation  (cf  Vossers'1').  The  velocity  potential  is 
made  dimensionless  by  writing 


0(*l,y1,z1,t)  =  o2  g  |  e 


iwt 


(1.2) 


The  definitions  of  the  other  variables  are  given  in  (1,1.5). 


Deleting  terms  of  higher  order  the  boundary  condition  on  the 
hull  becomes 

^  i*L'f  5^1'  >  5L  =  2g" 

The  potential  9^(1^,^,  is  written  as 

1 

<p(l1,i1,?1)  -  / 45  jr({,s)  0(i,i,C;  51,i1,?i)dC  (1.4) 

-l  C({) 


On  account  of  the  result  (A-5)  of  the  Appendix,  may  be  written: 


_ 1 _ 


_ 1 _ 

^  (l1-Oc!+o;ii(Ti1-f)<:;+a2(C1+0^ 
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+  2iti5Le',5L(?1+5)H^1)(lL/(l1-5)2+o2(ilrf)2  ) 


.  SiJ.  e'^dX 


o  v  (4i-D2+c^(t)i - f ) 2+{ ® £) + x}  2 
Developing  the  last  two  terms  with  respect  to  a  ,  yields: 

am  .  Si  f 

L'i',({1-t)W(Vf)2+T2 


(1.5) 


♦  25, 


rff(ei+?)-6LT 

J  7=  , . =  ==.♦  o(g) 

^  (i1-t)2+a2('l1-f)2+T2 


(1.6) 


With  the  relation 

/ =  f  ^-O^Tnx-f)2  )1P  /e-^co=pTdT 

=  ^  Z'  ko(p ^Ui-!)2+o2(ni-f’)2  )  ^ 

«  -  “ 

0  p2^E 

=  §  {  H0($L  N^Tl-5)2+°2(Tll-f)S  ) 

-  Y0(ftL/(ei-ft)2+o2(ni-f)s‘ )  } 

(1.6)  becomes: 

2*i{L  H^1>(eL'/(t1-e)ii+«»S!!(*i1-r)ii )  -  *6L{H0(iL'/Tri-5)2+o2(i1-f)ii ) 

B— *  o(Ci+{) 

(51-t)2+02(li-f)2  )}  +  25l  ^  _ dr _  +  Q(0j 

'/(Sl-l)2+o2(TVL-f)2+T2 
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With  /  F(£,£)d£  =  S(|)  and  assuming  £r  to  be  0 (l)  or  smaller,  the 

'c(e) 

potential  for  Ujl^l  can,  deleting  terms  of  higher  order  than  zero,  be 
written  as 


<p(Ei,ii,E)  -  fa  i  7  ,  ==_ 

-1  C(e)+C(£)  '^(5i-6)2+o2C'li-f)2+o2(?1-02 

1 

+  <tEL/s(5){2iH'1)(5LU1-6|)-H0(tL|51-5|)+Y0(5L|Sri|)} 


(1.7) 


Expansion  of  the  first  term  results  in  (cf  Ward^^): 


n 

<p(ei»H,E1)  -  -2  J  F({1(  {)  liw  M"(li-f)2+(  Cl-  E)2  <H+2S(-1)  IteU+Ei) 

C(li)+^(4i)  1 

+2S(l)ln2(l-|1)+2  J  S^(e)ln2|l1-e|d|-2  J  SeU)ln2|  £r|  |d£ 
1  -1  &1 

(1.8) 


The  integral  equation  for  F(£,£)  is  obtained  from  the  boundary  con¬ 
dition  (1.3) 

I;  J  F(ilL5)m<jv/(n1-f)2+(E1-C)‘idC  =  -  fuJVW<VVi)VSl’ Si5} 

1  cU^+cUi) 

from  which  follows  in  the  same  way  as  the  derivation  of  formula  (1.25) 
of  part  I: 

S<Ei)  =  -  ^L{(VVl)r(5l)+^o-*oEl)b(5l)}  t1^) 

where  r(|,)  =  /  d£  is  the  length  of  the  contour  C(|.)  and 
JC 

b(|1)  =  f(|^,0)  is  the  beam  at  the  point  ^  . 

For  a  slender  body  of  revolution  formula  (1.8)  becomes  the  same 
as  Ursell  found  in  Reference  3- 
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2.  The  Case  of  Large  Frequency  Parameter 

Xi 

t -n 

The  frequency  parameter  is  assumed  to  be  =  IB  ,  where 

a 

u)2b 


=  2g  " 


(2.1) 


The  definition  of  the  potential  is  the  same  as  in  the  preceding  section. 
The  displacements  are  chosen  as: 


.«?£-  iwt 


-  r  5  v 


-  a2 


_  iwt 


*o  =  ^  *o  e 


9  L  T  lwt 
>  zo  =  ^  2  V 

?  -  iwt 

,  x0  =  XQ  e 


For  Green's  function  is  taken  the  form  (A -6): 

1 


sf 


(6l-{)2+o2(Tl1-f)2+o2(51-5)2 

_ 1 _ 

^  Ui-s)2+o2(Tii-f,)2+a2(  5i+02 


oo 


-  206, 


sT 


U  -l  -  e )  2+  o2  ( nx  -  f c+x) : 


^  (6l-£)2+o2(ni-f)2+o2(  Ci+C)2 


} 


dX 


+2«i6Le°5L(  ( 6l  >/  Ui-O^+o^C^-f)2  )  (2.2) 


Substituting  (2.2)  in  (1.4): 

1 

cpUi^i^i)  =  /  dW  F(^o  { 

-i  <no 


(ti-OWfm-f^+oaUi-S)1 


1  1 
^  (£1-e)2+o2(rji-f)2+o2(  £]  +  {)2 


00 


-20iLfe'aiL\xfii  /f({,£){ 


-i  c(i)  ^  (e1-6)2+o2(,n1-r)2+o2(  Ci+5+x)2 
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^(51-5)2+o2(rlrf)2+o2(^^2 

+  2nliLf  dS  f  F({,  Oe^  ?1+?)h;1)  (M  /U1-{)S+o2(li-’f)r )  <H 

-1  C(t)  ,  v 

(2.5) 

After  one  time  partial  integration  with  respect  to  |  of  the 
first  two  integrals,  using  the  asymptotic  behavior  of  the  Hankel  function 
and  neglecting  terms  of  higher  order,  the  potential  becomes: 

<p(8l»1l>El)  »  F(51>^Hln0^r-^(ii-U5+taij/(ii|-f)2+(^1+C)'2}  dj 

C(lx) 

00 

+  e  a?LXdx  J F(fi1,C)lnaV’(Ti1“f)2+(C1+5+x)ii 

c(ex) 

+  2^2*  lh  1  f  di  f  F(|,5)eeB(^1+C){ - ■<  °  -  ■  }2 

a  -1  c(|)  (^1*5)  +o2(’lx"f)2 


ilB^di-D^Cru-f)^  -  fi 
e  adC  4 


(2.4) 


By  applying  the  method  of  stationary  phase  on  the  last  integral  is 
obtained: 

2' rs*  T  1  /d6  /F(S' 5)e5B(  .V„2,_  .J 


Is  i  y'ds  J  F({,y. 


5b(Ci+0 


w  -1  c(0  *B  V(ii-02+a  (m-f)" 

i^/Cll-OS+oSC^-f)2  -  Ji  «  lB^l+C)+ilB(Tll-f) 

e  d£  =  4«i /  F(|x,  £)e  d£ 

CUi)  . 

(2.5) 

Substitution  of  (2.5)  in  (2.4)  yields  the  final  result 


9(5.1, ’ll,  ?l)  *  / F(l1(?)  f -21n  s/Tv^P+T^p- .21„  J  (n^fP+Ui+I)7 

C(5i) 

r-i  „x  , - 5 - 2-  iB{(5i+C)+i(vf)} 

+  4jb  Je  B  In ,/( TU'f )  +( ti+  ?+X) *dx  +4nle 


(2.6) 
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This  zero  order  term  is  exactly  the  same  as  the  potential  for  the  motion 
of  an  infinite  cylinder  with  section  C(|^)  ,  which  follows  from  (A-7) . 

From  the  boundary  condition 

*  %  (VVi  +  (V*oU)f?1(5i.5i)} 

it  follows  that 


,1  ^  (n.-f)2+(t.+C)2 


C(ti) 


(n1-f)‘i+(?1+C)' 


r-lBx 

+2^b  r  ni-f+(Ci+S+x)fe  (5i,Ci) 

o  - - - - — - —  dx+2*i$  {i+f  t  U^)} 

(Vf>  +(Ci+5+^  1  r 


exp  t5B{(?1+C)+i(l:l-f)}1' 


d?  *  «B{VVi+(«o-’W1)fe1(Si’Si>} 


(2.7) 


This  integral  equation  determines  the  source  distribution  F(|^£)  • 


APPENDIX 


GREEN'S  FUNCTION  FOR  THE  FREE  SURFACE  CONDITION 


A  Green's  function  for  the  free  surface  condition  can  be 
derived  by  different  methods.  See  f.i.  Havelock,^)  Timman  and  Vossers,(6) 

Peters  and  Stoker.  (7) 


For  the  steady  case  it  is  usually  expressed  in  the  dimensionless 


form: 


(li-5)2+02(ni-n)2+°2(£i-O2  J 


n 

,2 


.  i_  ^  rd9  r 

M 


q{a(  5i+C)+ia(n1-T})sin©+i(|1-Ocos©} 

e _  dq 

m  qcosQ-i 


6o 


(A-l) 


means  the  real  part  and  the  contour  M  passes  the  pole  in  the  upper 
half  pxane  in  order  to  satisfy  the  condition  for  oo  .  After  intro¬ 
duction  of  the  new  parameters 


sinhT  =  tg© 

and  p  =  -JL. 

cosh2T 


(A-l)  becomes: 


^  ^)2  >/r(e1-e)2+o2(r)1-Ti)2+cJ2(^  f^2 

00  p[  a(  £)  cosh2T+ia(  t^- tj) sinh-rcoshT+i  ( £ )  cosh-r} 

-  — —  Hx  /  coshTdT  / 
n8o  0  l-L  TD-- 


dp 


-  00 


p-± 

M  Pc 


with  M  : 


1 

P  =  Po 
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or 


(S1-S)2+o2(\-n)2+c>2U1-C)2  ^  (l1-02+o2(n1-,n)2+o2(  ^+02 

00 

•  f  R<./=°'“>TdT/£;e. 


p{ <*(  Ci+5)cosh2r+ia(T)^-T])sinhTCOshT+i(l2_"i)coshT} 

COShTdT  /  g  e  dp 


MP- 

3o 


(A-2) 


where  the  representation 
_ 1 _ 


00 

n 


=  |  J  ^(qa^C^+O^+C^-ij)2  )  cosqC^-Odq 


Q 

p(  a(  Cl+  0 cosh  T+i a( m- n)  s inhTCoshx+i  ( iq- 1 )  cosh-r} 
coshTdT  /  e  dp 


=  ^/cOShTdT  / 


is  used. 


The  third  term  in  (A-2)  cam  be  written: 


w 

J  .-i  /> 


i  /  pcoshr  e  cLt 


p{ o( ^1+^)cosh^T+ia(q1-q)sinhTCOshr+i( t^-t)  cosh-r} 


00 

=  1/ 


00  Pf  ff(  ^i+0cosh^T+ia(Tll~Tl)sinhTCOshT+i(ll"OcoshT} 

e  dT 

00 


which  can  be  transformed  into 


,  4p<j(Ci+0  00  -apacosh(2T+2iT)+ip(li-OcoshT 

->  •  yf-  •- 


-apacosh(2T-2iTo)+ip(|1-0coshT 


/-apu 
e  dT 


} 


o 
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where 


=  p  ^  (  ^i+^)2+(Tll-Tl): 


1  arctg  -2^7  ,  -  -  <  2t  <  - 

2  Cj  +  C  2  -  o-2 


After  substitution  of  new  variables 


J  _  e^Pa(Ci+0^  r  -poacosh2z+ip(^1-|)cosh(2-iT0) 


fe(/ 


e  dz 


”  -paacosh2z+ip(^1-0cosh(2+iTo) 

T  dI  } 

o 

iT0+®  -poacosh2z+ip(i1-|)cosh(2-iT0) 
;  8_  r  r  e  dz 

c*  1  J 


“nT°+  °°  -pacosh2z+ip(^1-|)cosh(2+iTD) 
e  dz  } 

*iTo 

2Pa^l+^  p  -poacosh2T+ip(|^-0  cosh(T-iT0) 

|i/-  *■ 


+  /  e  dT 


■Taacosh2T+ip(  £->-!)  cosh  (t+1t0) 


2P°(Cl+C)  ®  -paacosh2T+pb(g1-0'inhT+ipc(|1-5)coshT 


fiJe  iT 

-00 


v  r2a-(Ci+?),2  ,  ,  f2a+(Ci+0,2 

b  =  -  (  ir  >  ;  =  -  {— rr - } 


with 
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Finally  (A-2)  becomes: 


6 }  Tj  )  ~  r - 

Hii 


00 


+ 


2 

n 


-  —  - -  —  +  — . 

-02+o2(t)1-ti)2+o2(C1+02  ^  (l1-|)2+c32(ri:-n)2+a2(^i+^)2 

2  Pa(  C  +  0-Paacosh2T+pb(51  -|)sinhT+ipc(|->-|)coshT 
Poedp  ± 


PqP-1 


(A-5) 


For  the  unsteady  case  of  zero  headway  the  Green's  function  is, 
see  Peters  and  Stoker (?) 


G(  I )  T*  £>  !]_>  Tll^ 


(ll-l)2+o2(Tl1-Tl)2+a2(  Z±~02  ^  U1-i)2+<J2(Tl1-rl)2+o2C  S-,  +  02 

+  2§l  J eP  0(p  n /  dp 


M 


P-6! 


(A-4) 


with  M  : 


_/C\_ 


P  =  Si 


The  third  term  can  be  written  in  the  form: 


26 l  /e?  (  ^  ^q(p^Ui-6)^(t]1-ti)2  )  dp 
M  P^L 

<J6l(Ci+£)  Cl  'I  , - 

=  2Ki£Le  Ho  (lL^  (6i-6)2+ff2(ni-Tl)2) 

+  25l  J eV  ^  ^  (p  >1  (Si-Q^H^Ctii-ti)2)  dp 

M  P-6L 

♦  d;L  Rt  A  L  ox  Jt^al  r‘:  >'^1pk0(p  J  (i1-62+o2(ii1-Ti)i;)dp 

o  o 
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=  2jti|Le  L  bl  Hq1^  (§L  -/ (e1-6)2-t-o2(n1-n)^) 


2ft  t.  e 


"*LX 

:  cLX _ 

!?f  Ci+C)+X}‘ 


Then  (A-4)  becomes: 


G( ft;  Tj  £;  ^1*  ^1  ^  ~i 


(ftl-ft)2+a2(Tli-Ti)2-»-a2(Ci-02  ^(^i-02-»a2(T]1-r|)2^o2(^1+^)2 


+  2ni^Le  ^  ^Hq1^  (|L  v  "(ft1-|")2-fO£(ni-T))2 


-  2^l  [ e  IlX  dX 


°  ^  (l1-ft)2+<J2(ri1-Tl)2+{a(  Cj  +  O  +  x}2 


(A-5) 


G(ft,n,Sifti,niiSi)  = 


(ll-02+a2(T)i-Ti)2+cf2(  Ci'O2  ^(fti-SJ^c^Ctii-nJ^^lfti+O2 


+  2tt1£  e 
L 


05l(5i+0  (i) 


Ho'  (ftL^Urft^^ni-n)2) 


-  2a|L  /  e'a^X{- 


( ftl-^)2+a2(Tll-T))2^a2C  Ci+^X)2 


(e1-ft)2+o2(n1-n)2^o2(  0: 


}  d\ 


(A-6) 


The  Green's  function  for  the  two  dimensional  case  can  be  found 
by  integration  of  (A-6): 


uo 

6(1),^!,^)  =  f  0(1,7)^;^,^,^)  d£ 
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resulting  in 

g(n,  =  -2  iiW~(T|1-<n)2+( 


+  ^sLv/ e  (T'LXlnN/(ni-n)^+(Ci+C+x)2  dx 

o 


+  U*ieaeI‘{(5l+W+1(ll-'l)} 
(A-7) 


I 
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DISCUSSIONS 


by  J.  N.  Newman 


Mr.  Joosen's  paper  helps  to  anser  some  of  the  questions  which 
have  stenmed  from  a  close  examination  of  Vossers1  pioneering  effors,  and 
as  such  is  most  welcome.  It  should  be  emphasized  however  that  in  one 
fundamental  respect  the  present  paper  differs  from  Vossers,  which  is 
based  throughout  on  the  construction  of  the  velocity  potential  by  means 
of  Green's  theorem.  Mr  Joosen,  on  the  other  hand,  uses  a  source  distri¬ 
bution  of  unknown  strength,  ultimately  determining  this  from  the  boundary 
condition  on  the  body.  I  should  first  like  to  ask,  for  academic  interest, 
why  this  alternative  was  chosen.  Secondly  I  would  question  the  way  the 
boundary  condition  is  satisfied  at  the  ends,  for  as  shown  in  Equations 
(l.l8)  and  (1.19),  depends  on  the  transverse  coordinates  and 
It  would  seem,  therefore,  that  the  end  boundary  conditions  (1.26)  should 
contain  a  contribution  from  the  wave  potential  q>^.  Finally  I  wish  to 
comment  on  the  Green's  function  (1.8)  which  is  constructed  in  an  lngen- 
eous  manner.  The  difficulty  of  breaking  the  hull  integration  into  two 
additional  parts  depending  on  the  sign  of  -  f  is  well  known,  but  I 
wonder  if  it  is  in  fact  possible  to  get  around  this  complication?  With 
regard  to  (1.8),  if  we  consider  |  >  0,  the  integral  over  p  from 

0  to  +i»  is  clearly  convergent,  but  is  this  so  along  the  quadrant,  or 
for  that  matter  along  the  real  axis,  for  the  term 

P*>  (ii  *  0  sin  h  t 

will  tend  to  either  +«  or  -•  depending  on  ;he  sign  of  (rj^  -f). 

If  I  can  be  excused  for  a  brief  discussion  of  the  oscillatory 
problem  in  Part  II,  it  is  especially  welcome  to  see  in  the  same  paper  a 
comparison  of  the  two  cases  where  co^L/g  or  uo^B/g  are  of  order  one. 

In  the  first  case  I  have  obtained  similar  results,  starting  with  Green's 
theorem,  in  a  paper  which  will  appear  in  the  Journal  of  Fluid  Mechanics. 
The  first  case  would  seem  more  practiced,  since  intuitively  one  would 
think  that  the  important  wavelengths  are  of  the  same  order  of  magnitude 
as  *he  ship '8  length,  but  the  resulting  forces  are  relatively  trivial; 
boti.  the  body's  own  inertial  force  and  the  usuad  damping  and  "added  mass" 
forces  eure  of  higher  order  them  the  "Fronde -Krylov"  exciting  and  hydro¬ 
static  restoring  forces.  This  situation  is,  in  a  sense,  even  more  de¬ 
generate  than  the  first  order  thin  ship  theory.  Nevertheless  there  has 
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recently  been  some  rather  startling  experimental  confirmation  of  the 
first  order  slender  body  theory,  with  o^L/g  =  0(l)  ,  for  a  conventional 
ship  hull  at  zero  speed  in  head  waves.  This  comparison  is,  I  believe, 
to  be  presented  by  Dr.  Cummins  at  the  I.T.T.C.  meetings  next  month. 
Although  it  is  a  slight  digression  from  wave  resistance,  I  would  wel¬ 
come  Mr.  Joosen's  comments  on  the  comparative  practical  value  of  the 
two  different  cases  which  he  has  considered. 


by  H.  Maruo 


See  discussion  by  Maruo  in  previous  paper. 


AUTHOR'S  REPLY 


I  wish  to  thank  Professor  Maruo  for  his  contribution  to  the 
discussion  of  my  paper.  I  wonder  whether  it  is  worthwhile  to  perform 
such  a  considerable  amount  of  work  to  obtain  the  second  order  v.erm.  In 
my  opinion  it  is  better  to  consider  a  direct,  numerical  approach  to  the 
problem.  In  reply  to  Dr.  Newman  I  would  like  to  say  that  I  had  no  spe¬ 
cial  reasons  to  make  use  of  source  distributions  rather  than  Green's 
theorem. 


Perhaps  it  would  be  more  straight  forward  to  start  from  Green's 
theorem,  on  the  other  hand  this  would  involve  the  evaluation  of  two  in¬ 
tegrals  instead  of  one. 

From  Equations  (l.l8)  and  (1.19)  it  is  clear  that  the  part  of 
*1>  that  depends  on  f]^,  and  represents  a  two  dimensional  source 
distribution  on  the  line  segment  tj  =  0,  £  >  0  .  Therefore  the  in¬ 

duced  velocity  in  -direction  equals  zero  on  the  line  segment 

nx  -  0,  5<o. 


-7^5- 


With  regard  to  the  difficulty  in  Equation  (1.8)  I  would  re¬ 
mark  that  the  concept  of  generalized  functions  is  used  there.  It  is 
for  instance  possible  to  multiply  the  integrand  by  a  factor 
exp{  t  (£*l)p>/p}  which  c  is  a  small  positive  quantity,  that 

tends  to  zero  in  the  final  result.  Then  it  is  evident  that  the  inte¬ 
grals  over  p  remain  convergent  in  the  whole  quadrant. 

Considering  the  oscillatory  problem  for  the  case 
cd^L  _  2nL  m  ^ 
g  X 

it  can  be  concluded  that  the  corresponding  wave  length  \  is  a  multiple 

o 

of  the  ship  length.  If  for  the  second  case  is  taken  (u  L  =  1  and 

\  6  a 

assuming  0.1  <  a  <  0.2  the  value  of  £  lies  somewhere  between  0.6  and 
1.2.  Therefore  this  case  corresponds  to  the  situation,  where  X  is  of 
the  same  order  of  magnitude  as  the  ship  length. 


LINEAR  THEORIES  FOR  THE  MOTION  OF  SHIPS 


J.  J.  Stoker 


Courant  Institute  of  Mathematical  Sciences 
New  York  University 


LINEAR  THEORIES  FOR  THE  MOTION  OF  SHIPS* 


1.  Introductory  Remarks 


In  this  talk  I  will  not  present  any  new  results,  but  rather 
review  some  previous  work  by  A  S  Peters  and  myself,  and  of  others, 
perhaps  with  some  new  emphasis  and  interpretations 

I  speak  as  a  mathematician  who  has  the  object  of  treating 
the  motion  of  a  ship  in  a  seaway  on  the  basis  of  the  hydrodynamical 
theory  of  a  perfect  incompressible  gravitating  fluid.  In  doing  so, 
the  ship  is  regarded  as  a  floating  rigid  body  in  motion  under  the 
action  of  the  pressure  forces  exerted  by  the  water  on  its  hull,  and 
of  a  prescribed  propulsive  force  No  a  priori  assumptions  concerning 
the  coupling  of  the  motion  of  the  ship  and  of  the  water  are  to  be 
made,  nor  of  the  coupling  between  the  various  degrees  of  freedom  of 
the  motion  of  the  ship  -  rather,  these  effects  are  to  be  calculated 
as  part  of  the  solution  of  the  problem.  If  this  problem  could  be 
solved  for  relevant  ranges  of  the  parameters  involved  it  would 
without  question  (at  least  that  is  an  article  of  faith  with  me)  be 
helpful  in  the  end  in  practice,  even  though  such  important  physical 
effects  as  those  due  to  viscosity,  a  turbulent  wake,  etc.  are  ignored 
Unfortunately  even  the  problem  for  perfect  fluids  is  beyond  the  power 
of  modern  mathematical  analysis  unless  further  simplifications  are 
made,  since  it  is  nonlinear  and  a  free  boundary  occurs  In  such 
situations  a  time -honored  procedure  has  often  led  to  useful  approxi¬ 
mate  theories,  and  that  is  a  linearization  with  respect  to  some 
dimensionless  parameter  that  is  very  small  (or,  perhaps  on  occasion, 
very  large)  ,  ’inis  nr'ans,  in  effect,  that  not  one  problem  but  a  whole 
sequence  of  problems  depending  on  the  parameter  is  considered,  and 
the  solution  is  to  be  approximated  in  a  neighborhood  of  the  zero 
value  of  the  parameter.  Commonly,  this  is  done  by  assuming  tnat 
the  solution  can  be  developed  in  integral  powers  of  the  parameter, 
with  coefficients  that  depend  on  the  space  variables  and  the  time, 
and  that  a  few  terms  in  the  series  will  suffice  to  give  a  reasonably 


*This  paper  represents  results  obtained  at  the  Courant  Institute  of 
Mathematical  Sciences,  New  York  Univ,,  under  the  sponsorship  of  the 
Office  of  Naval  Res  ,  Cont  No.  285(06).  Reproduction  in  whole  or 
in  part  is  permitted  for  any  purpose  of  the  United  States  Government 

1-The  Motion  of  a  Ship,  as  a  Floating  Rigid  Body,  in  a  Seaway:  Comm 
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made  are  listed  in  the  bibliography  of  this  paper  and  will  not  be 
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accurate  solution.  That  is,  in  brief,  the  procedure  to  be  outlined 
and  discussed  here.^ 


The  linear  theories  to  be  described  here  are  all  based  on 
the  assumption  that  the  ship  can  be  regarded  as  a  slender  disk.  The 
motivation  for  this  is  that  the  forward  speed  be  a  thin  disk  so 
oriented  with  respect  to  its  forward  velocity  that  it  can  slice 
through  the  water  without  causing  disturbances  of  finite  amplitude, 
since  the  free  surface  condition  could  not  reasonably  be  linearized 
unless  that  were  so.  Thus  the  linearizations  are  carried  out  with 
respect  to  a  small  slenderness  parameter.  This  is  what  was  done  by 
Michell  in  his  classic  paper  on  the  wave  resistance  of  ships,  though 
he  does  not  put  the  matter  in  this  way.  The  original  purpose  of 
A.  S.  Peters  and  me  was  to  generalize  the  Michell  theory  to  the 
maximum  extent  possible  in  allowing  the  ship  to  be  a  floating  body 


^There  is  some  evidence,  at  least,  that  such  a  procedure  may  be 
reasonable  from  the  mathematical  point  of  view  for  surface  wave 
problems.  Levi-Civita,  in  a  classic  paper,  proved  rigorously  the 
existence  of  plane  progressing  waves  of  finite  amplitude  in  the 
framework  of  the  full  nonlinear  theory  by  showirg  that  the  perturba¬ 
tion  series  in  the  amplitude  as  small  parameter  do  indeed  converge 
to  the  solution.  That  the  series  would  converge  in  the  present 
cases  is  doubtful  unless  special  precautions  were  to  be  taken  at 
the  water  line  of  the  ship,  but  the  author  has  no  doubt  that  the 
perturbation  procedure  yields  a  valid  approximation  in  at  least  an 
asymptotic  sense.  In  this  connection,  it  is  perhaps  worth  observ¬ 
ing  here  that  the  classical  procedure  of  Rayleigh  and  others  for 
the  treatment  of  the  solitary  wave  (which  starts  with  a  nonlinear 
lowest  order  approximation)  has  been  shown  by  Friedrichs  and  Hyers 
to  be  the  correct  lowest  order  term  of  an  asymptotic  perturbation 
procedure  that  is  valid  in  the  neighborhood  of  the  critical  speed 
for  the  g_ven  depth  of  channel;  here  the  parameter  with  respect 
to  which  the  approximation  is  made  is 


i 


with  v  the  propagation  speed  of  the  wave. 
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(whereas  Michell  regarded  it  as,  in  effect,  held  fixed  in  space  with 
the  water  streaming  past).  It  was,  of  course,  necessary  to  make  the 
hypothesis  that  the  oscillations  of  the  ship  should  have  small 
amplitudes;  this  was  done  in  assuming  that  the  quantities  characteriz¬ 
ing  these  motions  could  also  be  developed  in  powers  of  the  slenderness 
parameter.  After  carrying  out  the  formal  developments  in  order  to 
obtain  the  generalization  of  Michell' s  theory  it  was  seen  that  various 
conclusions  of  general  interest  could  be  drawn  simply  from  an  inspection 
of  the  resulting  theory.  For  example,  it  turned  out  that  certain  of  the 
modes  of  oscillation  of  the  ship  are  not  damped  at  least  in  lowest  order 
while  others  are.  In  fact,  the  rolling,  yawing,  and  swaying  oscillations 
are  damped,  while  all  others,  i.e.  the  surging,  pitching,  and  heaving 
oscillations  are  not  damped  to  first  order.  This  conclusion  from  the 
generalized  Michell 's  theory  has  not  been  received  w  .th  happiness, 
since  it  seems  to  be  true  that  for  actual  ships  the  pitching  and  heaving 
modes  are  damped  to  about  the  same  extent  as  the  other  modes.  However, 
that  this  result  would  be  inevitable  in  such  a  theory  is  easily  seen 
upon  a  little  reflect. on.  It  comes  about  because  of  the  way  in  which 
the  slenderness  parameter  is  defined  for  the  generalization  of  the 
Michell  theory,  i.e.  from  the  assumption  that  the  ship  is  a  thin  disk 
the  plane  of  symmetry  of  which  is  the  fore-and-aft  vertical  midsection 
of  the  ship.  In  the  absence  of  friction,  the  only  mechanism  available 
for  damping  is  the  creation  of  surface  waves  which  carry  off  energy  to 
infinity.  Clearly,  for  a  ship  of  Michell' s  type  an  oscillation  of 
infinitesimal  amplitude  in  pitching  or  heaving  (and  surging)  would 
create  surface  waves  having  amplitudes  of  second  order  at  least,  while 
the  other  modes  in  which  the  flat  surface  of  the  disk  is  pressed  against 
the  water  can  cause  surface  waves  of  first  order  when  these  particular 
oscillations  also  have  amplitudes  of  first  order. 

Once  these  observations  were  made,  Peters  and  I  saw  that 
other  ways  of  linearization  could  be  introduced  in  such  a  fashion 
that  the  pitching  and  heaving  oscillations  would  be  damped  to  first 
order.  One  way  to  achieve  that  is  to  regard  the  ship  as  slender  with 
respect  to  the  horizontal  plane  at  the  water  line  -  and  thus  to  regard 
it  as  a  limit  case  in  which  the  ship  is  planing  over  the  water  (cf. 

Figure  l).  Such  a  procedure  recommends  itself  as  quite  possibly 
better  than  that  involved  in  the  generalization  of  Michell 's  theory 
since  it  means  that  it  is  now  the  draft-length  ratio  of  the  ship  that 
is  regarded  as  small  while  in  the  former  case  it  is  the  beam- length 
ratio  that  is  small  -  and  ii  is  a  fact  that  for  most  ships  the  draft- 
length  ratio  is  noticeably  the  smaller  of  the  two  ratios.  The  same 
kind  of  thought  experiment  as  was  carried  out  above  for  the  Michell- 
type  ship  indicates  clearly  that  the  planing  type  ship  would  yield  a 
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theory  for  which  the  heaving,  pitching,  and  rolling  oscillations  are 
damped,  while  the  yawing,  swaying,  and  surging  oscillations  are  not 
damped  (to  first  order).  Finally,  both  types  of  hulls  could  be 
combined  into  what  is  called  in  Figure  1  a  yacht-type  hull;  with  this 
shape  of  hull  all  modes  of  oscillation,  except  the  surging  oscillation, 
would  be  damped.  In  the  following  sections  a  brief  outline  of  the 
results  of  developments  in  these  cases  will  be  given. ^ 


The  Generalization  of  Michell's  Theoi 


Figures  2  and  3  indicate  the  coordinate  systems  employed  in 
what  follows.  The  system  X,  Y,  Z  is  fixed  in  space  with  the  X,  Z-plane 
in  the  undisturbed  free  surface,  and  the  Y-axis  vertically  upward  The 
x,  y,  z  coordinate  system  is  taken  with  the  y-axis  vertical  and  always 
containing  the  c.g,  of  the  ship;  the  x,  z-plane,  like  the  X,  Z-plane, 
is  assumed  to  be  always  in  the  undisturbed  free  surface,  and  the  x-axis 
is  taken  along  the  tangent  to  the  ship's  course  (defined  as  the  projec¬ 
tion  on  the  X,  Z-plane  of  the  moving  c.g.  of  the  ship). 


The  forward  speed  s(t)  of  the  ship  is  by  definition  the 
magnitude  of  the  velocity  vector  of  the  origin  0  of  the  moving 
coordinate  system.  The  angular  speed  o>(t)  of  the  moving  system  is 


^Once  the  possibility  of  various  types  of  developments  is  seen,  some 
investigators  are  tempted  to  the  conclusion  that  it  might  be  a  good 
idea  to  combine  the  advantages  of  various  types  of  approximations  by 
making  developments  with  respect  to  two  or  more  independent  parameters, 
while  here  a  development  in  terns  of  one  parameter  only  is  made.  From 
the  mathematical  point  of  view  such  procedures  are  dubious,  not  to  say 
dangerous,  particularly  if  the  dependence  on  the  parameters  is  asymp¬ 
totic  and  not  analytic.  For  example,  consider  what  might  be  called  a 
cl^ar-cut  example,  i.e.  the  Bessel  functions  (£—)>  and  the  behavior 

with  respect  to  an(i  e2  ^eciP^ere(i  for  fl  ^nd  e2  cl°se  to  zero, 

As  is  well-knovn,  the  behavior  of  these  functions  with  respect  to  the  two 
parameters  is  asymptotic  in  character  and  it  is  quite  complicated,  In 
fact  it  depends  essentially  upon  how  and  €2  are  related  as  they  tend 
to  zero  -  thus  one  is  really  back  again  to  the  case  of  dependence  on 
one  parameter.  On  the  other  hand,  as  an  applied  mathematician,  I  would 
not  rule  out  any  procedure  that  is  proved  to  work  when  tested  by  actual 
experience  -  but  that  is  something  different  from  asking  whether  a  given 
procedure  is  valid  from  a  rigorous  mathematical  point  of  view. 


THE  TWO  MOVING  COORDINATE  SYSTEMS 


Pl«iir«  3 
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fixed  in  terms  of  the  angle  a( t)  shown  in  Figure  2  by  the  relation 


«<t)  .  asiil, 

dt 


or 


(2,1) 


is  CL  is  defined*  to  be  zero  for  t  =  0  (which  implies  that  the  systems 
X,  Y,  Z  and  x,  y,  z  differ  only  by  a  translation  at  the  initial 
instant) . 


Figure  3  indicates  another  moving  coordinate  system  x',  y', 
z'  attached  to  the  ship.  The  x',y' -plane  coincides  with  the  vertical 
lolongitudinal  mid-section  of  the  ship's  hull  ('assumed  to  be  symmetri¬ 
cal  with  respect  to  the  plane)  and  is  assumed  to  contain  the  c  g. 

The  x'-axis  is  taken  at  the  water  line  in  the  rest  position  of  equil¬ 
ibrium  of  the  ship,  and  the  two  systems  x,  y,  z  and  x',  y',  z'  are 
assumed  to  coincide  in  this  position.  The  c.g.  of  the  ship  thus  is 
not  in  general  at  the  origin  of  the  coordinate  system  x',  y',  z' 
fixed  in  it;  the  quantity  y^  is  by  definition  the  vertical  coordinate 
of  the  c.g.  in  the  primed  system. 

As  was  stated  above,  the  physical  assumptions  on  the  flow 
are  such  that  a  velocity  potential  <t>(X,  Y,  Z;t)  exists.  It  is  a  harmonic 
function  of  the  space  variables  that  is  determined  uniquely  by  imposing 
appropriate  boundary  conditions  on  the  free  surface,  over  the  ship's 
hull,  and  at  infinity;  in  addition,  if  unsteady  motions  are  in  question, 
it  is  necessary  to  impose  initial  conditions  at  the  time  t  =  0  As  was 
remarked  in  the  introduction,  this  presents  an  extremely  difficult  non¬ 
linear  initial -boundary  value  problem  that  is  beyond  the  power  of 
modern  analysis  to  solve  (including,  probably,  numerical  analysis  plus 
the  employment  of  the  best  modern  calculating  machines). 

The  method  of  attack  to  be  discussed  in  this  talk  is  an 
approximate  method  based  on  a  development  with  respect  to  a  small 
slenderness  parameter.  For  the  generalization  of  Michell's  theory 
the  slenderness  parameter  is  introduced  by  the  relation 

z'  =  +3h(x',y'),  z'  <  0,  (2,2) 

which  gives  the  equation  of  the  hull  of  the  ship  in  the  primed  system 
of  coordinates;  the  function  h(x',y' )  is  defined  over  the  projection 
A  of  the  ship's  hull  on  the  x',y' -plane.  Thus  (3  is  a  dimensionless 
parameter  which  is  the  ratio  of  two  lengths:  one  a  length  character¬ 
izing  the  beam  of  the  ship,  other  other  a  significant  length  in  the 
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direction  of  the  keel,  say,  and  hence  it  could  be  regarded  as  a  beam- 
length  ratio.  The  whole  idea  of  the  approximate  method  is  to  regard 
the  velocity  potential  C>  and  the  quantities  that  fix  the  motion  of 
the  ship  as  functions  of  the  parameter  3  and  to  develop  then  all  in 
powers  of  3;  the  successive  coefficients  of  the  powers  of  3>  it  turns 
out,  then  are  determinable  as  solutions  of  linear  problems,  and,  what 
is  also  a  highly  important  simplifying  feature,  in  a  fixed  domain  of 
the  space  variables  even  though  the  existence  of  a  free  surface  deprives 
the  original  nonlinear  problem  of  this  characteristic.  Thus  we  assume 
the  following  developments.  For  the  velocity  potential  $  v*e  write 


<Kx,y,  z;t;3)  =  ^1(x,y,z;t)  +  p202(x,y,  z;t)  +  ...  .  (2.3) 

The  free  surface  elevation  t](x,  z;t;3)  of  the  water,  and  the  speed 
s(t;3)  and  angular  velocity  o>(t;3)  are  assumed  to  prove  the  developments 

T)(x,z;tj0)  =  gq1(x,zjt)  +  32T]2(x,z;t)  +  ...  ,  (2.4) 

s(t;3)  =  SQ(t)  +  Ps1(t)  +  32s2(t)  +  ,  (2.5) 

o>(t;P)  =  cof(t)  +  fro^t)  +  ...  (2.6) 


Finally,  the  vertical  displacement  yc(t;3)  of  the  c.g,  of  the  ship 
and  that  its  small  angular  displacements  ©j,  ©2,  ©j  are  assumed  to 
be  given  by 

©.(t;3)  =  3©i(t)  +  3  ©i2(t)  +  ...  ,  (2.7) 

yc(t;0)  =  y'c  +  6yp(t)  +  32y2(t)  +  ...  (2.8) 

It  is  important  to  observe  that  the  forward  speed  s ( t ; 3 )  of 
the  ship  is  assumed  to  have  a  developmert  beginning  with  a  term  of  zero 
order,  corresponding  to  the  fact  that  tb  ■  forward  speed  of  the  ship  is 
finite.  (The  assumption  of  an  infinitesimal  forward  speed  would  be 
very  restrictive,  since  the  ship  resistance,  as  given  by  the  Michell 
theory,  would  then  be  zero. )  All  other  quantities  are  found  to  have 
developments  in  which  the  texm  of  zero  order  is  not  present;  this  will 
be  exemplified  in  the  case  of  the  angular  velocity  o>(t;3)  in  (2.6) 
where  this  term  is  included  -  it  will,  however,  be  seen  later  that 
0)^  =  0  results  from  the  formal  calculations.  Thus  we  may  speak  of 
the  angular  displacements  ©p,  ©2,  ©3  as  the  components  of  an  angular 
displacement  vector  since  they  are  infinitesimal. 
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In  the  end,  the  theory  is  to  be  developed  in  terms  of  the 
x,  y,  z -coordinate  system;  this  requires  that  the  formulas  for 
coordinate  changes  from  the  primed  to  the  unprimed  systems  must 
also  be  developed  in  powers  of  3.  For  example,  the  important 
special  case  of  the  equation  of  the  ship's  hull  takes  the  form: 

z  +  0@21(t)x  -  3wn(t)(y  -  y'c)  -  3h(x,y)  +  ...  =  0  ,  (2.9) 

after  terms  of  order  32  and  higher  are  rejected. 

In  describing  the  motion  of  the  ship  it  is  important  to  put 
the  notation  introduced  here  in  relation  to  the  usual  terminology. 

The  angular  displacements  are  named  as  follows:  ©^  is  the  rolling, 

©2  +  a  the  yawing,  ©^  the  pitching  oscillation.  The  quantity 
3s-^(t)  in  (2.5)  is  called  the  surge,  yc  -  y^  (cf.  (2.8))  fixes  the 
heave,  and 

t 

6z  =  sQa  =  3sq  J  o>^(t)  dr  fixes  the  sway. 

0 

In  addition,  there  are  two  quantities  th-  t  fix  what  is  called  the 
trim  of  the  ship,  i.e.  the  time-independent  values  of  the  heave  and 
the  pitching  angle  that  would  result  for  a  ship  moving  with  a  constant 
forward  speed  over  a  calm  sea.  Thus  the  six  oscillation  components, 
the  two  quantities  fixing  the  trim,  and  the  speed  s0  determined  by 
the  propeller  thrust,  are  nine  quantities  that  serve  to  determine  the 
motion  of  the  ship. 

A  brief  summary  of  the  results  obtained  by  way  of  generali¬ 
zation  of  Michell's  theory  follows:  The  generalization  is  obtained 
by  insertion  of  the  assumed  developments  (2.2)  to  (2.8)  in  all  of 
the  equations  of  the  basic  nonlinear  problem,  including  those  which 
formulate  the  boundary  conditions  as  well  as  the  differential  equa¬ 
tions.  For  example,  it  is  necessary  to  evaluate  <t>x(x,  y,  z;  t;  3)  on  the 
free  surface  y  =  tj(x,  z;t)  in  order  to  write  down  the  boundary  condi¬ 
tion  there.  The  calculation  is  the  following: 
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$x(x,  T|,z;t;3)  =  0[«i(x,  0,  z;t)  +  ^(x,  0,  z;  t )  +  ...] 

+  P^[4>2x  +  n^2y  +  •••]  +  ^ - ] 

=  ^(x,  0,  z;t)  +  ^[r^ixyCx,  0,  zjt) 

+  (t>2x(x,  0,  z;t )  +...]...  .  (2.10) 


We  note  the  important  .•('act  that  the  coefficients  of  all  powers  of  (3 
are  of  necessity  evaluated  at  y  =  0,  i.e.  at  the  undisturbed  equilibrium 
position  of  the  free  surface,  and  this  comes  about  because  the  develop¬ 
ment  for  T)  is  inserted  in  4>x(x,  T),  z;  t;  3),  after  which  <tx  is  developed  in 
powers  of  /3. 

In  the  same  way,  it  turns  out  that  the  consistent  way  to 
satisfy  the  boundary  condition  imposed  on  the  hull  of  the  ship  -  and 
to  all  orders  in  P  -  is  to  satisfy  it  on  the  projection  A  of  the  hull 
on  the  vertical  plane  at  each  stage  of  the  approximation.  In  our 
paper  Peters  and  I  pointed  out  that  this  observation  settles,  from  a 
strictly  mathematical  point  of  view,  an  old  controversy  in  which  some 
investigators  criticize  the  Michell  theory  because  it  does  not  satisfy 
the  boundary  condition  on  the  curved  surface  of  the  hull.  In  this 
symposium  the  same  argument  has  come  up,  so  that  it  is  perhaps  worth¬ 
while  to  state  again  our  view  on  this  matter.  It  is  clearly  not 
consistent  to  satisfy  the  boundary  condition  at  the  actual  position 
of  the  hull  while  linearizing  the  problem  otherwise  since  the  forward 
velocity  is  finite  and  a  hull  of  finite  beam  must  then  create  waves 
of  finite  amplitude,  thus  making  the  linearization  of  the  free  surface 
condition  (including  satisfying  it  on  the  horizontal  plane)  of  dubious 
validity.  In  effect,  such  a  procedure  amounts  to  taking  into  account 
some,  but  only  a  small  fraction,  of  the  relevant  higher  order  terms  in 
0  (of  which  there  are  a  huge  number).  However,  it  could  be  that  such 
a  procedure  might,  with  luck,  furnish  the  most  essential  contributions 
of  higher  order  and  thus  indeed  yield  trustworthy  and  more  accurate 
results.  There  is  even  an  argument  that  lends  this  a  certain  plaus¬ 
ibility,  i.e.  that  the  linear  theory  for  surface  waves  seems  to  mirror 
some  facts  (propagation  speed,  and  shape  of  the  waves,  for  example) 
with  good  accuracy  even  if  the  wave  amplitude  is  rather  large.  Once 
mere  we  have  here  the  question  of  the  value  of  a  given  theoretical 
procedure  from  a  practical  point  of  view,  which  should  then  be  tested 
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by  experiment;  certainly,  mathematical  arguments  justifying  it  in 
the  manner  under  discussion  here  would  be  hard  to  come  by. 

The  results  of  the  development  with  respect  to  3,  up  to 
terms  of  the  order  needed  to  obtain  significant  results  are  as 
follows  -  for  the  case  of  the  generalized  theory.  The  differential 
equation  for  is  of  course  the  Laplace  equation: 

=  0  ,  (2.11) 

valid  for  y  =  0  and  outside  of  the  vertical  plane  disk  A  which  is 
the  orthogonal  projection  of  the  hull  on  the  x, y-plane  in  the  equil¬ 
ibrium  position.  The  boundary  conditions  resulting  from  the  hull  are: 

*iz  ■  -  ®2i)  -  K +  ®2i )x  +  «n(y  -  y;)  on  A+> 

(2.12) 

*12  *  So(hx  +  ®21)  ‘  (“l  *  ®21)X  +'0ll(y  ‘  yc>  °n  A-> 

with  A+  referring  to  the  sides  z  =  0+  of  A;  they  express  the  fact  that 
the  flow  is  tangential  to  the  hull.  It  is  important  to  note  that 
s0(t),  ©2l(‘t)>  u>^(t),  ©n(t)  are  functions  that  describe  in  part  the 
motion  of  the  ship.  The  free  surface  conditions  are 


-gTli  +  -  ®lt  =  0 

“♦ly  ’  SoT1lx  +  ^lt  =  0 


(2.15) 


to  be  satisfied  at  y  =  0.  The  first  of  these  arises  from  the  condition 
that  the  pressure  on  the  free  surface  is  zero,  the  second  is  the  kine¬ 
matic  free  surface  condition. 


Since  the  motion  of  the  ship  is  to  be  determined  by  the  forces 
acting  on  it,  including  the  pressure  of  the  water  on  its  hull,  it  turns 
out  to  be  convenient  to  work  with  the  dynamic  pressure  P(x,  y,  z;t;3)  +  gy 
and  to  develop  it  also  in  powers  of  3;  to  the  lowest  order  it  is  given 
in  terms  of  <t>^  by 


Px(x,y,z;t)  =  SqC-lx  -  «lt  ,  (2.1*0 

and  hence  it,  like  is  a  harmonic  function.  The  boundary  conditions 
(2.12)  and  (2.15)  -  after  elimination  of  from  the  second  -,  yield 
the  following  boundary  conditions  for  Pj_: 
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Plz  =  T  sohxx  -  so°>l  -  2so®21  +  XK  +  e2l)  -  (y  ■  yi)®ll  on  A+ » 


and 


(2.15) 


soplxx  -  2soplxt  +  pltt  +  SPiy  =  0  on  y  =  C  (2.16) 


A  complete  formulation  of  the  problem  requires  the  addition 
of  the  dynamical  equations  for  the  motion  of  the  ship,  and  these  must 
also  be  developed  in  powers  of  3*  To  this  end  it  is  necessary  to 
carry  the  development  to  terns  of  second  order  in  3,  for  the  following 
reasons:  the  speed  s0  of  the  ship  is  of  zero  order,  the  amplitude  of 
the  oscillations  of  the  ship  is  of  first  order,  and  the  ship  resistance 
is  of  second  order.  Only  the  third  of  these  may  need  comment.  Since 
the  mass  of  the  ship  is  of  order  3  -  because  its  volume  is  of  that 
order  and  its  density  is  at  least  bounded  -,  and  its  accelerations 
are  also  of  that  order  it  follows  that  the  resistance  is  of  second 
order.  Or,  as  one  also  knows,  the  wave  resistance  can  be  calculated 
in  terms  of  the  amplitude  of  the  surface  waves  created  by  its  motion, 
in  which  case  it  is  well-known  that  it  depends  on  the  square  of  that 
amplitude.  The  fact  that  the  development  must  be  carried  up  to  second 
order  is  one  of  the  reasons  why  a  careful  (even  though  tedious)  formal 
development  is  made  rather  necessary. 

The  terms  of  first  order  for  the  motion  of  the  ship  furnish 
the  following  relations: 

sQ  =  0  ,  (2.17) 


2pg  j  3hdxdy  =  M13g  , 


3hxdxdy  =  0  , 


A 


A 


[P1]_  dxdy 


[xP]_]+  dxdy 


0  , 


0  , 


(2.18) 

(2.19) 

(2.20) 

(2.21) 


A 
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[yPx]+  dxdy  -  0  .  (2,22) 

Here  M^3  is  the  mass  of  the  ship,  yields  the  dynamic  pressure  to 
first  order,  and  the  symbol  [  ]*  means  that  the  jump  in  passing 
from  A+  to  A_  is  to  be  taken. 

The  equation  (2.17)  says  that  the  term  of  zero  order  in 
the  speed  is  constant,  and  hence  the  motion  in  the  x-direction  is  a 
small  oscillation  (the  surge)  relative  to  this  constant  speed. 
Equations  (2.l8)  and  (2.19)  are  expressions  of  static  laws  of 
equilibrium:  the  first  is  the  law  of  Archimedes,  and  the  second 
requires  the  center  of  buoyancy  to  be  on  the  same  vertical  line 
as  the  c.g.  The  remaining  three  equations  are  dynamical  equations 
which,  through  P^  and  the  boundary  conditions  (2.15)  and  (2.16), 
contain  three  components  of  the  oscillation  of  the  ship,  i.e. 

©11,  ©21  and  <*.  This  is  quite  interesting  because  it  says  that 
Pi_  and  these  three  oscillations  are  in  principle  determined  without 
reference  to  any  other  components  of  the  oscillation.  In  other  words, 
the  motion  of  the  ship,  which  is  fixed  by  P^  is  entirely  independent 
of  th^  patching,  heaving,  and  surging  oscillations  ©31,  y^,  and  S]_. 
This  confirms  a  point  raised  earlier,  i.e.  that  these  components  of 
the  oscillation  create  waves  with  amplitudes  that  are  of  second 
order  at  least,  and  hence  they  have  no  effect  in  determining  Pp 
whir»h  fixes  a  term  of  f.rst  order.  In  addition,  it  is  to  be  expected 
that  the  oscillati  ns  determined  by  ©-q,  ©21,  will  be  damped  out  - 
i.e.  damping  in  rolling,  yawing,  and  swaying  will  occur  -  since  these 
oscillations  create  waves  having  amplitude  of  first  order  which  then 
can  carry  off  energy  to  infinity. 

Finally,  the  terms  of  second  order  in  $  lead  to  the  following 
equations : 

Misi  =  p  f  hx[Pi  +  P£]  dxdy  +  T,  (2.25) 

A 

Mlyl  =  "2pg  ^yl  +  xe51)hdx  +  P  f  hytpi  +  p^]  d*dy, 

L  A 


(2.24) 
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I  0 

i31w31 


=  -2cg©51  (y-  y^hdxdy  -  2ogy} 


xhdx 


x^hdx  ♦  ZT  +  o  '  [xh  -  (y  -  y^)h  ][P^  +  P‘]dxdy 


•  2°eG5l  j  -  •  -  -  J  ‘  y 

L  A 


(2.25) 


We  note  that  line  integrals  of  the  form  ...  dx  occur;  they  refer  to 
integrals  over  the  projected  water  line  L  of  the  hull  The  equation 
(2  23)  ser.es  to  determine  the  surge  s^(t)  and,  by  taking  the  time 
independent  terms,  the  forward  speed  sQ  in  terns  of  the  propeller 
thrust  1  (One  night  also  regard  sQ  as  given  at  the  outset,  in  which 
case  T,  the  wave  resistance  of  the  ship,  w„uld  he  determined,  )  The 
remaining  pair  of  equations  serves  for  the  determination  of  the  pitch¬ 
ing  and  heaving  oscillations  (and  also  the  trim  through  the  time- 
independent  terms)  One  observes  that  the  various  components  of  the 
oscillation  of  the  ship  are  coupled  in  rather  complicated  fashion 
with  each  other  and  with  the  motion  of  the  water 


Equations  [2  25),  (2  2b),  and  (2  25)  confirm  an  important 
conclusion  drawn  eaiiier  i  e  that  no  damping  of  the  surging,  heaving, 
and  pitching  oscillations  occurs  in  consequence  of  this  theory  since 
these  second  order  1  inear  ordinary  differential  equations  have  no 
terms  in  the  velocities  (i  e  the  first  derivatives  of  the  surging, 
heaving,  and  pitching  displacements).  That  this  should  come  about 
inevitably  was  argued  earlier  on  physical  grounds 

It  has  already  been  said  that  the  theory  just  derived  is  a 
generalization  of  Mi  shell's  theory,  which  had  as  its  main  purpose 
the  derivation  of  an  integral  formula  for  the  wave  resistance.  In 
fact,  it  is  possible  to  solve  a  more  general  problem  explicitly, 

1  e  that  in  which  tne  ship  oscillates  only  in  the  vertical  plane 
and  is  travelling  through  a  train  o"  waves  with  crests  at  right 
angles  to  the  course  of  the  ship.  Upon  examining  the  boundary  con¬ 
ditions  (2  15)  and  (2  16)  one  sees  that  they  simplify  remarkably  for 
this  type  of  motion  since  all  of  the  oems  referring  to  the  motion 
of  the  ship  are  zero  except  s0  But  this  means  that  the  boundary 
problem  for  (and  hence  for  the  velocity  potential  <t^)  is  exactly 
the  same  as  it  was  for  Michell  s  problem,  and  one  finds  (cf,  the 
paper  by  Peters  and  me,  p  b45)  that  equation  (2  23)  then  yields 
Michell  s  formula  for  the  wave  resistance.  The  equations  (2.2b) 
and  (2  25 )  thus  can  also  be  solved  explicitly,  but  the  integrals 
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involved  are  much  more  complicated  than  Michell's  integral.  It  is 
thus  clear  that  the  theory  presented  here  is  indeed  a  generalization 
of  Michell's  theory. 


Finally,  this  special  case  gives  rise  to  another  pertinent 
observation,  i.e.  that  resonance  is  possible  at  certain  frequencies 
of  the  wave  trains  in  which  the  ship  is  moving.  The  simplest  case 
arises  if  one  assumes  that  xhdx  =0,  i.e.  that  the  c.g.  of  the 
area  of  the  horizontal  section  of  the  hull  at  the  water  line  is  on 
the  same  vertical  as  the  c.g.  of  the  whole  ship.  In  this  case  the 
differential  equations  (2.24)  and  (2.25)  simplify  remarkably,  as 
follows : 


y‘l  +  41y1  =  p(t) 


(2.26) 


with 


931  +  X2e3i  =  q(t) 


2ps  i 


hdx 


M, 


2pg  [  /  (y-y' )hdxdy  +  /  x2hdx] 


31 


(2.27) 

(2.28) 

(2.29) 


As  one  sees,  these  oscillations  are  not  coupled,  and  two  resonance 
frequencies  given  in  terns  of  X^  and  X2  occur  which  are  fixed  by  the 
geometry  of  the  hull.  The  fact  that  no  damping  occurs  is  also  clearly 
evident. 


3.  Ships  of  Small  Draught -Length  Ratio 

It  was  already  indicated  that  hulls  of  this  type  -  referred 
to  earlier  and  in  Figure  1  as  of  the  planing  type  -  lead  to  a  theory 
with  markedly  different  characteristics  than  that  given  by  the  general¬ 
ized  Michell  theory,  above  all  with  respect  to  which  modes  are  damped. 
In  view  of  earlier  discussions  it  seems  reasonable  to  state  the  facts 
with  little  comment. 

For  ships  of  this  type  the  equation  of  the  hull  with  respect 
to  the  primed  system  of  coordinates  is  best  given  by 

y’  = 


-Ph*(x',z') 


(5.1) 
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with  the  function  h#  defined  over  the  cross-section  B  of  the  hull 
in  the  equilibrium  position  that  is  cut  out  by  the  horizontal  plane 
y  =  0.  Thus  0  may  be  considered  to  be  a  representative  draught- 
length  ratio.  The  solution  of  the  problem  is  then  developed  in 
povcrs  of  this  parameter,  with  the  following  results. 


The  dynamic  pressure  P^_  to  first  order  satisfies  the 
boundary  condition: 


iy 


=  s 


+  2© 


31 


•  • 

)  -  y1 


+  enz 


-  ©51x 


on  B 


(3.2) 


The  free  surface  condition  is  the  same  as  (2.l6),  though  it  now 
applies  only  to  the  part  of  the  plane  y  =  0  outside  the  domain  B. 
Thus  the  determination  of  depends  upon  either  prescribing  or 
otherwise  determining  the  four  quantities  sQ(t),  ©^(t),  y^(t), 
and  ©n(t);  in  particular,  it  is  now  the  pitching,  heaving,  and 
rolling  oscillations  that  are  in  question.  In  accordance  with 
the  introductory  discussion,  and  by  analogy  with  uLat  was  found 
in  the  previous  case,  it  is  to  be  expected  that  only  these  oscilla¬ 
tions  will  appear  to  first  order  when  the  quantities  specifying  the 
motion  of  the  ship  are  developed  with  respect  to  0;  while  the  yawing, 
swaying,  and  surging  oscillations  are  expected  only  from  terms  of 
second  order.  And  so  it  turns  out. 


To  first  order  the  following  equations  for  the  motion  of 
the  ship  are  found: 


-pg 


J  (yl  "  ®llz  +  +  P  f  Pjdxdz  =  0,  (3*3) 


B 


Pg 


B 


-pg 


B 


B 


J  (yi  "  ®HZ  +  ®3lx  *  h*)zdxdz  -  p  j~  P-jZdxdz  =  0  ,  (3*4) 


B 


^  (y^  -  ©.^z  ♦  ©5ix  -  h*)xdxdz  +  p  ^  P^xdxdz  -  0  .  (3*5) 


B 


As  one  sees,  it  is  y^,  ©]_]_,  and  ©^  that  occur,  and  hence  these  equations, 
together  with  the  equations  for  Pj_  furnish  the  proper  number  of  conditions 
to  fix  all  four  of  them. 
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The  equations  of  motion  for  the  remaining  components  of  the 
oscillation  of  the  ship  result  from  consideration  of  terms  of  order 
They  lead  to  second  order  differential  equations  analogous  to 
(2.25),  (2.24),  (2,25)  for  the  quantities  sj_(t),  ©2l(^)>  - 

that  is,  for  the  surging,  yawing,  and  swaying  oscillations,  (The 
ship  resistance  in  relation  to  the  forward  speed  s0  also  is  obtained 
by  consideration  of  the  time -independent  terns  in  the  equation  of 
motion  for  the  x-direction.  )  These  oscillations  are  not  damped,  but 
those  of  the  previous  group,  i.e.  the  heaving,  pitching,  and  rolling 
oscillations,  are  damped. 

Thus,  this  theory,  as  was  already  remarked,  may  well  be  more 
in  accord  with  observations  than  the  Michell  theory  since  it  in 
principle  yields  damping  in  pitching  and  heaving,  and  also  for  most 
ships  the  draught -length  ratio  is  smaller  than  the  beam-length  ratio. 
Unfortunately,  no  explicit  solutions  of  any  kind  have  been  obtained 
using  this  theory,  and  it  would  seem  not  too  likely  that  any  simple 
ones  exist.  Not  even  the  analogue  of  the  wave  resistance  integral  of 
Michell  is  found. 

In  our  paper,  Peters  and  I  formulated  this  theory  and  the 
Michell  theory  in  terms  of  integral  equations  with  the  aid  of  an 
appropriate  Green's  function.  These  are  integral  equations  over  the 
plane  disk  A  in  the  Michell-type  problem  and  over  the  disk  B  in  the 
present  case.  This  is,  at  least  on  a  superficial  view,  rather  reason¬ 
able  since  then  a  linear  problem  over  a  finite  and  two-dimensional 
domain  is  substituted  for  a  three-dimensional  problem  in  an  infinite 
domain  in  which  radiation  conditions  would  have  to  be  satisfied  at 
However,  the  integral  equations  are  singular,  the  Green's  function  is 
given  by  a  complicated  two-fold  integral  (and  thus  the  integral  equa¬ 
tions  themselves  are  in  general  four-fold  integrals),  and  there  are 
singularities  along  the  sharp  edges  of  the  disks.  It  seemed  to  us 
necessary,  therefore,  to  make  sure,  if  possible,  that  the  integral 
equations,  which  would  quite  clearly  be  satisfied  by  a  solution  of 
the  original  problem,  have  uniquely  determined  solutions.  This  was 
done  in  our  paper,  once  rather  reasonable  conditions  from  the  physical 
point  of  view  were  imposed  at  the  edges  of  the  disks  A  and  B.  It 
turned  out  that  the  problems  of  Michell 's  type  are  more  complicated 
than  those  for  planing  ships  since  the  Green's  function  is  simpler 
in  the  latter  case,  and  also  the  uniqueness  theore  1  for  planing  ships 
could  be  derived  for  all  casts  while  for  the  Michell-type  ships  it 
was  proved  only  in  case  the  ship  was  oscillating  without  forward  speed, 
or  had  a  forward  speed  but  was  not  oscillating.  Thus,  the  planing 
ship  problem  may  be  the  one  of  the  two  more  likely  to  yield  to  attack 
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by  numerical  methods,  for  example,  though  it  seems  to  have  no  explicit 
solutions.  We  therefore  think  it  would  be  of  interest  to  produce 
some  numerical  solutions  for  planing  ships  -  it  might  well  be  that 
the  ship  resistance,  for  example,  would  be  given  more  accurately  by 
such  a  procedure  than  it  is  by  Michell's  formula. 


*+.  Yacht-Type  Hulls,  Slender  Body  Theory,  Kelvin's  Theory 

Finally,  it  seems  worthwhile  to  discuss  three  further  theories, 
though  briefly. 

The  yacht-type  hull  of  Figure  1  leads  to  a  theory  developed  by 
Peters  and  me  which  combines  the  features  of  the  two  previous  cases. 

Now  all  modes  except  the  surging  mode  of  oscillation  are  damped  -  in 
accord  with  the  fact  that  all  of  these  modes  of  oscillation  have  the 
effect  of  pressing  a  flat  face  against  the  water.  The  integral  equa¬ 
tion  for  these  cases  is  of  course  defined  over  both  disks  A  and  B, 
and  it  is  quite  complicated. 

In  this  symposium  there  has  been  a  good  deal  of  discussion 
of  what  is  called  slender  body  theory.  This  means  that  the  ship's 
hull  is  regarded  as  slender  with  respect  to  both  beam  and  draught, 
and  hence  the  hull  is  regarded  as  being  collapsed  into  a  line  segment. 
Thus  the  effect  of  the  hull  must  be  replaced  by  an  appropriately 
chosen  distribution  of  singularities  along  the  line  segment.  Such 
an  approximation  is  of  course  much  more  drastic  than  those  proposed 
by  Michell  and  by  Peters  and  me,  and  consequently  a  great  deal  is 
lost.  For  example,  no  damping  in  any  mode  occurs.  On  the  other 
hand,  it  might  be  that  the  ship  resistance  could  still  be  obtained 
with  reasonable  accuracy  in  this  way. 

Kelvin's  theory  of  ship  waves  is  not  usually  mentioned  when 
discussing  actual  ships,  but  it  is  neverthelsee  pertinent.  In  this 
theory,  the  most  drastic  approximation  of  all  is  made,  i.e.  the 
entire  hull  of  the  ship  is  assumed  to  be  collapsed  into  a  single 
point,  and  the  ship  is  thus  regarded  as  a  moving  point  singularity. 

There  is  tnus  only  one  parameter  left  to  describe  the  ship,  i.e. 
the  strength  of  the  singularity,  and  at  first  sight  one  might  feel 
that  such  an  approximation  would  furnish  little  or  nothing  of  value. 
However,  that  is  not  so.  Kelvin's  theory  yields,  even  when  it  is 
treated  approximately  by  means  of  the  method  of  stationary  phase, 
important  aspects  of  the  wave  pattern  created  by  the  ship  that  are 
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in  very  good  accord  with  observation.  For  example,  the  existence  of 
two  different  wave  trains,  the  confinement  of  the  disturbance  within 
a  sector  with  an  angle  fixed  independent  of  the  speed,  the  speed-wave 
length  relation,  the  phase  relation  between  the  two  different  types 
of  waves  -  all  are  correctly  given  by  this  theory.  To  my  mind,  the 
fact  that  such  a  drastic  approximation  gives  these  results  leads  one 
to  hope  that  such  theories  as  that  of  the  planing  ship  might  given 
good  and  useable  results. 
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ENERGY  RELATION  FOR  THE  WAVE  RESISTANCE 
OF  SHIPS  IN  A  SEAWAY 

INTRODUCTION 


The  mechanism  by  which  the  resistance  is  increased  under 
the  influence  of  ocean  waves  has  been  discussed  by  various  researchers 
for  more  than  twenty  years,  but  no  theory  evolved  could  give  a  con¬ 
sistent  description  to  the  source  of  the  resistance  increase  until 
recent  years.  This  was  a  result  of  the  complicated  nature  of  the 
fluid  motion  around  a  ship  in  a  seaway  which  had  been  defying  the 
mathematical  analysis.  The  first  attempt  at  a  theoretical  approach 
seems  to  be  attributable  to  Havelock.  He  discussed  the  horizontal 
force  acting  on  a  thin  ship  moving  aiiong  waves  with  uniform  velocity. 
His  conclusion  was  that  the  extra  force  due  to  the  existence  of  the 
wave  was  periodic,  so  there  was  no  resistance  augmentation  in  the 
order  of  approximation.  An  attempt  was  made  by  Kreitner2  who  pro¬ 
posed  a  semi-empirical  formula  which  gave  the  increase  of  resistance 
in  terms  of  the  wave  reflection  at  the  surface  of  the  ship.  An 
analytical  and  rigorous  calculation  was  made  by  Havelock^  with  respect 
to  the  average  force  which  was  brought  by  the  reflection  of  waves.  It 
showed  a  resistance  too  small  to  give  the  extra  resistance  of  a  ship 
among  waves.  Some  years  later,  Havelock^  made  an  attempt  to  give  the 
resistance  augmentation  in  a  different  way.  The  close  correlation  of 
increase  of  resistance  with  the  ship's  oscillations,  especially  pitch¬ 
ing,  has  been  recognized  as  a  matter  of  fact,  since  Kent's^  resistance 
experiments  in  regular  waves.  Havelock  was  the  first  one  who  estab¬ 
lished  a  theory  which  gave  the  relationship  between  the  increase  of 
resistance  and  the  oscillation  of  ships,  though  the  basic  idea  by 
which  Havelock's  theory  was  developed  was  due  to  Watanabe.®  The 
latter  proposed  a  theory  of  the  drifting  force  experienced  by  a  ship 
rolling  in  beam  seas.  Therefore,  the  theory  may  be  called  the  drift¬ 
ing  force  theory.  It  assumes  the  force  acting  on  the  ship  hull  to  be 
calculated  from  the  fluid  pressure  in  the  ocean  wave  which  is  not 
disturbed  by  the  ship.  This  assumption  is  similar  to  the  hypothesis 
of  Froude^  and  Krilov®  in  the  theory  of  ship's  oscillations.  Accord¬ 
ing  to  the  drifting  force  theory,  the  ship  experiences  a  continuous 
force  independent  of  time  in  the  direction  to  which  the  waves  propa¬ 
gate,  if  a  phase  lag  exists  between  the  oscillation  of  the  ship  and 
the  excitation  by  the  wave,  even  though  the  pressure  itself  is  purely 
periodical.  Havelock  applied  it  to  the  heaving  and  pitching  of  a  ship 
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in  head  seas  and  found  a  simple  relation  between  the  resistance 
augmentation  and  the  amplitude  and  phase  of  the  oscillations.  At 
one  time,  Havelock's  theory  was  regarded  as  the  most  reliable  one 
of  existing  theories  about  the  resistance  increase  due  to  the 
seaway  and  some  numerical  examples  were  reported  by  St.  Denis. 
However,  physical  significance  was  still  obscure  because  of  the 
formalism  in  the  deduction  of  the  formula,  and  there  was  opinion 
that  the  underlying  principle  of  the  theory  was  quite  doubtful, 
such  as  the  criticism  by  Russian  scientists12  who  blamed  it  as 
violation  of  the  principle  of  energy  conservation.  There  is  another 
theory  derived  in  a  different  way.  Hanaoka11  studied  the  resistance 
when  a  ship  was  moving  in  a  calm  sea  with  a  uniform  velocity  but 
making  heaving  and  pitching  motions  under  the  excitation  of  some 
external  mechanism  such  as  an  oscillator.  He  called  the  increment 
of  resistance  in  this  case  the  nonuniform  wave  resistance.  He  showed 
that  the  principle  of  energy  conservation  was  attained  in  this  case 
and  some  years  later,  this  was  reproduced  by  Newman.12  One  may  feel 
some  confusion  by  the  coexistence  of  two  theories,  which  stand  on 
quite  different  theoretical  bases. 

This  short  essay  aims  to  unravel  the  entanglement  between 
two  theories  and  give  a  lucid  answer  to  the  origin  of  the  resistance 
augmentation  due  to  the  seaway. 


The  Energy  Consideration  for  a  Ship  in  Regular  Head  Seas 

Though  the  fluid  motion  near  the  ship  is  very  complicated, 
the  fluid  motion  far  from  the  ship  shows  a  comparatively  simple  nature, 
and  an  energy  analysis  is  possible  which  gives  correct  information 
about  the  resistance  experienced  by  the  ship.  This  sort  of  analysis 
was  employed  first  by  Havelock‘S  in  discussing  the  wave  resistance  of 
ships  in  a  calm  sea.  Havelock  assumed  two  vertical  planes,  one  of 
which  in  front  of  a  ship  moving  on  a  calm  sea  with  uniform  velocity 
and  the  other  far  behind  it,  and  derived  the  wave  resistance  from 
the  energy  variation  in  the  fluid  contained  between  these  planes. 
Recently  Newman  extended  Havelock's  method  of  analysis  to  an  oscillat¬ 
ing  ship.  A  similar  analysis  can  be  applied  to  the  ship  in  a  seaway, 
but  as  the  waves  generated  by  the  ship  also  propagates  sideways  in 
this  case,  vertical  planes  are  not  suitable  as  an  energy  control  sur¬ 
face.  Instead  of  vertical  planes,  a  cylindrical  surface  with  a 
vertical  axis  and  radius  large  enough  to  surround  the  ship  is  taken 
as  the  control  surface. 
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In  the  first  place,  the  cylindrical  surface  is  assumed  to 
be  fixed  and  the  ship  is  moving  with  a  uniform  velocity  U.  After  a 
unit  time  has  elapsed,  the  ship  comes  to  the  position  of  distance  U 
from  the  initial  position.  Now  we  compare  the  energy  of  the  water 
inside  the  cylinder  at  the  beginning  and  that  at  the  latter  instant. 

If  we  assume  for  the  moment  that  the  fluid  motion  around  the  ship  is 
stationary  in  order  to  simplify  the  exposition,  the  change  of  the 
energy  inside  the  cylinder  is  attributed  solely  to  the  change  of  the 
position  of  the  ship. 

If,  on  the  other  hand,  the  cylinder  is  assumed  to  move 
with  the  ship,  the  cylinder  will  come  to  a  new  position  at  a  distance 
U  from  the  original  one  after  a  unit  time.  We  will  designate  the 
initial  position  of  the  cylinder  by  Cj  and  the  new  position  by  C 2. 

As  the  fluid  motion  around  the  ship  is  assumed  stationary,  the  energy 
inside  the  surface  C2  at  the  latter  instant  must  be  the  same  as  that 
inside  at  the  beginning. 

Now,  returning  to  the  former  case  that  the  cylinder  is  fixed 
at  the  position  Cj,  the  energy  inside  it  changes  as  the  ship  moves  to 
the  new  position.  Here  let  us  designate  the  space  inside  excluding 
the  portion  inside  C2  by  I,  the  space  inside  C2  excluding  the  portion 
inside  by  II,  and  the  common  space  inside  both  and  C2  by  III. 

The  energy  contained  in  each  portion  after  a  unit  time  has  elapsed 
is  designated  by  Ej,  Ejj  and  Em  respectively.  As  the  fluid  motion 
relative  to  the  coordinates  fixed  to  the  ship  is  assumed  unchanged, 
the  energy  inside  Cj  at  the  beginning  and  that  inside  C2  after  a  unit 
time  must  be  the  same.  The  latter  is  Ejj  +  Ejjj.  Since  the  energy 
inside  Cj  after  a  unit  time  is  Ej  +  Ejjj,  the  net  variation  of  the 
energy  in  a  fixed  cylinder  at  C]_  during  a  unit  time  is  given  by 

dE/dt  =  Ej  +  Ejjj  -  (Ejj  +  Ejjj)  =  Ej  -  Ejj  (l) 

If  the  cylinder  is  assumed  to  move  with  the  ship,  the  above 
quantity  is  identical  with  the  energy  efflux  which  is  carried  away  by 
the  fluid  going  across  the  surface.  As  the  energy  inside  the  fixed 
cylinder  changes,  the  net  variation  of  the  energy  must  be  supplied 
from  outside  according  to  the  principle  of  energy  conservation.  The 
energy  supply  is  partly  brought  in  by  the  fluid  flow  at  the  boundary, 
i.e.,  the  cylindrical  surface.  We  shall  write  this  dW/dt.  It  is 
positive  if  the  energy  flows  inwards  across  the  surface,  but  it  may 
become  negative  in  some  cases.  Then  the  difference  dE/dt  -  dft/dt  must 
be  supplied  by  the  ship.  When  a  ship  is  towed  by  a  constant  force 
which  overcomes  the  resistance  R,  the  effective  work  done  in  a  unit 
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time  is  RU  and  is  the  rate  of  the  energy  supplied  to  the  fluid. 
Then  the  principle  of  the  energy  conservation  gives  the  following 
relation. 


M  +  RU  (2) 

dt  dt 

This  relation  holds  also  in  the  case  where  viscous  forces  exist,  if 
the  energy  dissipation  by  the  viscosity  is  taken  into  account.  In 
the  present  analysis,  however,  the  effect  of  viscosity  is  assumed 
unimportant  so  that  the  energy  is  carried  away  only  by  the  potential 
motion  of  the  fluid.  We  can  write 


1  /dE  dW\ 

U  dt  dt 


(3) 


where  dE/dt  and  dW/dt  are  both  determined  by  the  fluid  motion  at  the 
cylindrical  surface  if  the  motion  is  stationary.  If  we  take  the 
radius  of  the  cylinder  very  large,  the  resistance  is  determined  by 
the  fluid  motion  ao  a  great  distance  from  the  ship. 

Now  turning  to  the  ship  among  waves,  the  motion  of  the  ship 
and  that  of  the  fluid  changes  from  time  to  time.  Even  in  the  non¬ 
stationary  motion,  the  relationship  between  the  resistance  and  the 
energy  variation  given  before  still  holds  in  principle,  but  the  term 
dE/dt  cannot  be  determined  by  the  fluid  motion  at  the  cylindrical 
surface  alone  because  the  fluid  motion  within  the  cylinder  moving 
with  the  ship  changes  periodically.  As  the  resistance  of  a  ship  among 
waves  is  understood  in  the  sense  of  time -average  of  the  horizontal 
force,  the  time-average  of  each  term  of  the  equation  is  sufficient 
to  the  analysis  of  the  resistance.  If  the  motion  is  periodic  the 
time-average  has  a  definite  value  which  is  independent  of  time,  so 
that  the  energy  relation  is  discussed  similarly  to  the  case  of  calm  sea. 

Let  us  consider  a  ship  moving  under  a  constant  towing  force  in 
regular  head  seas.  Though  the  forward  speed  changes  periodically,  the 
speed  of  advance  is  defined  as  the  average  velocity  of  the  ship.  The 
periodical  change  of  the  velocity  is  a  component  of  the  ship's  oscilla¬ 
tions,  i.e.,  surging.  In  general,  the  ship  makes  oscillations  with 
six  degrees  of  freedom  by  the  action  of  the  wave,  but  in  head  seas, 
the  oscillations  have  three  modes,  heaving,  pitching  and  surging. 

Instead  of  a  ship  moving  with  forward  velocity  U,  we  first  consider 
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the  case  that  a  ship  is  floating  on  a  stream  of  velocity  U  in  the 
opposite  direction  to  the  advance  velocity  of  the  ship,  the  average 
position  of  which  is  sustained  at  a  fixed  position  by  a  constant 
towing  force,  and  a  regular  train  of  waves  is  superimposed  on  the 
uniform  stream.  As  the  towing  force  keeps  the  ship  at  a  stationary 
position,  it  does  not  work  on  the  average.  Therefore  there  is  no 
external  force  that  supplies  energy,  except  the  hydrodynamic  action. 

Let  us  consider  two  modes  of  oscillations,  heaving  and 
pitching,  the  amplitudes  (double)  of  which  are  Z  and  ¥  respectively. 
The  heaving  ic  excited  by  the  periodic  force  of  amplitude  F  and  the 
pitching  by  the  periodic  moment  of  amplitude  M.  There  are  phase 
lags  between  the  motion  and  the  excitation.  They  are  for  heave 
and  e2  for  pitch.  The  phase  lag  in  the  oscillation  is  the  consequence 
of  the  damping  term  in  the  equation  of  motion.  The  damping  force  and 
moment  consume  the  energy.  In  the  absence  of  the  viscous  forces,  the 
energy  is  transmitted  by  the  wave  which  is  possibly  generated  by  the 
ship.  The  energy  consumed  or  transmitted  by  the  wave  in  a  complete 
cycle  can  be  calculated  at  once  as  follows: 

(n/4)  FZ  sin  e1  +  (k/4)  Mi  sin  c2 

So  the  average  rate  of  work  which  must  be  done  to  maintain  the  motion 
is 


pl 


4t* 


FZ  sin  €• 


+  ~  Mi  sin 
4Te 


€2 


00 


where  Te  is  the  period  of  encounter.  Since  the  motion  of  the  ship  is 
excited  by  the  wave  pressure  and  no  other  source  of  energy  exists, 
the  energy  must  be  supplied  by  the  incident  waves.  If  the  incident 
wave  is  not  disturbed  by  the  ship,  or  there  is  no  scattered  wave,  the 
energy  brought  into  the  cylinder  by  the  wave  is  carried  away  by  the 
same  wave  out  of  the  cylinder.  Therefore  there  is  not  supply  of 
energy.  Consequently  the  scattered  wave  again  plays  the  role  of 
supplying  energy.  If  the  wave  is  produced  by  an  oscillating  ship 
in  calm  water,  the  wave  can  only  disperse  the  energy.  Accordingly, 
the  scattered  wave  cannot  supply  energy  by  itself.  The  only  pos  i- 
bility  of  energy  is  the  interference  between  the  incident  wave  and 
the  scattered  wave.  The  principle  of  the  energy  conservation  indi¬ 
cates  that  is  identical  with  the  energy  taken  into  the  cylinder 
per  unit  time  as  a  result  of  the  interference  between  the  incident 
wave  and  the  scattered  wave. 
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Next,  let  us  consider  another  case  in  which  there  is  a 
uniform  stream  of  the  same  velocity  as  the  wave  celerity  c  hut 
the  direction  of  the  flow  is  opposite  to  the  propagation  of  the 
regular  wave.  In  this  case  the  wave  superimposed  on  the  uniform 
stream  does  not  propagate  and  steady  motion  of  the  fluid  is  obtained. 

The  motion  of  the  ship,  which  corresponds  to  uniform  motion  with 
velocity  U  in  the  opposite  direction  of  the  propagation  of  wave 
of  celerity  c,  is  the  motion  with  uniform  velocity  U  +  c  in  the 
system  now  being  considered.  Here  the  regular  train  of  incident 
wave  does  not  propagate  but  fonn  just  a  wavy  surface  of  the  stream 
upon  which  the  ship  is  moving.  Accordingly,  there  is  no  energy  trans¬ 
mitted  by  the  incident  wave.  The  energy  is  carried  away  across  the 
vertical  cylinder  which  encircles  the  ship  by  the  wave  generated  by 
the  ship  and  there  is  nothing  to  compensate  for  it  but  the  work  done 
by  the  towing  force  T  which  overcomes  the  resistance  to  propel  the 
ship  with  velocity  U  +  c.  The  vt,ve  generated  by  the  ship  is  constituted 
of  a  wave  system  which  accompanies  the  ship  maintaining  a  constant 
pattern,  and  another  wave  system  which  is  the  consequence  of  the 
oscillatory  motion  and  is  itself  periodic.  As  the  energy  transmitted 
by  the  wave  is  a  quadratic  functional  of  the  wave  motion,  we  can  regard 

the  resistance  as  a  sum  of  two  components  corresponding  to  the  energy 

% 

transmission  by  each  wave  system. 

Accordingly,  we  can  write 

T  =  R  +  AR  (5) 

The  component  AR  is  the  extra  resistance  as  a  consequence  of  the  seaway. 
The  work  done  by  the  part  of  the  towing  force  which  overcomes  AR  is 
consumed  by  the  transmission  of  energy  through  the  periodic  wave  and 
its  rate  per  unit  time  is  identical  with  P^,  If  there  is  no  supply  of 
energy  elsewhere,  the  following  relation  exists. 

AR(U  +  c)  =  ?1  (6) 

There  is  a  relation  between  the  period  of  encounter  and  the  wave  length 
X  as  follows  in  the  case  of  head  seas. 

Te  -  — —  (7) 

If  the  waves  generated  by  the  ship  are  identical  with  those  which 
accompany  the  heaving  and  pitching  of  the  ship  in  calm  sea,  we  can 
equate  the  right-hand  side  of  Equation  (4)  with  the  left-hand  side 
of  Equation  (6).  Dividing  both  sides  by  U  +  c  and  applying  the 
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relation  (7),  we  find  the  formula 

AR  =  (jt/Ux)  FZ  sin  e±  +  (*/4x)  M¥  sin  e2  (8) 

This  equation  coincides  exactly  with  the  formula  given  by 
Havelock,  who  derived  it  from  the  drifting  force  theory.  Thus  there 
is  no  contradition  in  the  principle  of  energy  conservation  in  spite 
of  the  criticism  stated  before.  This  relation  is  not,  however,  an 
exact  one.  The  energy  efflux  corresponds  to  -  oW/dt  of  Equation 
(3)  in  the  present  system  of  motion,  but  as  the  result  of  the  ship's 
motion  with  velocity  U  +  c,  another  term  which  corresponds  to  dE/dt 
must  be  considered.  Therefore  we  must  write  instead  of  Equation  (6) 


AR  (U  +  c)  =  P1  +  dE/dt 


+  P 


2 


(9) 


We  have  assumed  that  the  waves  generated  by  the  ship  are  identical 
with  those  produced  by  the  heaving  and  pitching  oscillations  of  the 
ship  in  a  calm  sea.  If  the  oscillation  of  the  ship  is  excited  by 
some  external  mechanism  such  as  an  oscillator,  the  latter  exerts 
work  to  overcome  the  damping  forces  and  the  average  rate  of  work 
done  in  a  unit  time  is  P^.  Hanaoka  studied  this  case  and  found  a 
change  in  resistance  against  the  forward  motion  as  a  result  of  the 
oscillation.  Let  us  designate  it  by  AR2.  The  energy  transmitted 
by  the  wave,  which  is  generated  by  the  ship  is  P-^  +  P2  in  a  unit 
time,  while  the  energy  supplied  to  the  ship  by  the  external  forces, 
that  consist  of  the  towing  force  and  the  oscillator,  is 

P-L  +  AR2  (U  +  c) 

Therefore,  the  following  relation  exists. 

?1  +  AR2  (U  +  c)  =  ?1  +  P2  (10) 

That  is 


P2  =  AR2  (U  +  c)  (11) 

Combining  Equations  (9)  and  (ll),  we  obtain 


AR  =  ARj_  +  AR2 


(12) 
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Thus  the  increase  in  resistance  is  the  sum  of  the  force  obtained,  by 
the  drifting  force  theory  and  the  resistance  due  to  the  oscillation 
in  a  calm  sea,  the  nonuniform  resistance  by  Hanaoka. 

It  has  been  assumed  in  the  above  discussion  that  the  waves 
generated  by  the  ship  are  identical  with  those  produced  by  the  same 
ship  constrained  to  oscillate  in  a  calm  sea.  However,  the  waves 
accompanying  a  ship  in  a  seaway  are  somewhat  different  from  the  above 
because  of  the  undulation  of  the  sea  surface.  We  can  take  account  of 
the  effect  of  the  seaway  by  assuming  a  fictitious  deformation  or 
snake-like  motion  of  the  ship  hull.  In  fact,  Hanaoka  applied  this 
technique  vhen  he  attempted  to  extend  his  nonuniform  wave  resistance 
theory  to  the  resistance  among  waves.  Though  this  idea  can  be  applied 
to  the  component  AR2>  there  is  a  difficulty  in  its  application  to  ARj_, 
the  drifting  force. 

Giving  up  the  theory  of  drifting  force  and  that  of  nonuniform 
wave  resistance,  we  can  obtain  the  total  increment  of  the  resistance 
AR  directly  from  an  energy  analysis  of  the  wave  generated  by  the  ship 
together  with  the  incident  wave.  As  a  detailed  analysis  is  given  in 
Reference  14,  there  is  no  intention  to  reproduce  the  procedure  of 
analysis  here. 

In  order  to  obtain  an  analytical  expression,  the  problem  is 
analyzed  by  means  of  the  linearizing  procedure,  assuming  that  the  wave 
height  is  small  compared  with  other  quantities  such  as  the  wave  length 
or  the  ship  length.  As  the  energy  is  a  quadratic  functional  of  the 
fluid  velocity,  the  added  resistance  is  of  second  order  with  respect 
to  the  wave  height.  Let  us  designate  the  ship's  length  by  L,  the  beam 
by  B,  the  wave  amplitude  (=  l/2  wave  height)  by  r,  the  density  of  water 
by  p  and  the  acceleration  of  gravity  by  g.  Then  the  following  expres¬ 
sion  is  proposed  for  the  increment  of  the  resistance. 

2 

=  pgr  S-  Ky  (13) 

where  is  a  dimensionless  coefficient  which  is  a  function  of  the 
wave  length,  the  ship's  speed  and  the  ship  form. 


Resistance  in  an  Irregular  Seaway 

The  discussion  in  the  preceding  section  has  dealt  with 
regular  head  seas,  but  a  similar  analysis  applies  to  regular  oblique 
seas  and  also  to  following  seas.  In  order  to  apply  the  theory  to  the 
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actual  seaway  which  is  irregular  and  complicated,  we  assume  that 
possibility  of  linear  superposition.  The  seaway  is  assumed  to  be 
constituted  of  a  superposition  of  plane  regular  waves  of  infini¬ 
tesimal  amplitudes  with  different  frequencies  arranged  in  various 
directions.  The  amplitudes  of  the  component  waves  are  distributed 
over  any  value  of  the  frequency  and  direction,  and  the  manner  of  the 
arrangement  is  defined  by  the  energy  spectrum  of  the  sea.  The 
assumption  of  linearity  results  in  the  ship  oscillation  being  linear 
with  respect  to  the  motion  of  the  sea  surface.  This  means  that  the 
amplitude  of  any  component  of  oscillation  is  obtained  by  a  linear 
operation.  In  contrast  the  increase  of  resistance  due  to  the  seaway 
is  a  quadratic  quantity  with  respect  to  the  wave.  If  the  amplitude 
of  the  wave  element  in  the  direction  X  having  the  circular  frequency 
0)  is  dr,  the  energy  spectrum  of  the  sea  is  defined  in  the  following 
form 


E(co,X)  dco  dX  =  (dr)2  (ik) 

The  energy  of  the  compound  wave  is  represented  by  the  integration  of 
the  spectrum 


E* 


—  jk 

f  J  E(uj,x)da)dX 


(15) 


where  E*  is  called  the  cumulative  energy  density.  The  sea  surface  is 
expressed  by 


00 


0) 


=  I  J  '/e(o>,  x)d<o  dX 


ro£, 


■in  [ — (x  cosX  +  y 
6 


jinx)  +  oat  +  e(a>,x)]  (l6) 


where  e(o>,x)  is  the  phase  of  the  wave  element  in  the  direction  X  with 
the  frequency  0).  Since  the  ship's  oscillations  are  linear  quantities, 
the  motion  of  the  ship  is  a  linear  superposition  of  the  oscillations 
excited  by  each  wave  element.  The  waves  generated  by  the  ship's 
oscillations  are  also  linear  and  their  superposition  is  possible.  The 
frequency  of  the  ship's  oscillations  is  not  oo  but  o>e,  the  circular 
frequency  of  encounter.  Accordingly,  the  frequency  of  waves  generated 
by  the  ship  must  be  defined  by  the  frequency  of  encounter.  Though  o> 
and  a)e  have  a  one-to-one  correspondence  in  the  plane  head  seas,  there 
is  no  such  relation  in  the  three-dimensional  irregular  seaway.  Though 
the  energy  spectrum  of  the  seaway  is  defined  in  the  o>-X  plane,  the 
energy  relation  with  which  the  resistance  is  concerned,  must  be  discussed 
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in  the  C0g  — X  plane.  In  the  transformation  from  cue-X  plane  to  cd-X 
plane,  od  is  a  multivalued  function  of  <%.  Then  cross  products 
between  components  of  different  but  with  the  same  give  time- 
independent  terms  and  do  not  vanish  when  the  time-average  is  taken. 
This  fact  prevents  an  analytical  expression  for  the  time-average  of 
the  resistance  in  terms  of  the  spectrum  of  the  sea.  If  the  problem 
is  discussed  in  a  statistical  sense,  the  expression  for  the  average 
increase  of  resistance  can  be  obtained  by  assuming  a  random  phase. 15 

We  designate  the  increment  of  the  resistance  in  a  regular 
plane  wave  of  amplitude  dr,  circular  frequency  to  and  heading  angle 
X  by  the  following  form. 

cLR  =  pg(dr)2  —  K(oj,x)  (17) 

L 

Then  the  average  increase  of  resistance  in  the  irregular  seaway 
defined  by  the  energy  spectru,  Equation  (14),  is  expressed  as  follows 

tj2 

AR  =  pg  £_ 

L 

o  o 


K(o), X)  E(o>,x)  do)  dX 


(18) 
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THE  APPLICATION  OF  FRIEDRICHS  TECHNIQUE 
TO  THE  SHIP  PROBLEM 


S.  I.  Ciolkowskl 

Research  Department 
Gurman  Aircraft  Corporation 


INTRODUCTION 

The  ship  problem  has  recently  received  attention  from  many  in¬ 
vestigators,  for  example,  Tuck,^)  Vossers,(2)  Maruo^)  and  Newman.'1*' 

This  paper  describes  the  result  of  an  Investigation  partially  reported 
in  Reference  5.  We  use  a  perturbation  scheme  for  the  solution  of  the  shio 
problem  which  is  very  similar  to  the  slender  ship  hydrodynamics  of  Tuck^1' 
and  Vossers,  (2)  and  obtain  the  same  resistance  formula  found  by  them.  The 
perturbation  problem  is  then  solved  by  making  use  of  a  Green's  function 
derived  by  Peters  and  Stoker.  (6*7)  jn  addition  we  calculate  the  resistance 
of  twin  hull  ships.  We  investigate  the  problem  of  optimum  hulls  and  ob¬ 
tain  for  large  Froude  numbers  a  variational  problem  that  is  very  similar 
to  the  problem  solved  by  Von  Rarman  for  the  shape  of  the  projectile  of 
fixed  volume  having  minimum  wave-resistance.  The  resulting  variational 
problem  has  a  solution,  and  we  find,  for  example,  that  the  optimum  hull 
shape  for  an  axisymmetrlc  hull  has  a  blunt  radius  distribution.  We  then 
calculate  the  wave  resistance  of  these  optimum  hulls. 


Consider  a  ship  moving  with  velocity  U  through  a  semi-infinite 
ocean.  Let  the  ship  be  held  at  a  fixed  attitude.  Represent  the  ship  in 
the  coordinate  system  shown  in  Figure  1  by  the  relations 


”a~  £  x  £ 


y  -  y±(x>  z)  z’(x)  £  z  £  z+(x) 


Figure  1 
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Let  this  ship  move  with  velocity 

(u,o,o) 


through  an  incompressible  fluid  of  density  p  in  the  semi-infinite 
region  z  >  0  . 


The  equations  of  motion  for  the  fluid  are 

V  •  q  -  0 


(2) 


ft  +  (5  #  V)  "q 


-  Vp  +  pge, 


with  the  boundary  conditions 

q  •  n  *  U  •  n 

P  " 


on  ship 

on  free  surface 


(3) 

W 

(5) 


where  q  is  the  velocity  vector,  and  n  is  the  normal  direction  outwards 
from  the  fluid. 


On  the  free  surface  the  fluid  velocity  should  be  tangential  to 
the  surface  because  the  fluid  cannot  move  through  this  surface.  Let 

z  -  y>  t)  , 

represent  the  free  surface.  The  normal  vector  to  this  surface  is  in  the 
direction  of  the  vector. 

Ov  T)y,  -1) 

so  that  the  condition  that  the  fluid  flow  be  tangential  to  the  free  sur¬ 
face  is  expressed  by  the  relation 

q  •  0ix»  ny,  -i)  -  (0,  o,  T)t)  •  (tix,  Tiy,  -l)  . 

The  last  relation  may  be  written  in  the  form 

“nx  +  -  w  +  qt  ■  °*  <6) 

Equations  (2)  and  (3)  with  the  boundary  conditions  (4).  (3)  and 
(6)  describe  the  hydrodynamics  of  the  ship  problem.  We  propose  to  study 
the  solution  of  the  ship  problem  by  examining  a  one -parameter  family  of 
related  problems  and  then  obtaining  an  analytic  asymptotic  approximation. 
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The  Friedrichs  Technique 
First  Expansion  Procedure 


We  make  a  transformation  of  coordinates  to  a  coordinate  system 
rigidly  fixed  on  the  ship.  After  this  transformation  the  fluids  has 
velocity 


(-  u,  o,  0) 

at  infinity.  We  assume  that  the  flow  reaches  a  steady  state  so  that  the 
differential  equations  become 


(V  •  q)  =  0 


(7) 


p(q  •  V)"q  =  -  Vp  +  pge 

% 


(8) 


The  boundary  condl  tions  are : 

(q  •  n)  -  o 
unx  +  vqy  -  w  =  o  1 

p  "  po  J 

q~  (-  u,  o,  o) 


on  ship  (9) 

on  free  surface  (10) 


at  infinity  .  (ll) 


In  order  to  study  this  problem  by  means  of  the  Friedrichs 
technique,  we  consider  the  above  problem  for  a  one-parameter  family  of 
ships  St  related  to  the  ship  we  wish  to  study  by  a  parameter  b.  The 
hull  Sb  described  by  the  hull  functions 

-a  £  x  £  a+ 


y 


-bz'(x)  £  z  £  bz+(x)  . 


(12) 


These  hulls  are  related  to  the  hull  given  by  Equation  (l)-by  having 
similar  cross  sections  in  planes  x  =  constant.  When  b  tends  to  zero, 
the  hulls  shrink  to  a  line.  We  consider  this  problem  for  values  of  b 
close  to  zero. 
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If  the  fluid  is  started  from  rest,  the  flow  must  be  irrotational. 
Accordingly,  a  potential  function  ♦  must  exist  with  the  property  that 

q  m  V<J) 

The  solution  of  the  above  one -parameter  family  of  problems  is  a  potential 
function  $(x,  y,  z,  b).  We  assume  that  in  the  limit  as  b  tends  to  zero 
the  flow  must  tend  to  the  undisturbed  flow  described  by  the  potential 

$(*,  y,  z,  0)  -  -  ux  . 


One  can  then  write 

$(x>  y»  Z,  b)  -  -  Ux  +  $(x,  y,  Z,  b)  ,  (13) 

where  <}>  is  a  function  which  vanishes  in  the  limit  as  b  tends  to  zero 
for  a  point  x,  y,  z  in  the  fluid. 

The  function  $  is  the  solution  of  the  following  problem: 

-  0 


on  ship  and 
free  surface 


on  free  surface  . 

p  -  p0 

Equation  (9)  may  be  integrated  to  obtain 

+  p  -  pgz  -  constant 

Since  at  infinity  q  ■  -  U,  p  is  p^  q  ■  0,  we  have 

ipq2  +  p  -  pgz  -  ip  U2  +  pQ 

so  that  on  the  free  surface, 

l  /  2  „2v 

n  ■  ■  u  )  • 

The  normal  direction  to  the  ship  Sb  is  in  the  direction  of 

the  vector 

-  ±  ,  ±1 
byx,  -  l,  yz 

Making  use  of  Equation  (15),  we  obtain  the  boundary  conditions  satisfied 
by  (>  : 
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On  the  ship's  surface 


by*  - 


,  ± 


0  . 


Die  free  surface  shape  is 

!)(x,  y,  b)  -  j-  -2(7*  •  U)  +  (7<*)2 

Using  (10)  we  obtain 


on  the  free  surface. 


(1*) 

(15) 


At  Infinity  V{>  should  tend  to  zero.  Using  Green's  formula  and 
the  boundary  conditions  satisfied  by  f  ,  ve  can  write  the  integrodiffer- 
entlal  equation  satisfied  by  the  function  4>(x,  y,  z,  b).  Ve  obtain 


* 

f(x,  y,  z,  b)  -  ^  «  (7  i  •  n  -  £(U  •  n)  dS 

«  e 

(16) 

< 

7<U  •  n)  dS 


where 

2  «  2  1  2  »  2 

r  ■  (x  -  x  )  +  (y  -  y  )  +  (z  -  z  ) 

with  primed  quantitied  indicating  Integration  variables  and  the  free 
surface  corresponding  to  Sfc  • 

We  make  the  assumption  that  there  exists  a  solution  of  our  prob¬ 
lem  having  uniformly  bounded  velocities  and  depending  smoothly  on  the 
parameter  b.  Accordingly,  $>(x,  y,  z,  b)  satisfies  the  integral  Equa¬ 
tion  (16).  If  we  let  b  tend  to  zero,  we  obtain: 
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Limit  *(x,  y,  z,  b)  -  <t>(x,  y,  z,  0)  , 

b  -  0 

which  must  vanish.  The  free  surface  for  the  problem  b  =  0  is  the 
surface 

n(x.  y,  z,  0)  -  o  . 

Since  on  this  surface 

(U  •  n)  -  0  , 

this  solution  of  the  limit  problem  is  in  agreement  with  the  limit  of 
Equation  (16)  as  b  tends  to  zero. 


THE  ASYMPTOTIC  BEHAVIOR  OF  THE  SOLUTION  OF 
SHIP  PROBLEM  TO  ORDER  b2 


where 


We  introduce  the  expansions 


$(x,  y,  z,  b)  - 


b1<J>1(x,  y, 


z,  b) 


i-i 


on  ship  and  free  surface 


00 


i-0 


^(x,  y t  z>  b),  n^,  t)^  are  of  order  less  than  one  in  b. 


We  note  that  if  we  describe  the  surface  of  Si  by  means  of  the  cylindri¬ 
cal  coordinate  system  described  in  Figure  2  we  have 
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y  *  k(e,  x)  cos  9 
z  -  k(0,  x)  sin  6 


and  Sfc  is  described  by 


6  £  6  £  Q 


-a  £  x  £  a 


o  £  e  £  e 


y  ■  bk(e,  x)  cos  6 
z  -  bk(6,  x)  sin  9 


-a  £  x  £  a 


-  ndS 


We  can  then  write 


/ 


\ 


b(kp  cos  6  -  k  sin  9) 
b(kg  sin  6  +  k  cos  9) 


bk  cos  9 


bk  sin  9 
x 


so  that 


/ 


-  ndS 


\ 


-b2kk 


b(kQ  sin  0  +  k  cos  9) 


-b(kg  cos  9  -  k  sin  9) 


d 9  dx 


Substituting  the  above  expansions  in  Equation  (25), 
obtain  for  the  first  order  equation 


-  £(u  •  n 


4 

_  _1_ 

1  I  „  1 

4ir 

♦  (  V  -  .  n0) 

4 

Fo 

where  Fn  is  the  plane  z  **  0  . 


d0  dx 


we  then 


x)  dS (17) 
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The  second -order  equation  is 


y. 


2,  b) 


4t t 


d6  dx 


dS 


+ 


_1_ 

4tt 


vF 


Expanding  Equation  (24),  we  obtain  for  the  terms  of  orders 
zero  one  and  two 


IT  , 

^l,x  5J  ^0,x  by  ^0,y  "  dz 


zero  order 


0  first  order 


(18) 

(19) 


ii  ,  d<t>*  _  ,  d<t>^ 

^2,x  +  dx  ’'l,x  +  ST'  ’1o,x+5T  T*l,y 

8y  ^Ojy  ’  bz~  *  0  second  order.  (20) 
Expanding  Equation  (l4),  we  obtain 


T]0  -  0  (21) 

n1(x,  y,  b)  =  -  |(U  •  V*1) 


dS. 


(22) 
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+  h 


$ 


7  - 
r 


n. 


-i(U 


n2) 


ds  (24)  cont'd 


vith  the  boundary  conditions 


-un 


2,x 


d<t> 

aT  -  0 


(25) 


and 


i  „  a<f‘ 


t!2(x,  y,  b)--iu¥ 


(26) 


on  the  surface  z  =  0. 


We  let  S(x)  represent  the  cross-sectional  wetted  area  of  the 
hull  in  the  plane  x  =  constant.  Clearly 


Jk2de  -  S(x)  , 
^  e" 


so  that 


e 


kkxde+  ik2(e+)e+  .  £kV)e-  =■  s'(x)  . 


e 


(27) 


If  we  suppose  that  the  wetted  area  on  the  ship  occurs  for  z  >  0,  we  ob¬ 
tain 

o+  -  «  o 

X  X 


so  that  we  can  write 
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2 

T)2(x,  y,  b)  -  -2(U  •  V4>2)  -  2V(U  •  7*1)  •  ni  +  (VO1)  .(23) 

Equation  (18)  is  in  agreement  with  Equation  (21).  Accordingly, 
Equation  (19)  becomes 

8<t>  ^ 

-^i.x  -  lr  “ 0  • 


Equation  (22)  becomes 


n1(x,  y,  b) 


u 

g  dx 


The  function  J)1  is  a  harmonic  function 

*  0  . 

and  satisfies  Equation  (17).  Clearly, 


so  that  on  letting  z  >  0  tend  to  zero  in  Equation  (17),  we  obtain 


<t>  (x,  y,  0,  b) 


b  bv  •  V 


Since  j)1  does  not  depend  on  the  hull  and  is  zero  when  a  hull 
is  not  present,  we  conclude  that  ^1=0  from  which  we  have  that  rjl  =  0. 

The  second-order  term  $>2(s,  y,  z,  b)  then  satisfies  the  inte¬ 
gral  equation 


4>  (x,  y,  Z,  b)  -  -  7- 


-  kk  de  dx 
r  x 


(24) 
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♦  (s>  y»  2,  b) 


47 r 


-a 


-  7<U  •  n  ) 


dS 


(28) 


Equation  (28)  evaluated  at  z  =  0  by  letting  z  tend  to  zero 
through  positive  values  of  z  becomes 


♦2(s>  y>  o,  b) 


with 


and 


a+ 


i_ 

2tt 


-a 


1__ 

2tt 


(29) 


(30) 

(31) 


Equations  (29),  (30),  and  (31)  form  ar  integral  equation  for  the  function 
$>2(x,  y>  0,  b)  from  which  we  can  obtain  r\2>  Ihus  ^(x,  y,  z,  b)  is 
determined  from  relation  (46)  once  {>2(x,  y,  0,  b)  and  t^x  are  deter¬ 
mined. 


Once  method  of  solving  the  integral  equation  is  to  observe  that 
4>^(x,  y,  z,  b)  is  a  potential  function,  i.e.,  a  solution  of  the  partial 
differential  equation 


A<f  (x,  y,  z,  b) 


0 


(32) 
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in  the  fluid  region  outside  the  hull  S-^  with  the  boundary  conditions 


b  2  c)<t> 2 


=  (U  •  n)  on  S. 


(33) 


8  ax2 


(34) 


The  Green's  function  G(x,  y,  z,  x',  y',  z',  b)  for  Equation  (32) 
with  boundary  condition  (3*0  can  be  written,  Stoker, (7)  Peters  and  Stoker(^) 

i  i  »  i  1  — 

g(x,y,z,x  ,y  ,z  )  =  - i - j - r~  -  - i  1  T~  +  G 

r(x-x  ,  y-y  ,  z-z  )  r(x-x  ,  y-y  ,  z+z  ) 

with 

i  i  i  i  2  i  2  i  2 

r(x-x  ,  y-y  ,  z-z  )  =  /  (x-x  )  +  (y-y  )  +  (z-z  )  , 


G  =  -  —  Re  — ~ -  ei[p(x"x  )cos  0^cos[p(y-y  )sin  0]d0  dp 

it  U2  2 

Oo7p  cos  e'1 


where  the  path  p  is  given  by 


p -plane 


The  path  (p  is  chosen  so  that  G  ->  0  as  x  tends  to  +  «  . 


Using  this  Greens  function,  we  can  then  write  by  means  of  Greens 


theorem 
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♦  (x,y,z,b)  -  7- 


M2  to 

*  si 


srG 


+  h 


j  sg  a*  „ 

*  aS  •  SI"  G  ds 


where  n  is  the  unit  normal  in  the  outward  direction  away  from  the  fluid. 
Letting  b  -» 0,  we  obtain 


(x,y,z,b)  -  -  zr  (tf°  •  n)G  dS 


*2I+  G^2,xG 


dS  . 


Since 


u  a2*2 


one  obtains 


.2  *5 

*  si 


g  XX 


1L2 

8  "x 


2  2 
♦  G  -G4> 

X  X 


ds  ■  0(bJ  ) 


SbF0 


since  \>2  and  are  of  0(b)  and  nx  is  of  0(b2)  .  Here, 

Fo  is  the  curve  formed  by  the  intersection  of  the  plane  z  =  0  with 

the  hull  &b  • 


The  solution  of  our  problem  is  therefore 


*2(x,y,z,b)  -  - 


(U  •  n2)G  dS 


In  the  limit  as  b  tends  to  zero 


-U  n„  dS  -  -Ukk  dedx 

Z,X  x 


(35) 


so  that 


♦2(s»y.*.b)  -  -  5^ 


U  G  s'dx 


“  s, 


since  the  terms 

1  1 

I - I  I  "  i  t  i 

r(x-x  ,  y-y  ,  z-z  )  r(x-x  ,  y-y  ,  z+z  ) 


(36) 


tends  to  zero  of  order  b  as  z'  =  bk  sin  9  ,  tends  to  zero. 


Using  a  similar  procedure,  the  solution  of  the  second  order 
problem  of  two  ship  hulls  situated  on  the  lines  y  =  +  d,  z  =0  with 
radii  k+(»,x)  and  k_(0,x)  is  given  by 


^(x,y,z,b)  -  - 


u°°k+k+xG(x>x  >yid»z>z  )  dxde 


'0,1 


I 

d,z,z  )  dxde  (37) 


WAVE  RESISTANCE 


In  this  section,  we  calculate  the  wave  resistance  of  the  ship 
Sb.  Bernoulli's  integral  of  Equation  (4)  takes  the  form 

ipq^  +  p  -  pgz  *  constant 

Let  p  =  0  on  the  free  surface.  Since  at  x=°°,  z  *0,  p=0  on  the 
free  surface  and  g  =  U  we  find  that 

2  2 
ipq  +  p  -  pgz  -  ipU 


We  have  obtained 


so  that 


q  -  U  +  b2  V  *2  +  .  .  . 


p  -  pgz  -  b2  p  U  V  <t>2  +  .  .  . 


The  wave -resistance  R  is  then 


pn  dS 

3C 


(38) 


where  the  integral  is  taken  over  the  wetted  surface  of  Sb.  The  wetted 
surface  can  only  be  obtained  after  the  free  surface  intersection  with 
Sb  is  determined.  This  can  not  be  done  by  the  first  expansion  procedure 
without  additional  information.  We  thus  assume  that  the  Intersection  of 
the  free  surface  with  the  ship  is  on  z  =  0. 

Evaluating  R  and  using  the  relation 
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We  use  the  expression  obtained  previously  for 
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The  resistance  R  can  be  written  in  the  form 
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Since  the  contribution  of  the  integration  over  the  real  axis 
in  the  expression  for  G  is  an  integral  involving  sin(x-x)  cos  Q  this 
contribution  is  zero  because  it  changes  sign  when  x  and  x  are  in¬ 
terchanged.  The  only  contribution  is  that  due  to  the  path  over  the  point 
P  = 


J: _  .  The  result  is  then 
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Integrating  by  parts  with  respect  to  x  and  x  we  obtain 
after  setting  b  =  0  in  the  integrand 
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where  we  assume  that  at  either  end  of  the  hull  either  k  or  kx  vanish. 

Making  use  of  the  relation 
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where  Yq  is  Weber's  zero  order  Bessel  Function  of  the  second  kind,  we 
obtain 
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This  is  the  same  as  the  resistance  found  by  Vossers(^)  and  Tuck. (?)  We 
note  that  the  only  assumption  made  about  k  is  that  kkx  =0  at  the  bow 
and  stern. 


In  case  the  ship  is  made  up  of  two  hulls  we  have  obtained  the 
second  order  perturbation  potential  in  Equation  (37).  Using  this  poten¬ 
tial  we  then  obtain 
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where  R^  is  the  resistance  of  the  hull  S^;  the  expression  for  R2 
the  resistance  of  the  hull  S2*  is  similar.  . 

The  interference  resistance  is  given  by  the  last  two  terms  in 
the  expression  for  R.  When  the  two  hulls  are  the  same  and  lie  parallel 
to  each  other  the  interference  resistance  is 
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since  the  other  term  must  vanish.  When  the  hulls  are  different  or  if 
the  hulls  are  not  parallel  to  each  other  there  is  in  addition  to  a  re¬ 
sistance  a  moment  force  tending  to  rotate  the  hull. 


OPTIMUM  SHIP  HULLS 


In  this  section  we  examine  the  nature  of  hull  shapes  which  make 
the  wave-resistance  a  minimum  for  a  fixed  displacement.  This  problem  has 
been  solved  by  Maruo.(3)  However,  we  feel  that  this  approach  here  is 
justified  by  its  simplicity.  We  look  at  the  wave-resistance  R  given  by 
the  relation 
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We  take  a+  =  l,  a"  =  i  and  consider  the  behavior  of  R  for  large  values 
of  Hi  .  We  use  the  asymptotic  formula 
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so  that,  setting  S 
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and  for  large  values  of  l£  the  problem  becomes  one  of  minimizing  R 
with  the  condition  that 


S(x)  dx  -  V 


The  above  expression  for  R  is  similar  to  the  expression  obtained  by 
von  Harman  for  the  wave  drag  of  a  slender  cone. 

Since  S'  =  0  at  the  bow  and  stern  of  the  ship  the  variational 
problem  results  in  the  integral  equation 
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where  X  is  a  Lagrange  multiplier  to  be  determined  later.  Integration 
with  respect  to  x  results  in  the  integral  equation 
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The  solution  of  this  integral  equation  is  well  known.  It  is,  see 
Reference  8, 
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ve  can  then  write 
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Integrating  the  last  relation,  we  obtain 
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If  S(-i)  =  0  then  pi  =  0  and  we  obtain 
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and  ve  obtain 
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The  wave-resistance  Is  then 
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The  resistance  R  is 
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In  the  case  of  an  axisymnetric  hull  ve  have 
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so  that  for  an  optimum  hull  pointed  at  both  ends 
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The  area  distribution  for  an  optimum  axisymmetric  hull  pointed 
at  both  ends  is  described  in  the  following  figure  and  we  can  see  that  at 
both  ends  the  radius  distribution  i6  blunt. 


CONCISIONS 

We  have  used  a  perturbation  procedure  to  obtain  the  solution 
of  the  ship  problem  to  second  order  in  the  perturbation  parameter.  The 
wave-resistance  of  a  ship  moving  with  uniform  velocity  over  a  semi¬ 
infinite  ocean  is  then  evaluated  and  we  find  that  for  large  values  of 
the  Froude  number  that  the  wave-resistance  is  similar  to  the  wave-resis¬ 
tance  of  a  slender  body  moving  through  a  compressible  gas.  We  then  find 
for  this  case  the  hull  shapes  of  constant  displacement  which  make  the 
resistance  a  minimum.  In  the  case  of  an  axisymmetric  hull  we  find  that 
the  radius  curve  must  be  blunt. 
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A  NOTE  ON  S LENDER-BODY  THEORY 


In  this  note  I  shall  be  concerned  with  a  version  of  slender- 
body  theory  for  surface  ships  at  zero  forward  speed  already  published 
by  me  in  1962,  and  with  some  of  the  interesting  problems  that  still 
remain  unsolved.  We  are  concerned  with  the  fluid  motion  near  an 
oscillating  ship  and  with  the  resulting  hydrodynamical  forces.  In 
practice  gravity  effects  (such  as  wave  resistance)  and  viscous  effects 
(such  as  skin  friction)  are  both  important  and  cannot  be  separated  but 
since  no  existing  theory  includes  both  we  here  neglect  viscous  effects. 
The  motion  is  then  irrotational  and  is  described  by  a  velocity  potent¬ 
ial.  Even  with  this  simplification  the  boundary- value  problem  for 
surface  ships  is  intractable  unless  the  equations  of  motion  can  be 
linearized,  for  which  purpose  additional  simplifying  assumptions  are 
made:  only  such  bodies  and  ship  motions  are  treated  as  will  cause 
the  resulting  fluid  motion  to  differ  only  slightly  from  a  state  of 
rest  or  of  uniform  flow. 

For  instance,  we  may  consider  a  thin- ship  model,  in  effect 
a  vertical  plate  of  small  thickness  moying  horizontally  along  itself 
with  uniform  velocity  (Michell  1898).  Such  a  thin  ship,  of  beam  much 
smaller  than  draft  and  length,  can  be  represented  by  a  distribution 
of  Kelvin  wave  sources  over  its  mid-plane  (for  review  see  Wehausen  1957)* 
The  oscillations  of  the  Michell  ship  have  recently  been  studied  by  Peters 
and  Stoker  (1957)  who  have  confirmed  that  in  the  first  approximation  its 
virtual  mass  and  wave  damping  both  vanish.  The  Michell  model  is  there¬ 
fore  incomplete  when  virtual  mass  and  wave  damping  are  of  interest,  as 
in  most  problems  of  ship  motion  in  waves. 

To  overcome  this  defect  it  is  natural  to  consider  slender 
ships,  of  comparable  beam  and  draft,  and  of  length  much  greater  than 
either.  Since  evidently  the  disturbance  tends  to  zero  as  beam  and 
draft  both  tend  to  zero  (when  the  ship  contracts  to  a  line),  a  scheme 
of  linearization  based  on  the  thickness -length  ratio  is  reasonable. 

A  considerable  amount  of  work  has  already  been  published  on  submerged 
slender  ships,  but  it  is  generally  realized  that  the  motion  near  a 
submerged  ship  differs  mi  terially  from  the  motion  near  a  surface  ship. 
Many  of  these  calculations  have  been  concerned  with  strip  theories. 

It  can  be  seen  that  near  a  slender  body  the  motion  in  planes  normal 
to  the  ship's  axis  is  nearly  plane  irrotational  and  can,  to  a  rough 
first  approximation,  be  found  without  reference  to  the  flow  parallel 
to  the  axis.  In  the  strip  theories  the  three-dimensional  motion  is 
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synthesized  approximately  by  combining  these  two-dimensional  motions, 
and  various  ways  of  doing  this  have  been  suggested.  Havelock  (1956) 
has  compared  two  strip  methods  of  calculating  the  wave  damping  of  a 
submerged  spheroid  at  zero  speed.  The  first  method  consists  in  calcu¬ 
lating  the  two-dimensional  energy  transfer  per  unit  length  from  a 
circular  cylinder  of  radius  equal  to  the  local  radius,  and  integrating 
this  along  the  length  of  the  cylinder;  this  clearly  cannot  give  a  good 
approximation  when  the  waves  are  long  compared  to  the  length  of  the 
chip.  In  the  second  method  the  spheriod  is  replaced  by  an  axial  of 
the  body,  if  the  mean  forward  speed  vanishes,  and  if  the  motion  is 
(for  simplicity)  symmetrical  about  0=0  and  Q  =  l/2n,  then  in  an 
unbounded  medium  the  velocity  potential  is  by  this  procedure  found 
to  have  near  the  body  the  approximate  form 


00 

0  (x,  r  cos©,  r  sin©)  =  2aQ(x)in  ^  +  2  E  ^  ^  cos  ^  Q  (1*1) 
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Full  details  are  given  in  the  1962  paper.  Arguments  can  be 
given  to  show  that  the  expansions  in  terns  of  the  wave  sources  and 
wave-free  potential  used  there,  though  necessarily  incomplete,  are 
adequate  for  our  purpose.  For  plane  problems  the  expansions  are  complete 
(see  Ursell,  19^5  b),  also  for  the  oscillating  sphere  (Havelock  1955)* 

The  three-dimensional  expansion  used  in  the  1962  paper  generalizes 
Havelock's  work  and  was  first  proposed  by  Grim  (1957;  i960)  who  did 
not  however  succeed  in  going  beyond  step  (l)  and  could  thus  obtain 
neither  an  expansion  analog  to  (l.l),  (1.2)  nor  the  interaction  be¬ 

tween  sections.  Grim  observed  that  when  this  interaction  is  negligible 
the  local  source  strength  must  be  the  same  as  for  an  infinitely  long 
cylinder,  of  appropriate  cross-section,  and  he  suggested  an  iterative 
scheme  of  approximation. 

A  promising  alternative  treatment  both  for  zero  and  non-zero 
speeds  has  recently  been  proposed  by  Vossers  (1962).  The  linearized 
problem  is  by  means  of  Green's  theorem  reduced  to  the  solution  of  a 
linear  Fredholm  integral  equatJ.on  of  the  second  kind  for  the  potential 
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distribution  of  wave  dipoles,  of  strength  depending  on  the  local 
area  of  cross-section,  and  this  gives  good  results  provided  only 
that  the  spheroid  is  sufficiently  slender.  Both  these  methods  have 
been  applied  to  surface  ships  at  zero  speed,  the  first  by  Tasai 
(1959)*  the  second  by  Grim  (1957*  i960)  who  points  out  that  for 
surface  ships  of  finite  length  the  first  method  wrongly  predicts 
an  infinite  virtual  mass  for  infinite  wave-length. 

It  was  the  purpose  of  my  1962  paper  to  adapt  for  surface 
ships  the  techniques  of  the  well-established  aerodynamical  slender- 
body  theory  for  incompressible  unbounded  media  (for  an  account  see 
Thwaites  i960,  Chap.  9,  para.  11).  One  version  of  the  theory  for 
unbounded  media  proceeds  in  the  following  steps  (presented  here  for 
&  body  of  revolution) : 


(1)  Approximate  the  body  by  axial  line-distributions 
of  known  point  singularities  (sources  and  multi¬ 
poles),  whose  strength  is  to  be  determined. 

(2)  By  means  of  the  Fourier  convolution  theorem  express 
the  velocity  potentials  of  these  line  distributions 
in  terms  of  the  Fourier  transforms  (in  the  axial 
direction)  of  the  point-singularity  potentials. 

(3)  Expand  these  Fourier  transforms  in  powers  of  the 
radius  (logarithms  will  also  appear),  and  retain 
only  the  leading  terns.  (It  is  here  that  the 
slender-body  assumption  is  used. ) 

(If)  By  means  of  the  Fourier  convolution  theorem  interpret 
the  resulting  expressions. 

This  procedure  can  be  Justified  if  the  body  is  sharply  pointed  at  the 
ends,  and  can  probably  be  modified  to  provide  end  corrections  for 
blunt  bodies  (in  an  unbounded  medium).  If  cylindrical  polar  coordi¬ 
nates  (x,  r,  ©)  are  taken,  with  the  x-axis  along  the  axis  on  the  ship 
on  which  the  normal  velocity  is  prescribed.  If  now  the  variation  in 
the  axial  direction  is  treated  as  slow,  then  the  integrals  can  be 
approximated  by  simpler  integrals;  in  particular  the  kernel  of  the 
equation  nay  be  expected  to  reduce  to  the  kernel  appropriate  to  a 
plane  problem,  to  which  known  techniques  are  applicable. 
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Vossers's  results  require  approxinations  for  quadruple 
integrals,  of  the  3ame  order  of  difficulty  as  those  obtained  above 
by  the  Fourier-transform  techniques.  Although  his  published  treat¬ 
ment  probably  contains  errors,  it  is  believed  that  it  can  be  modified 
to  give  at  least  the  leading  terns  in  the  correct  equations.  Vossers's 
approach  clearly  has  advantages;  for  instance  it  does  not  need  to  assume 
that  the  chip  can  be  represented  by  axial  distributions  of  multipoles. 

Ac  for  higher  approximations,  these  are  so  far  known  only  for  zero  speed 
and  for  bodies  of  revolution,  so  that  except  for  this  special  case 
Vossers's  method  may  in  this  respect  be  as  efficient  as  other  methods. 

My  own  theoretical  work  was  originally  inspired  by  some 
experiments  on  the  oscillations  of  an  idealized  model  ship  moving 
through  waves.  Resonances  were  observed  at  certain  periods  of  encounter 
vrhich  agreed  quite  well  with  the  periods  predicted  by  thin-ship  theory. 
But  the  amplitudes  could  not  be  explained  by  this  theory  which  does  not 
take  virtual  mass  and  wave  damping  into  account,  and  slender-body  theory 
seemed  likely  to  give  additional  information  on  these.  However,  the 
mass  of  a  very  slender  body  is  so  small  th:  t  resonances  can  never  occur. 
It  may  be  that  thin-ship  and  slender-ship  theory  can  be  combined  into  a 
linear  theory  (perhaps  by  Vossers's  approach)  to  explain  such  observa¬ 
tions,  or  it  may  be  that  non-linear  terms  are  also  needed.  Such  ques¬ 
tions  still  require  investigation. 
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Ai\!  APPROACH  TO  IHl'N-SHTP  THEORY 


Jntrodu  ct  ion 


In  the-  jsiwl  derivation  of  the  thin -ship  approximation  of 

the  velocity  potential  for  a  ship  in  steady  or  unsteady  motion  one 

begins  with  the  exact  boundary  conditions  for  the  problem,  assuming 

irrotat tonal  fiov  of  an  inviscld  fluid.  The  various  unknown  functions 

are  then  assumed  to  be  analytic  functions  of  some  parameter  describing 

the  thinness  of  tlv*  snip.  After  various  manipulations  which  need  not 

oe  repeated  he'-e,  one  has  replaced  the  original  bouidary -value  problem 

by  a  new  linearized  one  whose  solution  is  taken  to  be  an  approximation 

of  the  desired  one ,  However,  there  is  always  some  question  as  to  the 

proper  restrictions  for  this  approximation  to  be  a  good  one.  The 

question  has  recently  been  broached  by  Maruo  (1962)  who  states  that 

the  beam  must  be  small  in  comparison  with  not  only  the  length  but 

P 

also  the  draft  and  c~/g.  Although  his  statements  are  not  supported 
by  arguments  (in  the  paper'',  there  is  no  question  but  that  examina¬ 
tion  of  the  terms  discarded,  do  no  leave  ore  with  a  clear  impression 
that  only  small  derivatives  In  the  x-direction  are  necessary.  In 
particular,  some  of  the  discarded  terms  contain  derivatives  in  a 
vertical  direction  which  may  be  infinite  at  the  keel  of  a  U- sectioned 
ship. 

The  purpose  of  this  paper  is  to  present  a  derivation  of  the 
thin-ship  velocity  potential,  which  may  make  more  evident  the  proper 
conditions  for  its  ase  as  an  approximation  to  tre  exact  one. 

The  proolem  will  he  formulated  .  '.efficiently  generally  so 
tnat  both  steady  motion  and  motion  started  from  rest  are  included 
in  the  equations.  However,  the  two  cases  will  be  treated  separately 
thereafter. 


Exact  ^ormularj  on  of  the  Problem 

It  will  he  convenient  to  introduce  three  right-handed 
coordinate  systems,  one  fixed  in  space  0  x  y  z,  one  fixed  in  the 
ship  0  x  v'  z  and  one  moving  with  the  ship  but,  parallel  to  the 
space  coordinates  0  .<  y  z.  We  take  0  y  directed  oppositely  to  the 
force  of  gravity,  0  x  to  coincide  with  the  direction  of  motion, 
and  0  x  z  to  coincide  with  the  undisturbed  water  surface.  Further, 
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0  x  y  2  and  O'x'y'z'  coincide  when  the  ship  is  at  rest.  O'x'y' 
contains  the  centerplane  section  of  the  ship  and  O’y'z'  and 
midship  section.  Let  00  =  x  (t),  where  x  (t)  =  c(t). 

Let  the  center  of  gravity  of  the  ship  be  at  the  point 
(xi,  0),  its  mass  be  m,  and  its  pitching  moment  of  inertia 
about  the  center  of  gravity  be  Iz.  The  hull  will  be  described 
by 


z'  =  +  f(x',y'  ).  (1) 

Let  L  =  21  be  the  length  at  the  undisturbed  water  surface,  B  =  2b 
the  beam  amidships  and  H  the  draft  there.  By  the  "profile"  of  the 
ship  we  shall  mean  the  intersection  of  the  hull  with  the  plane 
O'x'y'.  We  assume  that  f(x',y')  vanishes  on  the  profile.  Although 
one  could  allow  more  generality  in  this  respect,  it  is  obvious  that, 
if  the  ship's  bottom  is  flat,  a  minute  change  in  the  form  will  allow 
this  condition  to  be  fulfilled.  On  the  other  hand,  a  dished-in 
bottom  could  not  be  included  in  the  description  (l).  The  function 
f  will  be  assumed  to  have  continuous  derivatives  with  respect  to 
each  variable. 

We  shall  suppose  that  the  motion  of  the  ship  results  from 
a  thrust  T  acting  parallel  to  O'x',  and  applied  along  a  line  situated 
at  a  distance  d  below  the  center  of  gravity.  When  the  ship  is  moving, 
both  its  trim  and  the  position  of  its  center  of  gravity  relative  to 
0  x  y  z  will  change.  Let  a  be  the  trim  angle,  measured  positively 
in  the  bow-up  direction  and  let  e  be  the  amount  by  which  the  origin 
O'  is  raised  (see  Figure  l).  Then  0  x  y  z  and  O’x'y'z'  are  related 
by  the  equations 

x'  =  x  cosa  +  (y-e)  sina,  x  =  x'  cosa  -  y'  sina, 

y'  =  -x  sina  +  (y-e)  cos  a,  y  =  e  +  x'  sina  +  y'  cosa, 

z'  =  z  ;  z  =  z ' .  (2) 

The  motion  of  the  fluid  is  most  easily  described  in  the 
systems  Oxyz  orOxyz.  Let  0(x,  y,  z,  t)  be  the  velocity  potential 
in  the  fixed  system  and  cp(x,  y,  z,  t)  that  in  the  moving  system.  Then 

0(x,y,z,t)  = 


cp(x  -  x  (t),y,z,t) 


(3) 
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Figure  1 


and 

h  “  -C<Px  +  fv  fj  -  fx  »  -  «Py  >  0*  -  <pz  • 

If  the  motion  is  steady  with  respect  to  the  ship,  then  cpt  =  0. 

Both  grad  0  and  grad  cp  describe  the  absolute  velocity  of  the  water. 
The  Bernoulli  integral  may  be  written  as  either  one  of 


where  p  is  atmospheric  pressure.  We  may  evidently  take  pD  =  0 

8L  c* 

since  we  are  not  concerned  with  cavitation. 

Let  the  equation  of  the  water  surface  be 

y  =  Y(x,z,t)  =  Y(x-xQ(t),z,  t)  =  Y(x,z,t).  (5) 

Then  the  potential  function  cp  must  satisfy  the  following  boundary 
conditions  on  this  surface: 
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q>x(x,Y(x,z,t),z,t)  Yx(x,z,t)  -  Cpy  +  <pzYz  +  Yt  -  cYx  =  0, 
(pt(x,Y(x,z,t),z,t)  -  ccpx  +  gY(x,z,t)  +  \  (<PX  +  <Py  +  CPZ)  =  0. 


There  are  corresponding  kinematic  and  dynamic  boundary 
conditions  to  be  satisfied  on  the  ship's  wetted  surface.  The  kine¬ 
matic  condition  is 

<Px(x>y>  +f(x’,y'  ),t)  f(x',y' )  +  <Py  f(x',y' )  +  q>2 


=  cf  ,cosa  -  cf  ,sina  -  — -  f(x',y* ).  (7) 

*  y  ot 

The  last  term  on  the  right  is  necessary  because  both  x'  and  y'  depend 
upon  t  through  a  and  e,  both  of  which  may  vary  in  an  initial -value 
problem.  In  the  steady-state  case  this  term  vanishes.  Form  (2) 

—  fUSy')  =  f  ,cosa  -  f  Sina  , 
dx  x  y 

a  (8) 
f(x',y')  =  f  ,sina  +  f  cosa  . 

dy  x'  y' 

In  order  to  write  down  the  dynamic  boundary  conditions,  we 
first  find  the  force  and  moment  acting  on  the  ship,  assuming  that 
we  know  the  pressure  p(x,y,  z,t),  which  can  be  found  from  (4)  once 
cp  is  known.  Denote  the  wetted  hull  by  Sw  and  the  projection  of  the 
wetted  hull  onto  the  centerplane  by  Syp.  The  latter  is  bounded  by 
the  profile  and  the  projection  of  the  intersection  of  the  water  sur¬ 
face  with  the  ship's  surface.  We  shall  denote  the  force  components 
referred  to  0  x  y  z  by  Fx,  Fy  and  to  O'x'y'z*  by  Fx,  F£.  The  moment 
about  the  center  of  gravity  is  denoted  by  M.  Then 

F '  =  /  /  p(x,y,z,  t)n^dS  =  2  /  /  p(x,y,  f(x',y' ),  t):.,x,dx’dy», 

Sw  Swp 


F'  =  2  /  /  p(x,y,f(x’,y'  ),t)  f  .dx'dy'  , 

y  s^p  y 


M  =2  /  /  p(x,y,  f,  t)  [(x'-x^  )f  ,  -  (y'-y^f^Jdx’dy’ 
Swp 


The  dynamic  boundary  conditions  are,  of  course,  nothing  but  Newton’s 
laws  of  motion: 


myG 


m[x_  -  (x*  sina  +  y'  cosa)a  -  (xicosa  -  y’sinaja2] 


m 


=  Fx  +  T  cosa  =  Fx  cosa  -  F*  sina  +  T  cosa, 

y 

[e  +  (xi,  cosa  -  y*  sina)a  -  (x’sina  +  y^cosaja^] 

^  G  G  G 

=  F  +  T  sina  -  mg  =  F'sinQ!  +  F'cosQ!  +  T  sina  -  mg, 
y  x  y 


(10) 


Iza  =  M  +  Td  . 

For  steady  motion  these  reduce  to 
F  +  T  cosa  *  0  , 

F  +  T  sina  -  mg  =  0,  (ll) 

M  +  Td  =  0. 


There  is  also  a  kinematic  condition  to  be  satisfied  on  the 
ocean  bottom,  which  we  assume  to  be  a  horizontal  plane  at  y  «  -h: 

<py(x,  -h,  z,  t)  *  0  (12) 

If  the  depth  is  infinite,  this  may  be  replaced  by 

llm  <Py  =  0.  (12’) 

y  -+  -  °°  * 

If  there  are  walls  parallel  to  the  direction  of  motion,  further  con¬ 
ditions  analogous  to  (12)  must  be  added. 


Finally  there  are  conditions  at  infinity.  Here  we  separate 
the  steady  from  the  unsteady  case.  For  the  initial -value  problem  we 
assume 


<p(x,  y,z,t) 


OQx2 


2l-1/2 

z*J 


2  2 
as  x  +  z 


00 


For  steady  motion  we  assume 
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cp(x,y,z)  =  | 


0([x2  +  z2]  ^  )  as  x2  +  z2  -»  *  for  x  >  0, 


0(1) 


2  2 

as  x  +  z  -*  *  for  x  <  0. 


(1*0 


This  problem  can  be  modified  in  various  ways  to  conform  to 
the  physical  situation.  For  example,  if  a  ship  model  is  held  rigidly 
by  a  towing  carriage  in  its  equilibrium  position  at  rest,  then 
Of  =  e  =  0  and  T  is  no  longer  applied  as  assumed  above.  The  necessary 
modifications  are  easy  to  make,  and  the  problem  becomes,  in  fact, 
somewhat  easier. 


Steady  Motion 

For  steady  motion  cp  =  cp(x,  y,  z)  and  Y  =  Y(x,  z)  and  a,  e  and 
c  are  constants,  so  that  in  the  boundary  conditions  for  cp  in  (6)  and 
(7)  the  partial  derivatives  with  respect  to  t  vanish.  With  this 
simplification,  we  are  seeking  a  solution  of  Laplace's  equation 
satisfying  (6),  (7),  (11),  (12)  and  (14). 


Consider  now  the  region  of  fluid  bounded  by  the  bottom  Sg, 
the  free  surface  Sp,  the  wetted  hull  Sw,  and  a  vertical  cylinder  of 
radius  R  with  axis  Oy,  SR  (see  Figure  2). 


Figure  2 
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Let  (x.  y,  z)  be  an  aroitrary  point  of  the  region  and  (£,  Tj,  £)  any 
point  of  the  boundary.  Furtner,  let  G(x, y,  z‘,%,  rj,  £)  be  a  Green's 
function,  that  is,  a  solution  of  Laplace's  equation  in  the  variables 
rj,  £  wi  th  a  singularity  like  i/r  =  [(x-|)2  +  (y-Ti )2  +  (z-j;)2]"1'2 
at  (x.  y.z)  but  otherwise  harmonic  in  T),  in  the  region  occupied 
by  fluid.  Thus 


y  j7-  >  ’!•  b  ) 


(15) 


where  H  is  harmonic..  Further  properties  oi  (  will  be  specified  as 
they  become  desirable.  We  note  that  G  is  at  our  disposal  in  this 
respect,  provided  are  able  eventually  to  construct  it.  Occasion¬ 
ally  it  will  simplify  the  writing  to  replace  x,  y,z  by  P  and  tj,  £ 
by  Q,  i.e.  to  write  G(P;Qj.  A  subscript  n  will  denote  the  normal 
derivative 


,(P;«) 


tf‘1  +  r'y,:2  +  C,2r-J 


and  a  subscript  v  the  noma]  derivative 

a,(F;Q)  -  Vi  +  V'2  +  ¥  3- 

Then  by  Green’s  Theorem  we  have  the  following  formula: 

cp(x,y,z)  =  f-  /  /  [cp„(Q)Q(?;Q)  ••  q-U)G.,(?;Q)]dS(S) 
4;t  G  '  * 


-  t  L  1  [1>H°  "  <t0R-  “ 


L.  !  f  90.,  as 

HX  Srj 


(16) 


+  ~ •  f  J  L<p.,G  -  cpGvJdS  +  J  f  [cfuG-cpG,,  ]dS 


Sp 


4x  S 


w 


Here  we  have  already  made  use  of  (12.)  in  the  Integral  over  Sg  (really 
over  that  part  af  S-_  inside  the  cylinder;  similarly  for  S^).  We  shall 
immediately  add  the  following  restriction  to  G: 

G.,(x,y,  z:  £, -h,  C)  “  0  (17) 

If  the  depth  is  infinite,  this  is  replaced  by 
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*  G  =  0  (17') 

tj  -»  *  rj  '  ' 

Then  the  integral  over  Sg  vanishes. 

Consider  next  the  integral  over  Sp.  Here 

-*  2  2  1  /P 

V  =.  (-Y{,  1,  -Y?)/[l  +  +  Yj]  '  , 

dS(Q)  =  [1  +  Y^  +  Y 2]^2  .  (18) 

Denote  the  projection  upon  the  (x,  z)-plane  of  the  part  of  Sp  bounded 
by  the  hull  and  the  cylinder  by  Spp.  We  may  then  write  this  integral 
as  follows: 

—  SS  {[-V  ({,{)<P,(I»Y(S,C),E)  +  <p  -  Yfcpf]G(x,y,z}S,Y,C) 

Ux  Spp  1  IQS 

-[-Y{06  +  0^  -  Yj  Gf  ]q>  }  djd£ 

From  (6)  this  equals 

i -  /  /  {  -eY{({,5)  G(x,y,z;i,Y,  C)  -  0,,  <J>  +  [Y^G^  +  Y^G£3<p}  d|d£ 

4jt  Spp 

We  recall  that  the  formula  for  integration  by  parts  in  two 
dimensions  is  given  by 

/  /  F  grad  GdS  =  ^  FG  n  ds  -  /  /  G  grad  F  dS,  (19) 

S  C  s 

where  S  is  some  region,  C  is  its  contour,  n  is  exterior  and  orienta¬ 
tion  of  C  is  counter-clockwise.  Applying  this  to  the  first  term 
above,  we  obtain 

i_  £  -  c  YG  n.  ds 

+  i.  /  ;  {  o  Y(|,C)  [G5  +  O^Yj]  -  Gn<p  +  [Y6G5  +  YjQ{]cp}  did?. 
*  Spp 
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From  the  second  equation  in  (6)  this  equals 


f-  $  -  c  YGn.ds  +  /  /  {cV1  cp  (  §,Y(6, Y(|,  £)>C )G.  -  G_cp 

1  hn  Spp  5  n 

+  c  G^YY^  +  [Y^G|  +  Y^G^]cp  -  |  cV1  [<p£  +  cp^  +  cp^Gj  d|d£ 

After  the  c^g"-1-  cp|G^  term  interpolate  c2g-1  q)  -  c2g“^<p  Y^  so 

that  the  first  two  terms  become 

cV1  G  7-  <p(|,  Y(5,0,  O- 

After  integrating  this  term  by  parts,  we  have 

f-  i>  [-c  YG  +  c2g_1  cpG^]n  ds  -  /  /  [c2g-x  G^(x,y,  z;  £,Y,  £) 

Ajt  4jt  Spp 

+  <>,,)?({,  Y,{)  did?  j-  /  /  {-  cV1!^,,  +  ^JYj  +  c  G^YY^ 

n  Sfp 

+  [Y^  +  Y^Jtp  -  i  cV1  [cp|  +  +  q>|]  Gj}  d|d£ 

(20) 

For  the  time  being  we  shall  leave  this  integral  in  this  fora. 

The  contour  integral  is  taken  about  the  contour  shown  in  Figure  3. 


Figure  3 


-830- 


The  points  on  the  curve  of  intersection  of  the  water  surface  with  the 
hull  must  satisfy  the  equation 

z  =  f  (x',  Y'  (x,  z ) )  =  f(x  cosQ:  +  [Y(x,  z)-e]  sinCn,  -  x  sina 

+  [Y-e]  cosa) 

for  z  >  0  and.  the  same  equation  with  z  replaced  by  -z  for  z  <  0.  We 
denote  the  explicit  representation  by  z  =  +  f(x).  The  normal  vector 
for  z  >  0  is  then  given  by 

n  =  (f'(x),  -1)/  [1  +  f ,211/2 

For  z  <  0  it  is  given  by 

n“  =  (f’(x),  1)  [1  +  f'2]1/2 

Taking  account  of  the  direction  of  integration  about  the  contour, 
we  have 

f '  a 

n-,ds  -  -  i—  dx  =  f'(x)  dx  for  z  >  0  , 

-1 


n,ds  =  Hi  dx  =  f'(x)  dx  for  z  <  0. 

1 

Making  further  use  of  the  symmetry  of  both  cp  and  Y  with  respect  to  z, 
we  may  write  the  part  of  the  contour  integral  about  the  ship  as 
follows : 

f-  /  {-c  [G(x,y,  z;|,Y,  f)  t  G(x,y,Zi|,Y,-f)]  Y 

+  c2^"1  [Gg(x,y,zj6,Y,f)  +  G^(x,  y,  z;  Y,  -f  ]q>(  Y,  f  )}d| 

(21) 

A  A 

where  Y(|)  =  Y(£,  f(|))«  We  shall  consider  the  other  part  of  the  contour 
later. 

Consider  now  the  integral  over  Sy.  This  may  be  calculated 
using  either  the  (x',y')  or  the  (x,y)  system  of  coordinates.  The  form 
of  the  integrand  will  be  the  same  in  either  case.  From  the  boundary 
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condition  (7)  we  have 

<PvU>n, *“(!’> V))  *  c(f^,  cosa  -  sina). 

The  coordinates  of  n  in  the  (x',y')  system  are 

n’  =  +  D/[l  +  f2,  + 

and  in  the  (x,y)  system 

n  =  (fx,cosa  -  fy,  sina,  fx,  sina 

+  fy,  COSO,  T  1)/(1  +  f^  +  fy,]1/2  • 

The  element  of  area  is  the  same  for  both  sides  of  the  ship: 

dS  =  [1  +  fx,  +  fyj^dxdy  =  [1  +  fx,  +  fy, J^dx'dy’  . 

The  integral  is  then  the  following 

7-  /  /  {c[f,  )  COSO  -  f-,sina][G(P;l,i),f(S',i)') 

s„p  6  n 

+  G(P)5,n,-f)]  -  <p(s,'l»f(i,,l'  ))[fj.cosa 

-  f^.sina]  [G^(Pj^,  tj,  f )  +  G|(P;|,  tj, -f)] 

-  ?)[*£•  sina  +  f ^ , cosa] [G^P;  tj,  f ) 

+  G^CPj^H, -f)]  +  <p(^^f)[G?(P;6,Ti,f) 

-  G^(P;i,n,-f)]}  il’dy'  .  (22) 

In  writing  out  the  integral  use  has  been  made  of  the  symmetry  of  cp,  i.e. 


<p(x,y,-z)  =  <p(*,y,z)  • 
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An  integration  by  parts  in  any  of  the  first  three  terms 
replaces  derivatives  of  f  by  f  itself,  but  brings  the  derivatives 
back  in  again  because  of  the  occurrence  of  f  as  an  argument  in  cp 
and  G.  We  do  this  integration  only  for  the  first  term  and  obtain 
the  following  expression: 


7-  i  c  f($ ',  tj'  )[G(P;£,  tj,  f )  +  G(P;6,ri,-f)]  n,ds 
4* 

+  r-  /  /  {-  c  +  G,(P;6,l,-f)] 

**"  SvP  5  5 

-  C  fU'.n'Hf^cosa  -  f1(slna][0  (Pj{,n,f)  -  0  (P;|,r„-f)] 

-  q)(^n»f)[f|«cosa  “  f^i  sinQf]  [G|(P;  rj,  f )  +  G^(P;  £,  tj,  -f )] 

-  <p(|,rj,f)[f  sina  +  f  cosa][G  (P;|,T),f)  +  G  (Pj|,T),-f)] 

s  M  TJ  TJ 

+  -  05(P;S,n,-f)]}  dS'di)'  .  (25) 

The  contour  integral  is  over  the  boundary  of  Swp.  However, 
since  f  vanishes  on  the  profile  of  the  ship,  it  is  taken  in  effect 
only  along  the  projection  of  the  wave  profile  onto  the  centerplane 
(see  Figure  4).  The  components  of  n  in  this,  formula  are  those  in  the 
(x, y)  system.  The  points  of  the  projected  wave  profile  must  satisfy 


Figure  4 


y  =  Y(x,f  x\y')  =  i(x.,f(x  cosQ;  +  (y-e)  sinCt,  -x  sine*  +  (y-4)  cosa); 

A, 

if  solved  for  y,  say  y  -  Y(x),  this  represents  the  curve  explicityly. 
The  normal  vector  Is  given  by 


— » 
n 


(-Y:  (x)j  1)/[1  +  Y’^j 


v.2l 1/2 


(2k) 


Since  here 


nnds 


Y’  (xjdx, 


n^ds 


=  dx 


(25) 


the  contour  integrals  can  be  written  out  explicitly  in  terms  of  f,Y, cp 
and  G.  The  contour  integral  in  (23)  may  be  combined  with  that  in  (21) 
to  give 


A  A  A  A 


A  A 


/  c  fo(F-5,y(s)U(0)  *  o(F;i,y,-f)Urf  -  ry)  as 


+  ~  /  cV1tG.(p;l/i,f)  +  o,{Pi‘,y,-f))  (5,Y,f)f’dt  . 

t'T  -  ■=> 


(26) 


Lastly  ve  turn  to  the  integral  around  the  vertical  cylinder  SR: 

2;c  Y 

I  J  [<PpGr  -  cp^pjdS  =  ~~  /  acp  /  [9  G  -  cpG  ]  dy  (27) 

1.  q  ^  1,  ,  O  -h  ^  ** 

::  °R 

The  conditions  on  9  which  have  been  imposed  in  (l4)  are  not  sufficient 
to  imply  that  this  integral  converges  to  zero  as  R  We  shall  pre¬ 

sently  nave  to  jmpose  several  conditions  upon  G  and  at  that  time  will 
add  the  necessary  requirements  to  ensure  vanishing  of  the  above  integral 
as  R  -v  w.  In  the  meantime  we  shall  assume  this,  and.  also  the  vanishing 
of  that  part  of  the  contour  integral  in  (20)  taken  around,  the  large 
cylinder. 


We  now  have  the  following  .formula: 

q>(x,y,z)  =  (23)  +  (20),  (28) 

where  the  two  rone  integrals  around  the  ship  combine  and  reduce  to  the 
form  (2 6), 


If  this  expression  is  made  dimensionless  by  measuring 
lengths  by  l  =  l/2  and  velocities  by  c,  so  that 

<p(x,y>z)  *  c  icp(p  *£,  j)  =  c  icp(x,y,z),  G  =  i  G  ,  (29) 

we  obtain,  after  dropping  the  tildes, 


<p(x,y,z)  =  -  i-  /  /  [c2(g*r1G,.(P;e,Y,5)  -  g  ]q)(i,Y,  C)  d*d£ 

SFP 


-  77-  /  J  {-  ^(gi)'1  fcpG|  +  cpnG.]Y.  +  G  YY. 

^  Spp 


+  fYji 

3!  + 

Y^G^]cp 

-  |  cS(gi)‘1|cpf 

2  2,  , 
+  <Pr,  +  cp^]G^} 

dldc 

1 

/  / 

t(v>v 

)fo.(p, <■ 

G.(P;M>  -03 

d|  ’dT) 

hr. 

SwP 

b 

1 

hr. 

/  / 

SwP 

f )  {Lf  .costf  -  1 

r  .sinQf](Gt  +  C 

7i  1 

Y! 

+  If. 

b 

.sina  +  f  ,cosa][G+  +  G"1  - 
*]  T«  Tl 

-  0^1} 

+  f(£:,r' )[f^,cosa  -  f  sinQ]  [G^  -  G~ij  d$'dy: 

*|  A  N  A  A  A  A  A  A 

-  —  /  (G(P>|,Y,f)  -  G(P,^,lf,-f)][fY'  -  fY]  d| 

Lp 

+  —  /  *  G"3<p(6,Y,f)  f'de  .  (30) 

hr.  Lp  5  5 

We  are  now  ready  to  define  more  precisely  the  form  of  the 
Green’s  function  G(x,y,  z,Z,  rj  £),  where  the  variables  are  the  dimen 
sionless  ones  used  in  (30).  We  shall  suppose  that,  in  addition  to 
(15)  and  (17),  G  satisfies  the  following  conditions 


-c''5* 


c2(gi)’1  Gf> (x>y,  25I.O,  5)  +  Gr(x;y,  z;l,0  0  =  0, 


C(  x 


i)  «  i 


0(  [  P2  +  52j“1/2)  as  £2  +  £2  -►  *  for  |  <  0, 


0(1) 


2  2 

as  £  4  £ -*  oo 


for  i  >  0. 
(30) 


The  solution  for  G  is  well  known  and  may  be  expressed  as  follows: 

3(x,y,z;|,Tj;  0  *  [(x-O**  (y-n)"  +  (z -C)2)’*1'2  '  C(x-S)2 

+  (y  +  T]  +  2h)2  +  (z-02]  1^2 


4  ^f2:'dQ  2  e”k7°~seehk70h  coshky0(T^h)(coshk70(y+h)(kcos29  +  1)-1]  ^ 

°  ^  kcos^G  ••  tarih  k7Qh 

cos[ky0(x-|  )cosGj  cos[k/0(z  -£)sin©]  dk 

„  4-y1  2f'  e"Ko7°hsechk070hcosh.k070(',j4h)[coshk070(y+h)(k0cos2©  +l)-l] 

'  o  - - 2 - 9 - 

0o  cos  9  -  y^h  sech  k  •/  h 

O  7  O  O'  o 

sin[k07o(x*^  )cos9]  cos[k„70(z-£ )sin©]  d©  , 

(32) 

where 


^  ) 

arc  cos  V/0h 

Os-! 

if  70h  <  1 

c2 

°  lo 

if  r  b  >  1 
1  o  — 

and  where  k0  =  k0(Q)  is  the  real  positive  root  of 

? 

kQ  -  sec  ©  tanh  =0  ©0  <  ©  <  ^  . 
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The  integral  with  respect  to  k  in  (32)  must  be  interpreted  as  a 
Cauchy  principal  value  if  ©Q  <  9  <  l/2*.  The  combination  70h 
occurring  throughout  is  just  the  depth  Froude  number,  i.e.,  gh/c2 
in  the  dimensional  variables.  If  the  depth  of  fluid  is  infinite, 
one  may  obtain  either  directly  or  from  (32)  by  letting  7Qh  -»  » 
the  following  simpler  expression: 

G(x, y, z; 4, tj,  )  =  [x-e)2  +  (y-*n)2  +  {z-^)2]'1^2  -  [(x-£)2 

,  n2  .  .2. -1/2 
+  (y+Ti)  +  (z-0  ] 


1/2* 

/  de 


oo  ekr0(y^n) 

i  - — -  cos[k7 _(x-OcosQlcosLk7  (z-t  )sin©]dk 

o  kcos  ©  -  1  °  o 


-  *7, 


l/2jt 

o 


70(y+n)sec  e 


where  yQ  =  g//c2  as  in  (32). 


sin[7Q(x-|  )sec©]cos[ro(z-^)sin©sec2©]sec2©d9, 

(33) 


We  note  in  passing  that  the  integral  terms  in  both  (32)  and 
(33)  are  functions  of  70(x-| ),  yQ(y+v),  y0(z-(;),  so  that  the  independ¬ 
ence  upon  x,  y,  z,  £,  t|,  £  and  y  is  not  quite  as  complicated  as  it 
appears.  For  (33)  it  is,  in  fact,  possible  to  express  the  integrals 
in  terms  of  the  exponential  integral.  Let  H(x,y,  z)  be  the  function 
obtained  when  70(x-|),  y0(y+T)),  y0(z-£)  are  replaced  by  x,  y,  z  in  the 
integral  terms.  Then 


H(x,y,z) 


2* 

/  exp  {ty+i  (x  cos©  t  z  sin©)] 


Ei  {-[y+i  (x  cos©  +  z  sin©] 


sec2©}  x 
sec2©}  sec2©d© 


W 

The  function  G  for  either  (32)  or  (33)  has  now  a  property  which 
restricts  the  possible  positions  of  the  field  point  (x, y, z).  There  is  a 
singularity  not  only  at  (x,  y,  z)  but  also  at  (x, -y,  z)  (the  one  at 
(x,  -y-2h,  z)  does  not  bother  us).  Hence,  if  Y(x,  z)  >  0  and  if  the  point 
(x,y,  z)  is  chosen  such  that  -Y  <  y  <  Y  the  function  G  -  r_1  will  not  be 
harmonic  within  the  fluid.  Unless  we  assume 


f 


-  h  <  y  <  -  |Y(x,z)| 


(55) 


we  cannot  use  (l6)  together  with  (32).  However,  with  this  proviso 
the  function  G  is  defined  and  has  +he  desired  "behavior  not  only  for 
(|,  Tj,  £)  in  the  fluid,  but  also  for  points  such  that  r.  <  j Y  j  and 
for  points  lying  within  the  volume  bounded  by  the  hull  and  its  reflec¬ 
tion  in  the  plane  y  ~  0. 

It  is  new  possible  to  verify  that  (2fi)  is  satisfied.  An 
investigation  of  the  asymptotic  behavior  of  G,  Op  and  Gp  shows  that 
all  are  0( [ T  f-  as  E*  f  ^  v  for  |  <  0  and  of  [£2  +  £^]'V°) 

for  E  >  0.  From  this  and  (Id)  it  follows  easily  that  (28)  and  the 
line  integral  along  the  intersection  of  Sp  and  Sp  occurring  in  (20) 
both  vanish  as  R  -*  m* 


In  the  dimensionless  representation  used  in  (30)  the  ordinate 
at,  (E\,  r/ ;  ~  (0,0)  is  fl  -  2/L.  let  us  denote  this  parameter  B/L  by 
*■;  and  display  i  t  oy  introducing  a  hull  Y'-^'(E  %  V  )  with  f^)(0, 0)  =  1 
which  is  related  affinely  to  f  ( E  ' ,  r.  "•  )  by 


ditt)  • 


(56) 


1  3  evident  that  tne  function  cp,  the  free  surface  '£,  the  quantities 

O  and  c,  and  the  force  arid  moment  will  also  depend  upon  the  parameter  a 


cp ( *x , y,  ?./g },  Y (xjZje),  a(^).  e (<•:),  etc, 


(57) 


If  one  now  examines  the  integrals  ir.  (30)  involving  f,  they  are  all 
-leariy  0(c )  except  possibly  the  one  involving  ./I  -  G £ .  It  is  not 
difficult  to  see  that  this  term  is  also  0 (e).  for  example,  if  one 
starts  wit.n  (33).-  one  may  easily  verify  that 

G^(P;c^j,.f)  -  G,(P;E.v]., -f; 

?  2 

i  i  ^  r "J  +  t\r_  4  r  .  *  x  "I 

=  f  o  4Z*  — - - ~  -  (r*  +  r~)  I  - 

irtiv  r  +  r  4  -  i 

-f  - 


i  r,  2  4  r  rl+rl~  h  rL  ,3  3  J  1 

““ - ~  Lz - -  \r1+  +  rX  )  l 

Tl>  rl+  ’  rl-  J  J 


4  f  aO  /  - - - cosi’kc.*  (x~5 )  secO] 

t*  -  o  ok  eos^Q  -  1  0 


l/?.7.  «.  ty0(y+*.j) 


cosfk/  zsinO j  sin[ky  ^f sinOj  dk 
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where 

2 


+  8  y\  T  /o(y^)=ec29  ^  (x.5)sec9] 

0  °  (58) 

p  p 

cos[70zsin©sec  0 J  sin|.70fsinQsee  9]  d9, 

(x-02  +  (y-7j)2  +  (z+f)2  ,  r2v  *  (x-02  +  (y+n)2  +  (z+f)2, 

(x-|)2  +  (y-Ti)2  +  (z-f)2  ,  r2_  =  (x-|)2  +  (y+T))2  +  (z-f)2. 


But  then  <p  itself  must  be  0(e),  an  estimate  consistent  witn  the  remaining 
integrals  since,  if  cp  is  0(c),  then  also  Y  is  0(e)  from  (6).  One  notices 
next  that,  if  cp  and  Y  are  0(e),  then  most  of  the  integrals  in  (50)  are 
O(e^).  In  fact,  the  only  ones  not  evidently  so  are  the  first  and  third. 
However,  as  long  as  (55)  is  satisfied,  the  integrand  in  the  first 
integral  may  be  expanded  in  a  series  in  Y.  since  the  first  term  will 
vanish  because  of  the  boundary  condition  (31),  this  integral  is  also 
0(e2).  There  remains  the  third  integral.  Although  this  can  now  stand 
as  it  is,  it  may  also  be  simplified  by  decomposing  it  into  a  part  which 
is  0(e)  and  a  remainder  which  is  0(t*2).  If  we  admit  for  a  moment  that 
a  and  e  are  each  0(e)  and  then  make  use  of  (2),  we  find 


G^(P;l,r,,f)  +  G  (P;!,n,-f)  =  2G  (PjS^SO)  +  0(e2)  .  (59) 

Furthermore,  the  area  which  is  the  symmetric  difference  between  Swp  and 
Sq,  the  value  of  Swp  when  the  ship  is  at  rest,  is  also  0(h).  so  that 
the  error  is  0(e2)  if  one  replaces  the  integral  over  Syp  by  one  over  SQ. 
On  finds  then  finally  the  classical  thin-ship  result 


<pU,y,  z) 


-  —  If  f(|->  V  )0  (x,y,z,e 

2:c  S0  ?• 


2n 


’! '  >  0 )d  £  dr,  ‘  +  0(e:  ) 


(l0) 


Still  other  information  can  be  obtained  from  (50).  For  example, 
it  is  sometimes  asserted  that  the  approximation  (bo)  requires  smallness 
not  only  of  f  (i„e,  f/L  if  dimensions  are  reintroduced;  but  also  of  f^, 
and  f , » .  As  long  as  f  is  bounded,  which  it  must  be  from  physical  con- 

J|  .  p  \ 

siderations,  steep  slopes  cannot  cause  any  of  the  0{r.  )  integrals  in 
(30)  involving  f ^  1  or  fr:  to  become  large.  Consider  an  integral  of  the 


*In  the  notation  of  set  theory  this  is  Swp  +  SQ  -  Swp  •  SQ. 


a  mv 


If,  for  a  fixed  value  of  £‘,  f(£,,v)’)  is  an  increasing  function  of  tj1 
from  keel  to  intersection  vith  the  free  surface,  one  may  write 
V  -  tj  1  ( f )  and  express  the  integral  in  the  form 

Hi') 

I  41'  !  A({ (f),  f)df, 

0 


which  is  evidently  0(e)  without  any  assumption  about  smallness  of  f^,. 
If  the  section  form  is  something  like  those  shown  in  Figure  5>  one 
must  divide  the  region  of  integration  into  appropriate  parts  and  treat 


i 


Figure  5 

each  separately.  The  result  is  the  same.  A  similar  result  holds  for 
the  integrals  involving  f.i,  However,  the  approximation  (40)  may 
break  down  in  the  neighborhood  of  the  under-vater  profile,  where 
singularities  may  occur  in  the  expression  (Ko)  unless  fx  is  Holder 
continues  there,  even  though  they  are  not  properly  present  in  cp 
itself.  To  require  Holder  continuity  at  the  stem  and  stern  would 
be  an  intolerable  restriction  if  the  theory  is  to  be  applicable  to 
real  ships.  One  could  try  to  improve  the  approximation  here  by  the 
method  used  by  Ilghthill  for  the  thin-ving  approximation.  However, 
if  one  is  chiefly  interested  in  the  resistance,  which  can  be  deter¬ 
mined  from  the  behavior  of  cp  far  from  the  ship,  this  is  not  necessary. 
On  the  other  nand,  if  one  is  concerned  with  finding  ships  of  minimum 
wave  resistance,  one  should  properly  try  to  take  this  into  account. 

There  is  another  point  with  respect  to  (40)  which  has  been 
made  by  Maruo  (1962).  Consider,  for  example,  (58).  In  the  integral 
terns  f  always  has  y  as  a  factor.  The  same  statement  applies  to 
some  of  the  0(e2)  terms  In  (39)»  Since  yo  varies  from  about  2  to  12 
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for  the  speed  range  of  most  ships,  it  appears  that  for  a  given  form 
fd),  the  value  of  e  must  be  smaller  for  lower  speeds  than  for 
higher  ones  in  order  for  (40)  to  give  the  same  degree  of  approximation. 
However,  the  conclusion  is  not  certain,  for  increasing  yQ  also  decreases 
the  values  of  the  integrals.  What  is  needed  is  more  precise  knowledge 
of  the  behavior  of  the  function  G.  Furthermore;  .inspection  of  the  first, 
second  and  last  integrals  in  (30)  shows  that  i/>  occurs  as  a  factor  in 
various  terms.  One  might  reasonably  assume  that  a  small  value  of  7 
would  magnify  the  effect  of  these  terms,  thus  acting  now  in  the  opposite 
direction.  The  physical  argument  would  appear  to  be  that  large  Froude 
numbers  make  the  linearized  free-surface  condition  less  exact,  whereas 
small  Froude  numbers  make  the  thin -body  approximation  less  exact. 

Nothing  has  been  said  as  yet  concerning  the  ratio  B/H  which 
for  normal  displacement  ships  is  likely  to  be  between  2  and  4.  Let  us 
introduce  the  parameter  6  =  H/L  and  suppose  that  varying  6  results  in 
affine  variations  of  the  ship  form.  Then  the  functions  in  (37)  depend 
upon  6  as  well  as  e.  In  (30 )  6  enters  explicitly  only  through  the 
centerplane  region  Swp  whose  area  is  evidently  0(6).  The  third  integral 
in  (30)  is  now  0(c6),  so  that  cp  itself,  and  also  Y,  must  be  0(e&).  But 
then  it  is  easy  to  verify  that  the  first,  second,  and  fourth  integrals 
are  0(e^52)  or  0(e'&)  (for  the  last  term  of  the  fourth  integral)  and 
that  the  last  two  line  integrals  are  0(e2&).  Furthermore,  the  differ¬ 
ence  between  the  third  integral  and  (40)  is  0(«-j26).  This  difference 
can  also  be  written  as  a  line  integral  along  Ip  with  neglect  of  only 
higher-order  terms.  From  these  formal  considerations  it  appears  that, 
at  least  at  some  distance  from  the  ship,  tne  expression  in  (40)  will 
still  include  the  most  important,  part  of  cp  when  both  «-•;  and  6  are  small. 
Furthermore,  the  next  most  important  contribution  would  appear  to  be 
tne  line  integrals  along  the  load  waterline.  If  one  uses  (40)  to  com¬ 
pute  cp  and  Y  where  these  occur  in  the  line  integrals,  they  may  be 
expressed  as  follows,  with  errors  being  of  higher  order: 


-  i-  /  G(P;5,,0,0)L'f(6jO)Q  (t',0,0)  +  f .  ;  U 0>t U 0, 0)]d£ ' 

2jc  Lp  r!  ?  » 

+  fr  7-  /  0 ,(P;ltO,0)[f 0)q>(!’,0,0)  -  fCf.Oto  (r,0,0)j4{' 
2r;  yo  Lp  I  I  X 

(41) 

This  improvement  would,  of  course,  have  little  relation  to  a  flat-ship 
theory  where  no  assumption  is  made  about  e. 
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The  expression  (30)  may  also  be  used  to  derive  in  a  conven¬ 
ient  manner  successive  terms  in  a  perturbation  expansion  for  the 
thin  ship.  As  is  usual  in  this  procedure,  we  assume  the  expansions 

<p(x,y,zj€)  =  e  1  ^ (x,  y,  z )  +  sV2)  + . . 

Y(x,z;€)  =  €  Y^(x,z)  +  cM2)  + . . 

a(e)  =  c  c/1)  +  e2a(2)  + . . 

e(c)  =  g  +  e2e(2)  +  #####  f 


(^2) 


etc.  Substitution  in  (30),  expansion  in  Taylor's  series,  and  rearrange¬ 
ment  according  to  powers  of  e  yield  the  following  expressions  for  cp^1/ 
and  cp(2) : 

<P^(x,y,z)  -  -  —  /  /  )G|(x,y,z;e,,Ti,,0)  d|'dTj’  , 

2«  S0 

cp(2)(x,y,z)  =  -  i-  f°°f  [^-GUn(P;!,0,C)  +  G  ]Y(l)U,0<P(l)U,0,5)^dC 

4Jt  -»  '  o  1 

*  ib  r  [,><1)oti +  +  v(1Mx> 

—oo  '  O 

+  [Y^O^  +  y[1)G^)(P(1)  -  A.  [grad  <p^|2Gt}  d*d£ 

+  ~  «(1)  /  /  [-tiGu(P;|,tj,0)  +  |G|Tj]  f(|,Tj)  dftdtj 

(*3) 


s. 


+  —  e^1^  /  /  G  f  dfcdq 
2it  SQ  ^ 

.(1) 


-  —  /  /  9  (I,tj»0)  {fj1^  +  fjj1^  -  f(l)Grf}  d£dtj 


2n  S0 


r^J 


-  —  /  Gb(Pj$,0,0)  f(l)(i,0)  Y(l)(e,0)  di 


2n 


+  i_  /  {Gtf^M1*-  f^Y(l)]  +  ~  G.cp(l)  (|,0,0)f^}d| 
2*  Lp  6  6  7o  &  5 

q/1)  is,  of  course,  Just  the  Michell  potential  (4o);  cp^2^  is  usually  not 
written  down,  and  the  reason  seems  obvious.  However,  since  it  has  been, 
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a  few  comments  are  necessary.  The  function  cp  itself  is  defined 
only  where  there  is  water.  However,  the  expression  for  cp(^)  is 
defined  for  the  whole  lower  half-space,  and  hence  may  be 

defined  for  the  whole  (x, z)-plane.  This  has  permitted  some  simpli¬ 
fication  in  the  integrals  occuring  in  the  expression  for  cp(^)  with¬ 
out  changing  its  order.  In  particular,  (x,  z)-plane,  and  evaluating 
many  terms  in  the  integrand  on  either  the  plane  T]  =  0  or  £  =  0  or 
their  intersection. 

(2) 

A  point  of  interest  in  cpv  '  is  that  the  second-order  correc¬ 
tions  to  the  third  integral  in  (30)  bring  in  the  trim  and  sinkage  and 
the  wave  profile  (the  first  line  Integral)  but  not  the  fact  that 
dipoles  on  the  surface  are  replaced  by  dipoles  on  the  centerplane. 

The  correction  for  this  latter  approximation  enters  only  with  e^. 

The  potential  cp(^)  is  not  yet  completely  determined  because 
and  e'^)  have  not  been  determined.  In  under  to  find  these  we 
must  turn  to  the  dynamic  boundary  conditions  (11). 

In  order  to  compute  the  force  and  moment  components  accord¬ 
ing  to  the  formulas  in  (9),  one  needs  to  know  p,  which  can  be  found 
from  (4)  with  cp^  deleted  and  pa  -  0.  If  we  make  use  of  (42)  and 
compute  p  from  a  formal  expansion,  we  find 

p 

P  =  -  pgy  +  pccpx  +  0(€  )  , 

or,  in  terms  of  the  dimensionless  variables  used  in  (30) 

P  =  -  pg-«y  +  pc2cpx  +  °(^~)*  (44) 

We  shall  not  dwell  upon  the  details  of  substitution  in  (9)  and  com¬ 
putation  of  the  integrals  correct  to  formal  order  O(e^),  for  this  is 
straight-forward  if  tedious,  and  in  any  case  well  known.  (Use  of 
the  integration-by-parts  formula  fl8)  simplifies  somewhat  the  handling 
of  the  hydrostatic  term  ir  (44).)  Equations  ( 11 )  constrain  one  to 
assume  that  T  =  O(e^).  One  then  finds  from  (11)  the  following  relations 
among  first-order  quantities,  the  variables  in  the  integrals  all  being 
the  dimensionless  ones  in  (50)‘ 


-81*3- 


T 

2pgi5 


T  d 
2pgi3  i 


-  —  /  /  cpx(x,y,0)  fx(x,y)  dxdy  +  0(e5),  /  (e +Ox)f(x,  0)dx 

7o  S0  Lp 

-  —  /  /  CPY(x,y,0)  f  (x,y)  dxdy  =  0(e5), 

A  X 

7o  S0 

-  /  (e  +  ocx)(x-xG)f(x,0)ax  -  a  /  /  (y-yG)f(x,y)  dxdy 

T5  S0 

-  ~~  /  /  [(x-x  )f  -  (y-yp)f  ]<p  (x,  y,  0)  dxdy  =  0(e5). 

70  Sq  Gy  G  x  x 

(*5) 


In  (44)  and  (45)  cp  is,  of  course,  to  be  taken  at  the  expression 
(4o).  However,  there  is  a  difficulty.  For  the  validity  of  (4o)  we 
needed  essentially  only  the  smallness  of  the  beam/length  ratio  as  long 
as  the  point  (x,  y,  z)  is  not  near  the  ship.  For  points  on  the  hull 
further  conditions  may  be  necessary  for  (40)  to  be  a  good  approximation. 
The  difficulty  mentioned  above  is  that  if  we  use  (40)  to  compute  (45)  we 
will  be  assuming  that  it  is  accurate  also  on  the  hull.  This  seems  to 
be  unavoidable  in  finding  aC1)  and  e(D  and  hence  cp(2)  in  (45).  However, 
this  is  not  so  for  the  resistance,  i.e.,  the  first  equation  in  (45). 

It  is  known,  at  least  since  a  paper  of  Havelock's  (1952),  that  one  can 
compute  the  resistance  by  either  momentum-  or  energy-flux  considerations 
at  a  great  distance  from  the  ship.  This  leads  just  to  the  Michell 
integral  or  to  Sretenskii's  generalizations  for  finite  depth  or  canals 
of  finite  width,  but  in  the  present  case  modified  so  that  the  formulas 
are  expressed  in  terms  of  f  rather  than  fx<  For  example,  for  finite 
depth 


2pgi 


5 


=  ZJ2 

7t 


00 


/  /  dxdy  /  /  d|drj  f(x,y)f(5,Tj)  / 


cosh  u(y+h)  cosh  p(y+h) 

u  x 

cosh  ph 


l/2 

cos[(x-0(7o^  tanh  ph)  ]p  tanh  ph 


-ll/2 


LP  -  70tanh  phj 


dp 


(46) 

where  ph  is  the  positive  solution  of  p^  =  7Qtanh  p^h,  or  0  if  this 
doesn't  exist. 
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What  is  important  here  is  not  the  specific  formula  but  the 
conclusion  that  the  resistance  as  computed  by  thin-ship  theory  is 
the  most  important  term  in  the  'exact"  wave  resistance  as  long  as  the 
beam/length  is  small,  without  further  restrictions  upon  the  beam/draft 
ratio  or  the  slopes. 


Unsteady  Motion 


A  procedure  similar  to  that  for  steady  motion  may  now  be 
carried  through  for  unsteady  motion.  It  will  be  convenient  to  assume 
that  the  ship  starts  from  rest  in  still  water  at  time  t  =  0.  Instead 
of  applying  Green 1  s  formula  to  cp  as  in  ( 16 )  we  shall  now  apply  1.t  to 
0t(x,  y,z,  t) 

0t(J,y,J,t)  =  i-  //  [0tv(Q)G(P;Q)  -  0t(Q)Ov(P;Q)]  dS(4)  (U?) 

Here  and  in  the  following  all  variables  have  their  proper  dimensions. 
We  can  immediately  dispose  of  the  integrals  over  S-g  and  SR  by  requir¬ 
ing  that  G  satisfy 

G^P^-h^)  =  0,  G  =  0(  [|2  +  S2]"1)  as  |2  *  (48) 

or  a  statement  (see  (17'))  concerning  the  limit  of  G^  if  the  depth  is 
infinite. 


For  the  integral  over  Sj.  we  note  that  from  (6) 


and  that 


K  "  _g  Y  '  i  lgrad  01* 

0V  -  V[1  +  %  *  h  ,1/2 


0  ,  _ hi _ _  .  hlMuJLMlLl  .  «i.  v 

vt  [1  *  n  ♦  y|]V2  [1  ♦  s§  ♦  '-  y 


(**■9) 


-2-2  _i/2 

GV(P;Q)  -  [G-  -  G|Y^  -  G^Ytjfl  +  +  Y£] 
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so  that 


—  /  /  [0tv°  -  Mv I  as 


2jr  Sp 


t~v 

=  r-  1  !  [Y.  .(T,I,t)a(P;I,Y,I)  +■  gYGjdld?  +  0(«2) 

a  u  T) 

*F? 

(50) 


Here  we  have  anticipated  that  Y  and  0  will  each  be  0(e). 

We  now  subject  G  to  further  conditions.  We  shall  suppose 
that  G  is  a  symmetric  function  of  t  satisfying  the  following  boundary 
and  initial  conditions: 


ctt(S,y,z;T,°,T;t)  +  g  g-  =  o, 
G(x,y,z;T,0,f;0)  =  Gt(x,y,  z;J,  0,£;0)  =  0. 


(51) 


Methods  of  construction  of  such  Green's  functions  are  well  known 
(see,  e.g.,  Wehausen  and  Laitone,  i960,  pp.  491-495 )•  For  finite 
depth  G  may  be  expressed  as  follows: 


G(x,y,z;£,T),  £;t)  *  -  +  i_ 


r  r. 


2  r  e-kh  cosh  k(y+h)  cosh  k(n+h)  ,  v 
J  cosh  kh  ' 


dk 


(52) 


,  ,°°  r  /  .  ,  cosh  k(y+h)  cosh  k(n+h)  .  . 

+  4  /  1  -  cos  o(k)t  - - — : - u — L  J  (kR)  dk, 

;  v  '  sinh  2kh  ov  '  * 

o 

l/2 

where  a(k)  =  [gk  tanh  kh]  ,  and  for  infinite  depth  as 
G(x,y,z;I,rj,^,  t)  =  — 

r  r-j_ 


+  2  /  e 

o 


k(y+ij) 


J  (kR)  [1  -  cos '/gk  +  ]  dk  =  —  +  i- 


r  rn 


(55) 


*  k(y+fi)  , - 

-2  /  e  JQ(kR)  cosvgkt  dk. 


o 
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where 

r2  =  (x-I)2  +  (y-ii)2  +  (z-C)2>  v\  =  (x-i)2  +  (y+ri)2  -»  {z-\)2  , 

r2  =  (x-i)2  +  (y+T]+2h)2  +  R2  =  (x-i)2  +  (i-lf  . 

In  both  formulas  Gt(x,  y,  z ;  £,  q,  £;0)  =  0  although  (50)  required  this 
only  for  =  0. 


Under  condition  (35)  we  may  now  use  (51)  to  replace  the  term 
gG-  in  (50)  by  -G^.  However,  there  is  nothing  to  require  us  to  use 
G(P;Q;t)  for  this  purpose.  Instead,  for  reasons  which  will  become 
apparent  later,  we  shall  replace  t  by  t  in  ( 51 )  and  in  G  use  the  argu¬ 
ment  t-r.  Then  (50)  becomes 


7“  /  /  Y  (|,I,t)G(P;?,0,  ^t-r)  -  YGt  d|d£  +  0(e2) 

^(t) 

Consider  now  the  following  integral: 


—  7-  I  J  t?T  (L?,T)G(P;T,0,T;t-r)  +  YG  ]  aid^ 

dT  4;t  8re(T) 

“  7-  /  /  [?ttG  -  YTGt  fT0t  -  YCtt)  did? 

4jt  Spp 


+  i-  #  [YtG  +  Y0t]  Unds  , 


(54 ) 


4*  cfp(t) 


where  Cpp(T )  is  the  contour  bounding  (internally)  Spp  and  Un  is  the 

velocity  at  each  point  of  the  contour  in  the  direction  of  its 

(internal)  normal.  By  a  modification  of  the  computation  used  further 

below  to  find  V„  one  can  show  that 
n 

un  =  Vx'^.’0;)  +  0(«:)  , 

2 

so  that  the  contour  integral  is  0(s  )  since  f  is  0(e ),  Hence  (51) 
may  be  replaced  by 


—  —  /  /  [YtG  +  YG  J  d?d£  +  0(e2) 
d-t  4:;  Spp( t  )  T  1 


(55) 
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Let  us  turn  now  to  the  Integral  over  Sw„  Here  we  have, 
of  course,  the  same  difficulty  as  before,  namely,  that  it  is  easier 
to  express  this  integral  in  the  coordinates  U T]',  ).  Fortunately, 

we  can  borrow  from  the  steady-state  computations.  In  particular,  the 
terms  associated  with  the  integral  of  will  be  the  same  as  the 

last  three  terms  ^n  (22)  with  cp  replaced  by  0t.  Evidently  these 
terms  will  be  0(e‘  ). 

Consider  now 

r-  /  /  0vtG  as  .  (56) 

k * 

If  we  express  this  in  ship  coordinates  we  can  write  it  as  follows: 

/  /  0  (X  (t)  +  £  ' cosQi( r )  -  Tj'sinCt,  e(-r)  +  since  + 

2*  SwP(t) 

+  rj'cosa,  f(|',T'),T)  x  G(x,y,  2jXQ  +  ...,fjt--r) 

[1  +  f?,  +  f l,]1!2  ds'si)1 

1  (5?) 

where  xQ,  a  and  e  are  functions  of  r.  We  have  again  replaced  t  by 
r  and  taken  the  last  variable  in  G  as  t-r.  We  now  have  the  following 
identity: 


7-  -  I  !  0VG  U  +  f?,  +  ^,]1/2d5'4V  -  i-  //  JS  G[...]l/2d{'dV 
dT  2K  SwP(t)  5  T|  2*  vt 


+ 


1_ 

2tt 


+ 


1_ 

2  jt 


/  /  {^v^[xQ  -  (|  ’ sina  +  cos '  )a:  1  +  0VT]le  +  ( I'cosa  -  tj'  sina)^  ]} 

swP  l/2 

x  G  •[...]  d|  ’  drj ' 

/  /  0v[...]1//2{-Gt  +  ^[^-(...W+G^e  +  (...)«]  }d| 'drj' 

SWP 


+  —  0V  [..  -J1^2  G  Unds  ,  (58) 

2lX  cwP 


where  Cwp  is  the  contour  bounding  S^p  and  Un  is  the  velocity  at  each 
point  of  the  contour  in  the  direction  of  the  exterior  normal  to  Syp 
at  the  point.  Since  the  integrations  are  being  carried  out  in  ship 
coordinates,  the  only  part  of  Cwp  where  Un  is  not  zero  is  along  the 


-848- 


projection  of  the  waterline.  Here 


[x'cosa-  y'sinOOa  -  Yjj[x0  -  (x'sinO!  +  y’cosQ!)a]  -  Yt 

[1  +  Y?  +  Y?]1/2 
x  z 


=  £o  Y  +  Y  +  0(e2)  =  0(e).  (59) 

Evidently  this  integral  will  he  O(e^).  (We  note  in  passing  that 
the  contour  integral  would  have  made  an  important  contribution  if 
we  had  carried  out  the  integrations  in  the  0  x  y  z  coordinates;  this 
is  now  contained  in  the  two  preceding  integrals.)  If  we  anticipate 
not  that  Oc,  e  and  e  are  0(e)  along  with  f  and  0,  it  is  evident 
that  several  terms  in  (56)  are  O(e^)  and  that  we  may  write 


1_ 

2* 


//  <t> vt  G  [  - . .  ] 1/2 

Swp(T) 


‘——II  0V[...]  G<H’dT)'+i-  II  0  l...]1/2  GtdJ'dV 

dr  2n  Swp(r)  2*  Swp(-0 


-  —  II  ^  ( r ) [ 0V »G  +  <t>  G 1^2  dj'dr,'  +  0(e2). 

2«  Swp(r)  0  V5  V  5 

These  integrals  can  be  simplified  still  more  without  changing  the 
order  of  the  remainder.  In  particular,  one  can  replace  SwP(t)  by 
Swp(o)  =  SQ  and  take  the  argument  of  G  so  that  it  appears  as 

G(x,y,z;x  (t)  +  t--r)  . 

Let  use  next  compute  0v  which  according  to  the  kinematic 
boundary  condition  must  equal  Vv,  the  component  of  the  hull  velocity 
in  the  direction  of  the  interior  normal.  Here 

-*  ,  .  . 

V  (xQ  -  [x’ since  +  y!cosC*]a,  e  +  [x’cosa:  -  y*  since] C*,  0), 

— »  OO  **1/2 

n  =  (fx,cosa  -  fyJsina,  fx,sina  +  fy,cosa,  -l)[l  +  f*,  +  f ] 
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and 

V 


n 


IV,'  ’K^y'  *  efy'  +  I*'1','  -  y’fx. )“][!  + fx'+  f^J'l/2+0(e5) 

*ofx'  I1  *  fx'  +  fy'l 


We  may  then  finally  put  (56)  in  the  form 


—  —  /  /  x 0(T)f.,(r,t|'  )G(x,y,z;x0(T)  +  n',  0;t-r)  d^'lTj' 

dr  2«  Sc  6 


♦  ^  /  /  xo(T)frGtdrdr,'  -  ^  /  /  *0(T>  + 

s  _  S/s 


4  0(€2), 


(60) 


We  are  now  ready  to  construct  the  function  0(x,y,  z,  t). 

The  function  0t(x,  y,  z,  t)  is  the  sum  of  (5!>)  and  (60).  Hence,  after 
integrating  with  respect  to  t  from  t  =  0  to  t  =  t  we  find 

0(x,y,z,t)  «  0(x,y,z,O)  +  7-  /  /  (Yt(T,T,  t)c(x,y,z;T,0,£;0)+ 7GjdTd£ 

4*  SfP(t)  * 

7”  f  J  C*G)G(x,y, z; |,0, £jt)  TO  ]d ^d^ 

*  SpP(o)  •  1 

+  ~  X  (t)  /  /  f  ,(r,y  )G(x,y,z;x  (t)  +  % *,  n' , G;0)  d^'dr)’ 

2«  q  5  0 

bo 

’  —  *0(°)  /  /  f|'G(x,y,z;xQ(o)  +  r,n’,o;t)  d^’dr)' 


2it 


' o 
t 


♦  —  /  dT  xq(t)  /  /  f.  ,Gt(x,y,z;x  (t)  +  V, 0;t-T )d| ’drj' 
2«  o  S0  * 


t 


-  —  /  dr  St)  /  /  [ffciftG  +  f .  ,G.  ]d|  '<1^'  +  0(e2). 


2n  1  o'  '  i  '  ‘  r!’w  ' 


Because  of  the  initial  conditions  for  G  the  first  integral  will  vanish. 
The  second  and  fourth  will  vanish  because  initially  the  water  was  still 
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and  the  ship  at  rest.  For  the  same  reason  we  may  take  0(x,  y,  z,  0)  =  0. 
Hence  we  finally  have 

){x,y,z,t)  =  L.  x  (t)  /  /  fp,(4',n')G(x,y,z;x  (t)  +  6 f|', 0;0)d|'drj' 

+  —  /*  dt  X  (t)  /  /  ff.G^(x,y,z;x  (t)  +  t',  *' ,  0;t-T  Jdl'di)' 

2n  o  0  o  6  " 

o 

-  —  !l  dT  j?(r)  /  /  +  f,,0  ]ai'dV  +  0(c2). 

2n  O  0  s  5  «  El 

°0 

(61) 


To  the  order  indicated  this  will  satisfy  both  the  kinematic  boundary 
condition  and  the  initial  conditions  on  the  ship  hull  und  both  kinematic 
and  dynamic  boundary  conditions  and  initial  conditions  on  the  free 
surface . 


The  last  integral  in  (6l)  can  also  be  expressed  as  the  follow¬ 
ing  contour  integral: 


(62) 


where  n^  is  the  x' -component  of  the  external  normal  to  the  boundary 
C0  of  SQ.  It  is  evidently  zero  except  along  the  stem  and  stern. 


There  remain  to  be  considered  the  dynamical  boundary  condi¬ 
tions  on  the  ship.  From  (4)  the  pressure  is  given  by 

p(x,y,  z,  t)  =  -pgy  -  P0t(x,y,  z,t)  +  0(e2) 


P  ^2(t)  I! 

2n  S0  66 

—  P  /  dT  xq(t)  // 

2n  o  So 

—  P  /  d-r  £?(t  )  // 

2«  o  °  S0 


dl'drj' 

f I iGtt(x, y, z;xq(t )  +  I',  tj’, o;t-T )d| 'dT)' 

[Vs'Gt  +  W1  d*’dV 


0(e2). 


+ 
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Since  we  wish  to  integrate  this  over  the  surface  of  the  ship, 
following  (9),  it  is  convenient  to  write 

p(x,y,z,  t)  -•  p(xQ(t)  +  x:cosa  -  y!sina:,e  +  x'sina  +  y'cosQ!,f,t) 

*  p(xQ(t )  +  x’,y',o,t)  +  0(e),  (64) 

We  note  now  that  x  occurs  in  (63)  only  in  G,  and  here  only  in  the 
combination  x  -  \  =  x0(t)  -  x0(r)  +  x* '+  0(e);  so  that  the  x0rs 
drop  out  in  the  first  two  integtals,  but  are  retained  in  the  last  two 

In  the  computation  of  the  force  and  moment  components  in  (9) 
the  hydrostatic  part  of  p  contributes,  up  to  0(e2),  only  to  the  same 
extent  as  in  (45),  and  in  particular  not  to  Fx.  For  this  we  find 

=  -  P  x  (t)  //  dxdy  //  d^dT]  f  (x,y)f  ,(S,tj)G(x,  y,  0;  6,  tj,  0;0) 

*  t*  O  c*  n  A  5 

bO  °Q 

+  -  p  xf;(t)  II  ixty  II  dSdrl  fx(x,y)f..(|,t|)G(x,y,0i|,v0;0) 

*  S0  sc  “ 

dldTl  fxf|Gtt(x0(t)  fx,y,0;xo(r) 

*  l,^0;t--r) 

VfUGt  +  W 

+  0(€5).  (65) 

The  first  equation  of  motion  in  (10)  can  then  be  expressed  as  follows 

m(3T0  -  y<j“)  =  FX  +  +  •  (66) 

The  equation  (66)  is  really  a  very  complicated  integro-differential 
equation  for  x  (t),  for  xQ  occurs  in  each  term  of  (65).  It  is,  in 
fact,  incomplete  without  the  other  equations  in  (10),  for  xQ,  <2  and 
e  are  evidently  intertwined.  We  shall  not,  however,  deal  with  these 
equations  and  hence  shall  not  write  them  out.  However,  it  is  these 
equations  which  tell  us  that  0t  and  e  are  each  0(e). 


-  ip/  dr  x  (t)  //  dxdy  // 

*  0  So  So 

+  -  p  /  dT  ^(T)  II  dxdy  II 

O  co 
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With  respect  to  (65)  there  are  two  points  of  interest.  The 
first  is  that  the  second  and  fourth  integrals  do  not  occur  in  the 
expression  usually  given  for  F  .  The  customary  derivation  linearizes 
the  boundary  conditions  at  the  outset  and  then  finds  a  solution  to 
the  newly  set  problem.  These  terms  would  inevitably  be  missed  by 
this  procedure.  The  second  point  concerns  limitations  inherent  in 
the  derivation  of  (65).  In  the  derivation  of  the  first  formula  in 
(45)  we  were  able  to  make  use  of  the  velocity  potential  far  from  the 
ship  and  thus  avoid  certain  restrictive  assumptions  about  its  shape. 
In  the  present  case  this  is  evidently  not  possible  and  we  must  be 
prepared  to  approximate  the  values  of  p  on  the  ship  hull.  This  is 
likely  to  restrict  the  applicability  of  (65)  to  a  narrower  class  of 
ship  form. 
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DISCUSSION 


by  H.  Maruo 


I  appreciate  Professor  Wehausen's  elaborate  enalysis  of  the 
thin  ship  theory.  He  refers  the  short  note  about  the  validity  of  the 
thin  ship  theory  which  appears  in  my  paper  of  1962.  I  am  unhappy,  how¬ 
ever,  to  find  out  that  Professor  Wehausen's  discussion  is  confined  in 
the  first  order  linearized  term.  The  thin  ship  theory  is  complete  and 
self-consistent  as  a  linearized  theory,  so  that  nothing  can  be  added  as 
far  as  the  linearized  theory  is  concerned.  Unfortunately,  the  results 
obtained  from  the  thin  ship  theory  often  shows  only  a  poor  agreement 
with  the  measurement.  This  defect  is  due  to  the  limitation  of  the  linear 
term.  The  procedure  of  linearization  assumes  the  expansion  of  the  type 

0  -  601  +  6%  +  £303  +  . 

However  there  is  no  justification  about  the  possibility  of 
the  above  expansion.  One  may  think  of  Weierstrass'  theorem  that  the 
expansion  is  possible  for  sufficient  small  values  of  £  ,  but  to  apply 
Weierstrass'  theory,  0  should  be  regular  at  the  origin.  However, 
the  only  thing  we  know  is  that  0  becomes  zero  when  £  is  made  zero. 
This  is  not  sufficient  to  make  0  regular.  There  is  no  difficulty  to 
obtain  the  first  term  0,  that  is  the  linear  term,  but  it  can  claim  its 
validity  only  at  a  vanishing  &  . 


The  discrepancies  between  computed  and  measured  values  indi¬ 
cate  that  the  other  terms  still  remain  comparable  with  the  first.  Even 
though  the  possibility  of  the  expansion  be  assumed,  the  radius  of  con¬ 
vergence  may  be  finite.  It  depends  upon  the  Froude  number,  and  it  may 
become  very  small  at  a  certain  range  of  Froude  number.  In  such  an  occa¬ 
sion,  the  thin  ship  theory  can  be  valid  only  for  a  ship  as  thin  as  a 
paper.  As  the  wave  resistance  theory  is  not  a  problem  of  mathematics 
but  is  a  problem  of  naval  architecture,  the  problem  which  we  are  con¬ 
cerned  about  is  not  what  type  of  the  ship  fits  the  theory  but  is  what 
type  of  the  theory  fits  the  ship.  The  starting  point  is  a  ship  form 
which  is  definitely  specified.  If  we  talk  about  a  thin  ship,  it  may 


have  a  small  beam  length  ratio,  say  1/30  or  l/bo.  Even  in  such  a 
case,  there  is  no  justification  about  the  condition  £  0^»£  02  for 


all  Froude  number  ranges, 
the  possibility  of  £01 


Og  the  contrary,  we  have  a  reason  to  suspect 
<  £  02  ,  especially  at  a  low  Froude  number  for 


which  wave  number  gb/U^  is  large.  The  validity  and  limitation  of  the 
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thin  ship  theory  concerns  itself  with  the  higher  order  terms.  We  cannot 
confine  ourselves  in  the  linear  term  when  discussing  the  limitation  of 
the  thin  ship  theory. 

AUTHOR'S  REPLY 
by  J.  V.  Wehausen 


I  thought  that  in  a  way  I  was  addressing  myself  to  Just  the 
problem  which  Professor  Maruo  raises,  although  I  can't  claim  to  have 
been  very  successful.  Formula  (30)  is  an  "exact"  formula,  independent 
of  any  assumptions  about  the  ship  form  (except  that  it  allows  application 
of  Green's  Theorem)  or  about  the  free  surface  (except  that  it  be  repre¬ 
sentable  as  a  single-valued  function  y  =  Y(x,z).  There  is,  of  course, 
the  underlying  assumption  of  an  inviscid  fluid  and  irrotational  flow. 

My  original  aim  went  well  beyond  Professor  Maruo 's  comparison  of  £0, 
with  £  d$2'  *  had  hoped  to  t>e  able  to  compare  the  right-hand  side  of 

(30)  with  the  potential  obtained  from  the  usual  linearized  boundary 
conditions,  i.e.,  (4o),  and  to  find  numerical  estimates  in  terms  of 
ship  form  for  the  difference,  i.e.,  for  the  term  denoted  by  0(£2)  in 
(4o).  Unfortunately,  I  was  not  able  to  complete  this  before  the  Sym¬ 
posium  and  was  forced  back  to  the  0(£2)  type  of  estimate.  Even  so,  a 
convergent  power-series  expansion  in  £  was  not  assumed.  The  assump¬ 
tion  of  (42)  and  the  subsequent  computation  of«.(43)  was  more  by  way  of 
illustration  to  show  that  (30)  could  also  be  put  to  this  use. 

Professor  Maruo 's  statement  that  ther.p  is  "no  Justification" 
for  assuming  such  an  expansion  is  certainly  correct  in  so  far  as  no 
one  has  proved  its  convergence  for  this  case.  However,  convergence 
proofs  (or  their  equivalent)  are  available  for  some  two-dimensional  mo¬ 
tions,  and  even  ones  with  submerged  obstacles.  On  the  basis  of  these 
facts,  it  does  not  seem  totally  unjustified  to  conjecture  that  such  a 
power  series  does  converge,  at  least  in  some  region  excluding  the  ship. 

I  should  also  like  to  debate,  although  not  very  heatedly, 
Professor  Maruo 's  contention  that  nothing  can  be  added  to  the  linearized 
theory.  It  seems  to  me  that,  insofar  as  the  neglected  terms  have  been 
explicitly  displayed,  something  has  been  added.  Furthermore,  this 
approach  to  linearization  (which,  by  the  way,  is  not  new;  it  ha*  been 
used,  for  example,  by  Moiseev  and  by  Newman)  has,  in  fact,  given  a  re¬ 
sult  in  the  unsteady  case  which  differs  from  that  obtained  from  the 
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usual  procedure  of  assuming  an  expansion  in  powers  of  £  and  formula¬ 
ting  a  sequenc  f  linearized  boundary  value  problems  for  each  0n.  In 
connection  with  his  latter  procedure  I  should  like  to  call  attention 
to  an  interesting  paper  of  V.  G.  Sizov  [On  the  theory  of  wave  resistance 
of  a  ship  on  calm  water,  Izvestiya  Akad.  Nauk  SSSR,  Otdel.  Tekhn.  Nauk, 
Mekh.  i  Mashinostr.  1961,  no.  1,  75-85]  in  which  both  (f>2  and  the  second 
order  correction  to  the  resistance  are  explicitly  given  for  steady  motion. 

Professor  Maruo's  statement  that  we  should  be  concerned  with 
what  type  of  theory  fits  the  ship  and  not  vice  versa  cannot  be  debated 
and  is  a  slogan  we  can  all  take  to  heart.  Ships  are  neither  "thin", 
"flat",  nor  "slender"  and  do  not  sail  in  inviscid  fluids;  one  should 
constantly  keep  this  in  mind.  However,  once  one  has  made  certain  initial 
decisions  concerning  a  fluid  model  and  a  method  of  approximation,  what 
remains  Is.  essentially  a  mathematical  problem  and  should  be  treated  as 
such.  It  seems  to  me  that  the  real  import  of  Professor  Maruo's  caveat 
is  that  we  should  consider  carefully  the  limits  of  applicability  of 
each  assumption  and  approximation  method  before  investing  a  large  amount 
of  effort  in  computational  effort.  I  had  hoped  to  do  this. 


EXPRESSIONS  FOR  THE  EVALUATION  OF  WAVE-RESISTANCE  FOR 
POLYNOMIAL  CENTER PLANE  SINGULARITY  DISTRIBUTIONS 


F.  C.  Mlehelsen 


ABSTRACT 


General  formulae  for  the  evaluation  of  wave -resistance  coeffi¬ 
cients  which  are  based  upon  the  Birkhoff -Kotik  transformation  of  Michell' s 
Integral  are  presented.  These  formulae  are  valid  for  the  case  of  a 
polynomial  distribution  of  singularities  defined  over  a  rectangular  region 
of  the  center-plane  of  symmetry.  No  restrictions  are  imposed  upon  the 
singularity  distribution  other  than  that  it  is  continuous  and  has  continu¬ 
ous  first  derivatives. 

The  Birkhoff -Kotik  Transformation  separates  the  integrand  of  the 
Michell  Integral  into  two  parts;  the  Hull  Function  and  the  Michell  Function. 
The  Hull  Function  contains  all  properties  of  the  singularity  distribution 
and  is  a  function  of  this  distribution  only.  The  significance  of  the 
formulae  presented  is,  therefore,  that  the  contribution  to  the  wave- 
resistance  resulting  from  each  individual  term  of  the  Hull  Function  poly¬ 
nomial  can  be  independently  evaluated.  Once  these  are  evaluated  over  a 
range  of  Froude  numbers  it  becomes  a  comparatively  simple  matter  to  compute 
the  wave -resistance  for  any  admis sable  distribution  function.  Furthermore, 
because  of  a  linear  superposition,  the  given  expressions  for  the  wave- 
resistance  should  provide  a  method  of  formulating  the  necessary  equations 
for  the  determination  of  singularity  distributions  of  minimum  wave- 
resistance  satisfying  prescribed  conditions. 
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1.  Introduction 

The  condition  introduced  introduced  by  Michell^1)  that  the 
boundary  conditions  of  the  hull  surface  was  to  be  satisfied  on  the  center- 
plane  of  symmetry  imposed  a  serious  restriction  on  the  linear  theory  of 
wave-resistance.  This  condition  made  in  exact  only  for  ships  of  zero 
beam  and  the  theory  was  therefore  appropriately  named  a  thin  ship  theory. 
Early  experimentations^,^*1)  was  aimed  at  determining  the  magnitude  of 
the  error  involved  when  applying  the  Michell  thecry  to  finite  beam  ships, 
but  the  purely  experimental  evaluation  of  such  an  error  did  not  produce 
reliable  results  because  all  that  could  be  measured  experimentally  at 
that  time  was  the  total  resistance  of  the  models  being  tested.  Thus, 
the  experimenters  were  faced  with  the  problem  of  deducing  from  the  meas¬ 
ured  total  resistance  the  magnitude  of  the  wave -resistance  an  immense 
task  indeed  especially  in  view  of  the  lack  of  clear  definitions  that  exist 
even  today.  It  is  clear,  therefore,  that  a  theoretical  approach  to  the 
problem  of  the  hull  boundary  conditions  for  finite  beam  ships  in  conjunc¬ 
tion  with  experimental  verification  should  prove  to  be  more  fruitful  than 
a  purely  experimental  study.  In  applying  the  theory  a  positive  approach 
should  be  taken,  however,  i.e.,  instead  of  attempting  to  evaluate  the 
error  involved  by  the  application  of  the  thin  ship  theory  to  the  case  of 
finite  beam,  we  should  try  to  determine  to  what  extent  modifications  will 
have  to  be  made  to  the  functions  describing  the  hull  characteristics  in 
the  wave  resistance  integrals.  In  so  doing  a  choice  of  two  methods  of 
approach  are  available,  the  direct  and  the  inverse.  The  direct  method 
requires  that  a  hull  characteristics  function  be  found  when  the  hull  shape 
is  pre-described.  The  inverse  method,  on  the  other  hand,  requires  that 
the  hull  shape  be  found  when  the  hull  characteristics  function  is  pre¬ 
described.  In  the  language  of  the  hydrodynamicist,  the  hull  characteris¬ 
tics  function  is  thoughtof  as  being  a  function  defining  a  distribution 
of  singularities.  Thus,  the  inverse  method  consists  of  determining  the 
closing  streamlines,  which  define  the  hull  shape,  for  a  given  singularity 
distribution  and  speed. 

In  his  work  Inui  (6) 

has  applied  the  inverse  method  with  great 
success.  Although  he  neglected  the  singularity  system  introduced  to  sat¬ 
isfy  free  surface  conditions,  he  did  clearly  demonstrate  that  the  thin 
ship  theory  should  not  be  applied  to  finite  beam  hull  forms.  In  regard 
to  the  free  surface  conditions,  Korvin-Kroukovsky( f )  has  indicated  that 
the  linear  velocity  potential  is  accurate  to  a  second  order  for  the  case 
of  a  two-dimensional  train  of  waves.  There  is  every  reason  to  believe 
that  this  is  also  true  for  a  three-dimensional  Kelvin  wave  system  which 
is  composed  of  infinitesimal  two-dimensional  waves.  This  does  not  mean 
that  the  free  surface  can  be  neglected  in  the  determination  of  the  hull 
surface  predicted  by  the  linear  theory  of  wave  resistance.  In  fact,  it 
has  long  been  recognized  that  one  of  the  most  difficult  problems  facing 
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us  is  that  of  satisfying  the  boundary  conditions  on  the  hull  in  the 
vicinity  of  the  free  surface.  The  method  of  streamline  tracing  em¬ 
ployed  by  Inui  should  solve  this  problem,  however,  once  it  is  made  to 
include  the  total  velocity  potential. 

Simultaneously  with  the  efforts  made  towards  improving  the 
formulation  of  the  boundary  conditions,  it  is  important  that  work  also 
be  continued  on  improving  the  mathematical  tools  necessary  for  the 
evaluation  of  the  wave-resistance  integrals  resulting  from  the  linear 
theory.  The  importance  of  this  work  is  emphasized  by  the  extensive 
contributions  made  by  Weinblum(^)  in  this  area. 

One  significant  limitation  of  Weinblum's  work  is  that  it  admits 
only  special  forms  of  the  singularity  distribution,  in  particular  it 
must  be  describable  as  a  product  of  two  functions  each  dependent  upon 
only  one  of  the  two  space  coordinates  of  the  center  plane.  This  limita¬ 
tion  makes  it  impossible  to  locate  sinks  in  the  fore-body,  and  it  re¬ 
sults  in  frame  lines  that  will  all  belong  to  approximately  the  same 
family  of  curves.  Examples  of  this  type  of  hull  form  are  given  by  the 
C-series  and  S-series  of  models  traced  by  Inui.  The  characteristic 
rocker  bottom  exhibited  by  these  models  is  another  feature  which  has 
been  criticized  as  unrealistic  in  representing  a  practical  hull  form. 

Inui  has  proposed  the  introduction  of  a  line  sink-source  distribution 
along  the  keel  line  to  avoid  the  rocker  bottom  shapes.  It  will  probably 
be  much  simpler,  however,  to  consider  a  sink  distribution  in  the  lower 
parts  of  the  forebody,  with  a  corresponding  source  distribution  in  the 
aftbody,  which  is  an  integral  part  of  the  general  distribution  function. 
Such  a  singularity  distribution  may,  furthermore,  be  made  to  represent 
hull  forms  of  beam  draft  ratios  greater  than  two. 

In  195h  Birkhoff,  Korvin-Kroukovsky  and  Kotik^)  read  before 
the  Society  of  Naval  Architects  and  Marine  Engineers  a  paper  outlining 
two  new  transformations  of  the  Michell  Integral.  The  first  of  these 
transformations  probably  attracted  the  greatest  attention.  It  failed 
to  gain  general  acceptance  as  a  working  tool,  however,  because  the  pub¬ 
lished  form  required  a  double  numerical  integration  for  the  evaluation 
of  the  wave -resistance  coefficients,  an  integration  which  was  in  addi¬ 
tion  complicated  by  the  necessity  of  using  several  assymptotic  expansions 
and  by  the  existence  of  a  singularity  in  the  integrand.  In  this  paper 
the  author  introduces  mathematical  relationships  which  make  it  possible 
to  avoid  these  difficulties,  and  thus  formulae  for  the  wave-resistance 
coefficient  for  a  polynomial  distribution  of  singularities  on  the  center- 
plane  which  are  defined  in  terms  of  infinite  series  of  known  functions 
are  presented.  Frequently  integral  functions  are  easier  to  handle  num¬ 
erically  than  infinite  series.  Formulae  in  terms  of  integral  functions 
derived  for  that  purpose  are,  therefore,  also  presented. 
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The  derivations  are,  as  already  stated,  based  on  the  Michell 
Integral  of  wave -resi stance .  The  author  prefers,  however,  to  assume 
that  the  functions  defining  the  geometry  of  the  hull  is  in  reality  the 
singularity  distribution  function  defined  on  the  center  plane,  and  it 
will,  therefore,  be  referred  to  as  such.  The  relationship  between  the 
singularity  distribution  and  the  hull  configuration  required  to  satisfy 
the  hull  boundary  conditions  is  not  being  considered  here  since  this 
can  be  dealt  with  as  a  separate  problem. 


2 .  A  Transformation  of  Michell* s  Integral 


For  a  ship  moving  at  constant  speed  V  the  Michell  Integral 
is  given  by 


where 


CD 


+  J2) 


X2dl 


I 


00  00 

ff  *<*.> 

c  v* 

O  -oo 


exp(  — *•  &?•)  cos 
V2 


dxdz 
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(2.1) 


J  = 


00  00 


f(x,z)  exp(~Mp-)sin  dxdz 


O  -oo 


The  function  f(x, z)  is  to  be  interpreted  as  being  proportional  to  the 
singularity  distribution. 


Except  for  infinitely  deep  struts,  f(x, z)  is  defined  as  non¬ 
zero  only  on  a  domain 

S  -  {-  \  <  X  <|j  0  <  z  <  D  } 

where  L  =  Length  of  ship 
D  =  Draft  of  ship 


It  is  convenient  to  express  the  multiple  integrals  of  Equa¬ 
tion  (2.1)  in  a  non-dimensional  form.  For  this  purpose  the  following 
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variubles  are  introduced: 


u  =  -  ; 


x 

L 


^  2 
u  =  — 


W  =  — 


.  t 

L 


Furthermore,  let  2^  = 
from  (2.2) 


_p 

F  =  f  where  f.  is  the  Froude  Number.  Then 


R 


w 


■"  —  f  r J  r  f  f(Lu,  Lw)  f(Lu,Lw)  exp  (-FX2(w  +  w)) 


1  S'  S1 
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S'  = 


{_  I  <  u  <  i  ;  0  <  w  <  —  } 

t.  o  —  —  O  —  —  T  J 


Substituting  Bh(u, w)  =  Lf(x, z),  where  2B  is  to  be  a  Michell  approximation 
the  beam  of  the  ship,  it  follows  that 


B,,  -  -pF  J  J  j'  JJ  h(u,v)h(u,$)  -^=g=-  exp(-X2F(v  +  <>))  . 

(2.2) 

x  cos  [Xf(u-tJ)]  duduldwd\?&X 


00 


1  S'  S' 


In  Equation  (2.2)  let 

i  =  u  -  u  ;  £  =  w  +  w  . 

Then  for  u  and  w  constant,  we  have  that 

d|  =  du“  j  d£  -•  dw 


and  (2.2)  becoues 

2D 

„  -1  T 


8f‘ 


00  „  -  u 

2  -  u 


'w 


du 


+1 


^dwb(u,w)f  dX  [  d| 

O  J  1  o 

O  1  -i  -  U  W 


v„+? 


dC  Hi  +  U,  C  -  w) 


x  exp  <-  x%  5)  7^=  cos  (XF|) 


-864- 


If  the  order  of  integration  is  interchanged,  Cy  can  be  written 

-1 


cv.  .  at  r  di 

v  rt  J 

+1 


2D 

L 


1  ,  ,  D 

I 


r  d64  ^du  F  dv  h(u,v)h(fJ+  u,  £  -  w)  j 

J  l  J  1  J 


o 


1  r 
“  2  ^ 


{  f  cosfXPS)  -g-  dx) 

t  y  s/x^-l  J 


or  in  a  more  compact  form 

i  a 

c  -  —  f  a  T  dt  h(s,0  c(Fi,n) 
w  n  J  J 

-1  ° 

where 


2  "  *  t 

HU,  £)  =  f  du  f  dwh(u,w)  h(^  +  u,  C  ~w) 


-|-1  5-S 

2  b  L 


(2.3) 


(2.4) 


00 


C(s,t)  =  f 


_tx2  x  dX 

e  cos(sX) 


1 


X  -1 


(2.5) 


Here  H(  £,  £)  is  called  the  Hul  l  Function  and  C(s,  t)  the  Michell  Function. 


Birkhoff  and  Kotik  has  shown  that  Equations  (2.2)  and  (2.3)  are 
equivalent. 


3.  The  Hull  Function 


From  the  form  of  Equation  (2.2),  it  follows  that 
H(-5,  t)  =  H(5,  0 

Obviously,  the  Michell  Function  is  symmetric  with  respect 
to  s.  It  suffices  therefore  to  consider  positive  values  of  £  only. 
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Thus,  (2.5)  can  be  replaced  by 

1 


2D 

TT 


■w  -  —  ‘  <H  r  a?  H(i,0  c(FS,  f;, 


(5-1) 


Since  h(u,  w)  -  0  everywhere  outside  the  region  S',  the  limits  of 
integration  of  Equation  (2  4)  can  be  reduced  somewhat.  If  4  >  0,  then 
h(u,w)  -  0  for  u  <  -  an(l  ‘the  lower  limit  on  u  in  (2.4)  becomes 
(-  ~).  In  regard  to  the  limits  on  w,  two  cases  must  be  considered. 

(i)  C  ~  p  the  limit  C  ”  r  can  4e  repluced  by  zero,  since 


h(u, w)  -  0,  w  <  0. 


(ii)  -  <  ^  ;  the  upper  limit  on  w  can  be  replaced  by 

w  =  since  h(&,  w)  =  0,^  w  >  ^  . 

The  Hull  Function  may  therefore  be  defined  as  follows: 

if*  f> 

H({,{)  =  tH(  4,  t)]x  =-  J  du  /  dw  h(u,w)h(6+u,  f-w) 


.1 

2 


o  _  D 

i>°iO<C<i 


(5  2) 


=  [H(6,  £)] 


II 


I-t  E 
2  p  rL 

du  /  dw  h(u,  w)h(  4  +  u,  £  -  w) 


r  u 

5-L 


D  t  2D 


These  expressions  show  immediately  that  H(  4>  £)  -  0  along 
the  boundaries  of  S" .  Furthermore,  it  is  noted  that  for  small  values 
of  4,  H(  4,  4 )  can  l)e  approximated  by 


h(s,  i)  -  5 


i=* 


h(u,  0)  h(u, 0)  du 


Thus  H(4>£)  vanishes  at  least  as  fast  as  a  linear  function  of  4  on 
4  -»  0.  By  means  of  similar  approximations,  it  can  be  shown  that  the 
Hull  Function  vanishes  like  a  linear  function  (or  faster)  on  the 
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comp  let  e  boundary  of  the  region  S" . 

S"  =  {-l  <  I  <  l  ;  0  <  t  <  ®  } 


Now  by  Leibniz  rule 


MkU 

a* 


h(6  +  u,  £  -w)h(u,  w)  du 


Also  since 


—  h(u  +  i,  5  -  w)  =  h  (u  +  £,  5  -  w) 

ou 


it  follows  that 


1/2 


^6 


£=0+ 


dw[-h(|,  £-w)h(|,w)  +  J  h(u,w)  h(u,  £-w)  du] 

(3.3) 


-1/2 


If  one  lets  w'  =  £  -  w,  (3-3)  may  be  written 


1=0 


t  1/2 

=  f  dw’  [-h(|,w'  )h(|,  S-W)  +  J  h(u,  5-w* )  |-  h(u,w’  )du] 

1/2 


(3.4) 


Dropping  the  prime,  we  obtain  from  (3-3)  and  (3*4) 
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2  Mhll 


5=0+ 


3 

=  I  dw[-2h(kw)h(i,<>w) 


1/2  1/2 

+  /  h(u,£-w)  r~  h(u,w)du  +  /  h(u,w)  “  h(u,£-v)du] 

-1/2  oU  -1/2 


i 


1/2 


=  J  dw{ -2  h(I,v)h(l(;~v)  +  /  |-|h(u,w)h(u,(;-w)  du} 

o  2  2  -l/2  °U 


i 


=  -  /  dw  {h(§,w)h(|,£-w)  +  h( -  |,w)h(-  §,£-w)} 


Should  the  singularity  distribution  function  at  the  bow  and  stern  be  zero, 


then 


Midi  =  0  at  |  =  0+ 

as 


The  Hull  Function  for  polynomial  singularity  distributions  is  de¬ 
rived  in  Appendix  1. 

To  gain  insight  into  the  physical  significance  of  the  Hull  Function 
we  shall  consider  a  distribution  of  singularities  defined  as  non-zero  on  two 
infinitesimal  areas  of  magnitude  A,  located  at  (upr^)  and  (u2Wg)  respec¬ 
tively,  and  zero  elsewhere. 

Let  h(u^w1)  =  h^  ana  h(u2w2  )  =  ^2 

Since  H(|,£)  =  /  du  /  dw  h(u,w)h( £+u, £-w)  the  Hull  Function  will  be  differ¬ 
ent  from  zero  only  for  specific  values  of  |  and  £.  For  example, 

H(0,w]_)  =  Ahx2 
H(0,w2)  =  Ah22 

H^-Ug,  w^Wg)  =  Ah^h^ 

H^-u^  w1+w2)  =  Ah^hg 
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From  these  expressions,  one  concludes  that  H(0,£)  represents 
the  total  wave  resistance  of  all  the  infinitesimal  elements  of  the  singu¬ 
larity  distribution  considered  as  separate  singularities  and  that 
H(5>£),  5  >  0,  represents  interaction  effects. 

The  contribution  to  wave  resistance  by  the  two  singularities, 
considering  interference  effect  only,  is  given  by  (2.3)*  Thus 


00 


&lCw  = 


§£  A2hlh2  / 
*  o 


-X2F(w1+w2) 


[cos  XF(u]_-U2)  +  cos  XF(u2~Ui)] 


>2dX 


00  — 

16F2  a2l.  r  F(w1+w2)  n  X2dX 

=  - A  h^h2  J  e  cos  XF(u;l-U2)  "■■■ 

*  O 

This  expression  is  the  same  as  that  obtained  by  Michell  from  the 
original  form  of  the  Michell  Integral. 

If  the  two  singularities  are  located  on  the  same  vertical  line, 
u-l  =  u2  or  5=0,  the  interference  effect  becomes 

BjCj  -  A2hlh2  /’e-XaF'vl«2)  X^dX 
5=0  *  1  ytf-1 

Michell^ )  has  shown  that 


00 


t  -aX2  x2dX  1  "a/2, 

J  e  =  -  e 

4 


Vx^i 


[Kq(|)  +  KX(|)3 


(3.5) 


where  Kq  (>y)  and  (^)  are  the  modified  Bessel  functions  of  the  second 
kind.  From  this  it  follows  that 


SlCvl 

5=0 


4F2  2  -F 

-  A  h1h2e 


w^+w2 

2 


[Kq(F 


w^+W2 

~~2 


)  +  Ki(F 


vl+v2  \  -I 
2  ' 1 


The  contribution  to  wave  resistance  by  the  two  singularities  considered 


separately  is  given  by 
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00 


6?C 


8F2  A2rh  2/  ”2X  Fwx  x2dx  2  ,  -2X"Pw2  x2dx 

!w  =  —  A  [hx  J  e  7=  +  /  e  -=* 


yx2-i  i 


X2-1 


=  —  A"  {h12e"FWi[K0(PV1)+K1(Fv/1)]  +  h22e“FW2[K0(Fw2)+K1(Fw2)  ]} 


This  expression  shows  that  ^Cy  is  always  positive,  and  its 
magnitude  depends  upon  how  far  the  singularities  are  located  below  the  un¬ 
disturbed  surface  and  upon  their  strength. 

From  what  has  been  said,  it  becomes  apparent  that  the  wave- 
resistance  of  a  ship  is  made  up  of  two  parts,  namely: 

a)  The  sum  of  the  effects  of  all  infinitesemal  singularities 
considered  separately;  and 

b)  The  sum  of  interference  effects  between  any  two  singulari¬ 
ties  taken  in  pairs. 

It  has  been  shown  that  the  interference  effects  depend  upon  the 
horizontal  distance  between  the  singularities  and  the  sum  of  vertical,  dis¬ 
tances  to  the  undisturbed  surface.  The  horizontal  distance  is  represented 
by  the  variable  ~  and  the  sum  of  vertical  distances  by  the  variable  £. 
Thus,  for  a  given  value  of  £  and  the  Hull  Function  H(|,£)  repre¬ 
sents  the  total  interference  effects  of  all  singularities  taken  in  pairs, 
having  a  horizontal  spacing  equal  to  £  and  for  which  the  sum  of  vertical 
coordinates  is  equal  to 

The  wave -resistance  is  determined  by  the  products  of  the  functions 
H(|,£)  and  C(F4,F£).  Over  any  region  in  the  (£,£) -plane  where  these  func¬ 
tions  are  of  equal  sign,  one  may  say  that  interaction  effects  are  detri¬ 
mental,  whereas  opposite  signs  indicate  favorable  conditions.  Since  C(F|,F£) 
is  completely  determined  for  specific  value  of  F  (a  given  Froude  number), 
the  Hull  function  represents  all  the  wave -resistance  characteristics  of  the 


ship. 


-870- 


4.  The  Michell  Function 

The  Michell  Function  is  defined  by  (2.5)  as 

oo 

C(s,t)  =  /  e  cos(sX)  — 

x  Vx2-1 

Differentiating  under  the  integral  sign,  one  observes  that  C(s,t)  satisfies 
the  homogeneous  heat  equat ion : 

82u  c^u 

as2  =  at  ;  >  0  * 

It  is  known  that 


00 


;  cos(x,x)  7==  -  -  -  *0(x) 

i  V^T  2  ° 

where  Y  (x)  is  the  Bessel  function  of  the  second  kind.  Furthermore,  it 
o 

can  be  verified  that 


lim  00  -x2t 

+  I  e 
1 


t  -*0 


/  dx  T  /  ,\  dX 

cos  (sX)  —  - —  =  /  cos  (sX)  t= 

Vx2-1  !  Vx2-1 


Hence  it  follows  that 


ll”  C(s,t)  =  f^I0(s) 

t  _>  o+  2  asd 

An  expression  for  C(0,t)  is  obtained  by  making  use  of  the  re¬ 
lationship  (3*5) )  namely 

t 

c(0,t)  =  |  (Ko(|)  +  Kj  (|)] 

An  asymptotic  expression  for  large  value  of  s  and  fixed  t,  obtained  by 
J.  Kotic  and  rederived  in  Reference  10,  is  given  by 

C(s,t)  e”^{cos(s  +  f )  -  -(i  -  t)  sin(s  +  ~) 

Y  2s  4  s  8  4 

.i.(|t2.21t+Jl)cos(s+,,+o(S-3)} 
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It  follows  from  this  formula  that  C(s,t)  tends  to  zero  for  large  values 
of  s  and  t. 


Birkhoff^0^  has  outlined  methods  and  procedures  for  obtaining 
numerical  values  of  the  Michell  Function.  If  a  formal  integration  of  the 
product  of  Hull  Function  and  Michell  Function  over  the  region  S"  is  con¬ 
templated,  however,  where  S"{0^  £  <  1  ;  0  ^  — }  ,  numerical  values 

L 

are  not  sufficient.  A  general  expression  of  the  Michell  Function  must  be 
found.  One  method  of  obtaining  such  an  expression  is  as  follows: 

In  Equation  (2.5)  let 


.2  -  .  ..  dX 

X  =  X  +  1  ;  dX  = 


2V  X  +  1 

so  that  the  Michell  Function  becomes 


C(s,t)  =  -  e"^  /  e-t^  cos(sVxTT)  V-^-t-2  dX 

2  -1/2 
O  A, 


=  |  e-tL  {cos(sVx  +  l^-x/g1-} 

X 


(b.l) 


where  L{  }  is  the  Laplace  Transform  operator.  By  Reference  11,  the  trans¬ 
form  of  (4.1)  exists. 

From  the  relationship 

T  ,  ,  ,2  .1/2 
J  ,/pU)  =  (— )  C0B  Z 
'  nz 


one  has  that 


1/2 


cos 


(svx  +  1) * (- sV x  + 1)  j_  1/2(svrri) 

Furthermore,  it  can  be  shown  that  (Appendix  II) 


(I)  (A  sVx  7  1)'V  JJbV"  + 1)  -  i  — 


5  Jv+n(=)  (-si)" 


n=c 


2n  n.' 
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thus 


(-l)nJ_  i  n(s)(sX)n 

_ 2 

20  n; 


cos(sVxTI)  =  (^)  ^  Z 

n=o 

Substituting  into  Equation  (4.1) 


(*.2) 


1/2  “  (-1)  J-  1  +  s"  “  1  1 
C(s,t)  =  |(~)  e"t  Z  - 2 -  /  e~tAX  n"  ?(l+X)2  dX 

*"  m  /\  o  n  y,  I 


n--o 


2“  n.' 


By  Reference  12,  p.  269 

/  e^^X11  ?  (1+x)  ^  dX  =  f(n  +  £•)  ¥(n  +  j^,  n+2;  t) 


(4.3) 


(4.4) 


where  ¥(n  +  ~) ,  n+2;  t)  is  the  Confluent  Hypergeometric  Function.  Since 
(n+2)  is  always  a  positive  integer,  ^(n  +  i  ,  n+2;  t)  is  logarithmic  near 
origin. 


Using  the  relationship 


r(n  +  |)  =  V7  (|)n 

where 

(§)  =  |(|  +  1)(|  +  2)  ...  (|  +  n  -  1) 


and  substituting  (4.4)  in  (4.3),  the  expression  for  the  Michell  Function  be¬ 
comes 


C(s,t) 


=  H-) 

2r2 


1/2  ,-t  1 (J 

n^o  2nn.' 


-b 


n 


(s))  ¥(n  +  7;>  o+2; t ]  (4.5) 


5 .  Wave -Resistance  Coefficients 

The  wave-resistance  of  a  surface  ship  moving  at  constant  speed 
on  a  straight  course  in  water  of  infinite  depth  is  given  by  Equation  (3-1) 
with  the  Hull  Function  as  defined  by  (3-2)  and  the  Michell  Function  by  (4.5). 
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It  will  now  be  assumed  that  the  Hull  Function  can  in  general  be 
expressed  as  polynomials,  i.e., 

M,N 

tH(s,c)]j.  =  z.  aL  sV 

a,e 

M,N 

[H(S,C)Jn  =  Z  A1*  5aCe  (5.1) 

a,p  aP 

where  and  A*^  are  constants  and  a  and  £  are  non-negative  inte¬ 
gers.  S?^ce  vanishes  at  least  as  fast  as  a  linear  function  as 

£  -> 0,  one  concludes  that  in  [H(|,^)]jP>l. 

In  the  following,  expressions  for  the  contribution  to  wave  resist¬ 
ance  due  to  a  general  term  of  the  polynomials  of  (5-1)  will  be  presented. 
Depending  upon  whether  the  term  belongs  to  the  first  or  second  polynomial, 
this  contribution  will  be  defined  by  [A^Cvlj  and  [A^CyJjj  respec¬ 
tively. 


From  Equations  (3-1)/  (4.5),  and  (5.1),  it  follows  that 


-  —  /  ae  /  a?  a*  t*#  £(if)1/2  e'?F 

n  O  O  ^ 


2'  2 


00 


(-D  (?)n(Ft)n  ,  ,  „  ,  1  „  „  , 

{  Z  - — 3 -  (J  1  (5F)]  »(n  +  p,  n+2;  F£)}  (5.2) 

2nn.'  *  ?  ♦  n 


n=o 


Introducing  new  variables  defined  by 


F£  =  i  rnd  F£  =  £,  and  dropping  the  bar 


Equation  (5.2)  becomes 

4  sfe  aI 


fd/l 


4  V2  fda  r  ruiLJ  cr  +  % 

U&Ovh  =  — jrf  /  d*  /  {i  ?  f  ®“S} 


F°  +  P  o 

-  (-Dn(|)„(i)n  n 

{  z  - — -  [J_  1  ^  „(.)]  ¥  (n  +  §,  n+2;  £)}  (5.5) 


n=o 


*2  +  " 


Since  the  logarithmic  case  of  the  Confluent  Hypergeometric  Function  has  a 
singularity  at  £  =  0,  consider 
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fd/l 

/  e  6  (;p  V(n  +  nf2;  £)d{; 


(5.4) 


Now  from  Reference  12 


—  [e  ^  'F ( n  +  \y  n+1;  5)  ]  ^  -e  ^  ¥(n  4  \y  n4-2;  t) 


(5.5) 


If  (5.4)  is  integrated  by  parts,  one  obtains 

] 

ii  =  lim0+  ^(n  +  \>  n+1;  0 


fd/l 


ro/L  6-1  1 
+  P  /  5  e  ^  *(n  +  of  n+1J 


0  <H} 


so  that  by  iteration. 


II  =  lim  +  {-e"?  Z  (-P),-(-l)"k?fi'k  f(n  +  n+l-k;  5)  |  }  (5.6) 


fd/l 


e  -0 


Substituting  (5-6)  in  (5-3),  it  follows  that 


FD 

-  7“  P 


{e  L  Z  (-6)^(3)  *(n  +  n+J-k;  ™)} 


c  +  k  »  l'‘ 


11m  r  *  2  v  '  2  n 


n=o  2nn.' 


U  1  (OJ 
-  ±  +  n 
2 


{e'€  Z  (-P)r(£)P'k  *(n  +  \,  ntl-K;  e)} 


(5-7) 


If  the  integral  representation  of  the  Confluent  Hyper  geometric  function  and 
relationship  (a)  of  Appendix  II  is  used,  the  second  integral  in  (5.7)  be¬ 


comes 
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Io  = 


.  1  2  a  -  e  £  r 

lira  +  (|)  /  48  {l  e  Z  (-PU-1)  /  * 

*  °  p-d  k 


€  0 


/  e  ^  cos(|  Vx  +  1)  37p  _ - - - T 

o  X1/2(X  +  1)*  +  2 


In  the  limit  as  e  -» 0  ,  I2  reduces  to 


I?  =  ( §) 1//2  p.'  /  8Jd8  /  oos(|Vx  +  1) 


ax 


ri/2(x  +  i)»  +  | 


B  p  1/2  F 

=  2(  -i)p(f)  p;  /  i“p, 


2(P-l)+l 


(8)48 


(5.8) 


where  P2(p-i)+i(£)  is  the  Haveloc^  P-function  defined  by 

«/2  . 

,  .  .  ,  2(p-l)+l  ,  . 

P2(p-l)+l(g)  =  ^  006  9  C08^  sec9)d9 

o 


(5.9) 


Similarly 


*/2 


P2^(0  =  (-1)^  /  cos2P©  sin(|  sec0)d9 


(5.10) 


Since 


#/2 

Y0(8)  =  -  -  /  sec©  cos(8  sec©)d© 


(5.11) 


it  follows  that 
j2P 


d8£P 


tP2(p-l)+l<*))  -  -Yo(8) 


(5.12) 


It  can  readily  be  shown  that 
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„  (l\2n  F2n+2^+CJ+1 

i2  =|( -!)%.' 7i7[  E  (-i)n  —2 - - - — — —r  {r  +  log  p 

n  n=o  (2n+2p-KX+l)(2n+l)2^(n/)2 


,  1  1  1  1  o 

'  2n+204Ot+l  +  2n+l  +  2n+2  +  *’*  +  2n+20'J 


-  (-i)n(|)2Vn+2pw;+1 

"  £  ;  "  1  - ; — : — rr  (l  +  ^  +  ...  +  i) ) 

n=l  (2n+2p+a+l)(2n+l)2ptn.’)2  2  n 


+  E 


e-1  .2.1/2  P-i'n  (. 


a  p.'  s 


i-l-n) : 


n=o  (2n-fa+l)(2n).'  51  k-o  (2k+i)k.' (0-1-n-k).1 


(5.13) 


However,  Equation  (5-13)  is  not  very  convenient  to  use  for  large  values  of 
F,  i.e.,  low  Froude  numbers.  For  numerical  calculations  we  shall  therefore 
be  in  need  of  another  expression.  Integrating  repeatedly  (5.8)  by  parts 
with  respect  to  £  it  follows  that 

-  Ip  p  l/2  B  f  0  [cl/2] 

i2  -  ^  *  (f)  e-T  e  <2(-l)  l  £  (4/  p2(Hw 


[S^] 


+  Jj.  (■a)2n-lF*(2n'1)P2(p+a-l)+l(F)) 


+  a.'(-l)  2  F-0 


0  X1/2(X+1)^  +  ? 


1  4.  a+J 


+ 

2  ' 


(5.14) 


The  last  integral  is  the  Euler ian  integral  of  the  first  kind.  It  is  to  be 
set  equal  to  zero  for  a  an  even  integer.  A  simple  reduction  will  show 
that 

-  ax  r(|)r(p  +  2ii)  (p-i+2|i); 

l  .1/2  (p  7  i  +  Sii)  =  r(I  +  p  +  S±i)  =  (57  .  a+i 

0  X  (X+l)  2  2  2  2  2  P  +  -r* 


Thus 


I2  =  (|)1/2P.'F’P  {2(-l)P[(  E  (-«)nF'nP2p+ri(F))] 


2ti  O-i  +  SSi) 

+  a.'(-l)  2  F^rn - — 

H  ♦  Stti 


(5.15) 
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Lunde'  '  has  given  asymptotic  expressions  for  several  of  the  P-functions 
for  both  large  and  small  values  of  the  argument.  For  the  range  of  Froude 
numbers  of  usual  interest,  these  are  not  suitable,  however,  and  we  are 
therefore  compelled  to  compute  the  P-functions  numerically  from  their  in¬ 
tegral  representation.  In  checking  computations  the  following  recurrence 
relation  is  useful. 


kPk(x)  =  x[Pk-1(x)  +  Pk_3(x)]  -  (k-l)Pk_2(x) 


(5.16) 


Returning  now  to  Equation  (5*7)  it  is  noted  that  the  first  in¬ 
tegral  is  of  the  type 


i?  =  / 1 

o 


F  a  +  j  +  n 


(S)  d| 


-  g  +  n 


(5.17) 


Integration  by  parts  gives 


a/2  1 

a  +  2  +  n 

I3  -  £  2  (-  |)k  r 


£  +  n  +  k 
2 


(5-18) 


for  a  an  even  integer 


[a/2]  ( 

E  2k(-|)kp 

k=o 


a  +  +  n 


+  n  +  k 


kl/  as  2  +  n 

+  2  A(-  2)v  2? 


-  1  1  1 
r(?  +  n  +  «)F 


{J  (F)H  (F)  -  J  (F)H  (F)} 

r  +  n  +  1  £  4  n  £  +  n  r+n+1 


%  +  n  +  1 

+  2kl(-  |)  -  J  (F) 

2  kl  2(2  +  n)  +  I  +  n 


(5-19) 


for  a  an  odd  integer. 

Hy(x)  is  the  Struve  Function  and  ki  =  ~  — 3  .  For  values  of  F  of 
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common  interest  it  is  sufficiently  accurate  to  use  the  asymptotic  ex¬ 
pansion 


k=o 


Q  +  o  +  n  - 


Ji  ,  (F) 

+  n  4  k 

2 


(5-20) 


which  is  valid  for  all  values  of  a.  From  Equation  (5.2)  and  the  ex¬ 
pressions  for  I2  and  I5  one  finally  obtains 

.06.  I./8J&.  “ 


,<* .  ,T  ;  T 
Cw^I  pa+6  {J2  “  £  n  ,  z3 

n=o  ^  "* 


FD  0  0-k 

[e‘  J,  (-p)  (£2)  »(„  I,  n+l-k;  ]£))} 


(5-21) 


By  inspection,  the  corresponding  expression  for  [A  C  ]  becomes 

W  jj 


4  >fe  1 

II  = 


y  1^. 

2n  n.'  3 


FD  0 


{[e“  L  _£  (-P)k<-l)k(p)  *(n  +  5,  n  +  1  -  kj  ™)] 


(5-22) 


P  v  ?Fr,  P-k  i 


-  [e'  TT  _z  (-p)_(-i)*(£fH)-  ,(„  ^  i  „  ♦  a  -  Si  Sffi)]} 


Equations  (5*21)  and  (5*22)  presents  us  with  somewhat  of  a  dilemma.  For 
small  values  of  F  (high  speed)  I3  becomes  small  and  approaches  zero  as 
F  -»0.  The  Confluent  Hypergeometric  function,  on  the  other  hand,  becomes 
infinite.  In  the  case  of  large  values  of  F  (low  speeds)  this  situation 
is  reversed.  We  are  fortunate  to  be  able  to  circumvent  our  difficulties 
by  means  of  the  following  mathematical  theorems.  By  Hummer's  first  theorem. 

f(a,c;:c)  =  x  f(l+a-c,  2-c;x) 


and  then  by  a  multiplication  theorem 

/  n  1-c  *  (l«a-c)p(1-y)P 

¥(a,c;xy)  =  y  L - ^ - -  ¥(a,c-p;x) 
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It  can  be  shown  that 


|AQeow]I  =  —  {l2  -  e  '  ^  l  (-p)k(-l)k(P)p-k 


pa+B 


(5.21*) 


*  ^-x;  ^  n  p^f-n}  r>  P 

X  [  ^  . 2n"n:"n  +  p  k  +  1  -  n;  F)  Z  — j-  P(l  -  £)  l3(n-p,a,F)]} 

n=o  ’  p=o 


where  I3  (n,a,F)  =  F“nl3 

a£> 

A  similar  expression  can  be  written  immediately  for  [A  CwJjj  .  From  the 
definitions  of  the  functions  involved  it  is  readily  \erified  that  Equation 
(5.21a)  is  equally  well  suited  for  both  large  and  small  values  of  F. 

Using  the  integral  representation  of  the  confluent  hypergeometric 
function  it  follows  that  Equations  (5*21)  and  (5.22)  can  be  written 


[AQPCw]t  .4/2*1  { 


&{^B*  1  Z  C(S,F)tf  N(k,k,P,F)} 
r  k=o  k=o 


(5.23) 


(A^Cj  =  U  v/2  A ^  {  Z  L  (C&F^dc.E.jp  F) 

k=o  k=o 

-  c(^,F)rfr(k,E,®,p)]} 


(5.2*0 


where 


C&FLf  =  2k(-  2)  e  L  F2 


ro  i  -  k  -  k 


T’r'kE=^ 2'k  c  r 


—  ^  _k  1 

(-B)r(-l)k(c)  »'  5  (5.25) 


—  00  1  -(k  +  7  +  E)  r—r- 

N(k,k;x,y)  =  /  e  t”  ?  (1+t)  4'jl  +  R(y  Vl+t) 


n/2  .  2a  2k+k  -  jr 

.  -x  tan©  ^  d 

=  2  /  e  cos  0  Jl  (y  sec9)  d0 

—  +  K 

o  2 


(5.26) 
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From  the  recurrence  relation  of  the  Bessel  Function  it  follows  that 


_  2(i  +  k  +  l)  _ 

N(k,k;x,y)  =  — & - N(k+l,k;x,y) 


-  N(k+2,k-l;x,y) 


(5.27) 


Repeated  use  of  Bessel  Function  recurrence  relation  leads  to 
the  expression 

N(k,kjx,y)  =  (|)Rn  2(§)  ^  J  e  t  2(l+t)  (k+k+1^ 


F 

2  3 


r  k  -k+1. 

2*  2  ' 

L  |  -  k; 


-ty^Ci+t)  ] 


sin(y  >/l+t)  dt 


•  <§>*./  V  '  *  /  *u+tf(k+k  + 


F 

2  3 


m 


k+1  -k+2 

-  — r 


-[y2(l+t)j 


|,  -k+1,  -k  + 


cos(y  Vl+t)  dt  (5*28) 


For  small  values  of  F  (high  Froude  Numbers)  the  asymptotic  expansion  of 
I3,  which  is  used  for  odd  values  of  a,  is  not  sufficiently  accurate. 

In  the  ragne  of  F  <  20  we  shall,  therefore,  replace  the  summation  on 
k  by  an  integration  with  respect  to  £  and  write 


r  Op  .  ,  r  I  r  h  -  ~  £  ,  x  -k.DvP-k 

[A  Cw]T  =  h  4 2  A_~  {  n;+6  -  e  L  _Z  (-P)-  F  (L) 


Tap  ipP+P 


k=o 


(x)  iT  ?  F"°  /  S0  +  2  N(-l,k;”,0  d£ 
o 


(5.29) 
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Similar  ly 

[A^CJjj  =  4/2  a“  F"“  J  (-P)j.  f'*(*£)P'* 

^  k=o 

.1  .ro  p  1 

(*)  #  5  [e  L  /  +  ?  M(-l,it}™,S)a{ 

_  2FD  F  1 

-  e*  L  /  S“  +  2  N(-l,k;^,{)  dj]  (5-30) 

o 

Numerical  integration  of  (5-29)  and  (5*30)  can  easily  be  performed  with 
the  aid  of  Simpson's  Rule.  The  total  wave -resistance  coefficient  is  ob¬ 
tained  by  adding  the  contributions  from  the  individual  terms  of  the  Hull 
Function  polynomials,  i.e. 

M,N  M,N 

Cw  *  E  [A^CwJ  +  E  [A^Cy]  (5-31) 

a, 8  a,p 

It  should  be  emphasized  that  Equation  (5-31)  is  not  restricted 
to  ship  forms  symmetrical  fore  and  aft.  Ihe  expression  is,  however,  only 
valid  for  ships  represented  by  a  singularity  distribution  defined  over  a 
rectangular  longitudinal  plane  of  synmetry. 


0 
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APPENDIX  I 


The  Hull  Function  Polynomial 


Let  the  general  form  of  the  non-dimensional  singularity  distri¬ 
bution  be  given  by 


M,N 

h(u,v)  =  £  OunuV 


(1.1) 


m,n 


The  Hull  Function  then  becomes 


and 


1+1  J+l 
ct*o  p*i 

2  ’  6  f  I,J 


r  I,J  M,N 

/  du  /  dw[  t  C'^uV]!  E  (^^(u+g^C^-w)11] 
1  0  i,J  m,n 


1 

2 


0  <  i  <7 


(1.2) 


1+1  J+l 


ii  -  2  / 

oi=o  p=o 


i  -  $ 


D/L 


I,J 


M,N 


/  du  /  dw[  E  C^u^H  E  (Wu+O^C-v)11 


m,n 


£<  ?  <i£ 

L  -  -  L 


(1.3) 


(1.2)  and  (1.3)  are  sets  of  equations  in  the  coefficients  of  the 
Hull  Functions  and  which  are  obtained  by  equating  coefficients 
of  equal  powers  of  |  and  £  .  Upon  integration  (1.2)  and  (1.3)  yield 
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and 

tH(»,t)]n 


1+1  J+l 


E  E  £»V 

a=o  3=1  ^ 


i  J  _ 

u  L  C^j  2j 
i=o  J=o  i-o 


i  ..Ul-i 


l.'(i+l-j).' 


I  J 

K  £  Z  0^ 

m=o  n=o 


m.'imn.'t:n+'1+1  5  (H-l)v  ,1'K-k 

(l+Dm+l(J+l)n+1  k=0  k/  ^ 


J  i  ,  i+i  I  J  , .m  ... n+ J+l 

-  E  E  (-D  (|)  Cy  E  E  Cnn  -Si24 


1=0  J  =0 


m=o  n=o 


( i+^-)m+l^+^)n+l 


m 


C  z  z 

k=o  p=o 


k  (-i)P(i+i)k(i)p  . 


p.’(k-p).' 


(1.4) 


1+1  J+l  __ 

E  E  A^e  5P 

0!=O  3=0 


E  E  c1J(?)',+1(-i)1(i)1+1  E  E  m-'smn-';nCmn 

1=0  J*>  2 


m=o  n=o 


(i+1)m+l(J+1)n+l 


(  l  £  (-DPl>l)k(|)P  5-P)(  »  J  (.i)<( jrt)i(^qC'< 
k=o  p=o  P-'  (k"P)  •  /= o  q=o 

♦  l  l  clj(g)J+1  ?  ip 


1=0  J=o 


P=o  p.'(i+l-p).' 


,.m  ,.n 
m.'S  n.'j; 


y  y  *  “•  b  r  /  y  ( ^^k  /1%^ .-k\ 

m=o  n=o  (l+1'm+l'J+1'n+l  k=o  k*  2 


i=o  q=o  q '  ( / -q )  • 
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Solution  of  (1.4)  and  (1.5)  is  definitely  a  task  for  the  computer. 
This  solution  is  greatly  simplified,  however,  whenever 

h(u,w)  =  h1(u)h2(w)  (1.6) 

It  follows  immediately  from  the  definition  of  the  Hull  Function  that 
under  the  condition  of  (1.6) 

[h(i,0!I(II  -  ^(5) 

As  an  example  consider 

h(u,w)  =  -  8u(l  -  -  W) 

D 


(1.7) 
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thus  i 

?  "  *  5 

[H(e,C) Jx  -  ;  /  8(u+{)8u[l  -  i(5-w)][l  -  i  W]  dudw 

-1 0 

-  «  {5  s5  -  x  * +  3}  *  0 

-  hJ({)  xh^(c) 

i6(|  i}  -  I  +  j)  ;  i  >  0 
5  -5  52  +  £<ff>V  i  °<C<| 


where 

hJ(0  - 
itRs)  - 


Similarly 

[h(s,c)Jii  ■  »?<*) 


d/l 

,'d 

t  -  z 


[1  -  ^(t;-w)][l  -  £  w]  dw 


.  .  2?  +  i  C3  .  1(L)V, 

-  Hjx(e)  H|x(t)  ;  £<?<t7 


hR{)  -  h{({) 

A  plot  of  Hi(|)  and  fyiO  is  shown  in  Figure  1. 


H,(£) - *•  H,(J) 


8 


Figure  1  The  Hull  Function  For  h(u,w)  •  -8u(l  - 


APPENDIX  II 


A  Bessel  Function  Relationship 


Consider  the  generalized  hypergeometric  function 


p  [ - ?  -  x2(t+l)  i_  V  (■l)nx2n(t+l)n 

o  1  1+v;  U  -  -  »  2n  . 


n=0  (l+v)n22V 


oo  n 

=  E  E 


n..2nxn-k 


(-l)V^t 


n=o  k=o  (^+v)n^^  k.'(n-k).' 


whore  the  last  step  follows  from  the  Binomial  Theorem.  It  can  be  shown 
that 

00  n  00  00 

£  E  A(n,k)  =  F  E  A(n+k,k) 


n=o  k=o 


n=o  k=o 


from  which 


f  [ — ;  -  ]  -  V  T  -Liii 

/l  ll+v;  4  J  -  rL 


n+k  2n+2k  n 
x  t 


n=o  k=o  (l+v)n+k22n+2kk.'n.' 


However 


(i+v)n 


2  v  »  «  ( -l)kxgk+n'fv(  - 

^  nlo  k*  (i+v)n(l+v+n)kk.'n.'2n+2R+v 


.  (1+v+n)k  .  r(l+v+n+k) 


r(i+v) 


f(  l+v+n) 


so  that 


(l+v)n(l+v+n)k  = 


r(l+v+n+k) 

r(i+v) 
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Hence 


0pi 


b  J 


n 


00  00 


w  w  /  .  vk  2k+n+V/ 

=  r(i+v)(|)v  Z  Z  blLl - (•  T> 

n=c  k=o  r(l+v+n+k)k.'n.,2n+‘iic+v 


rM  ,  ,2,v  ”  Jv+n(x)(-l)n(xt)n 

*  r(l+»)  (j)  L  2nn_, 


n=o 


It  is  also  known  that 


so  that  from  these  two  relationships,  one  obtains 


(£)v(? x  ^t+i)  v  Jv(x  ^ t+1 )  * 


“  Jv^n(x)(-xt)n 
n=o  2n  n.' 
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WAVE-FREE  DISTRIBUTIONS  AND  THEIR  APPLICATIONS 


1.  Introduction 


The  idea  of  wave  free  or  waveless  distributions  is  a  very  old 
one,  and  we  can  find  it  in  Lord  Kelvin's  work  in  the  early  history  of 
the  water  wave  research.  (1) 

Since  then,  Professors  Havelock,  Ursell  and  Maruo  have  used 
its  idea  in  their  works  explicitly  or  implicitly.  ( ) 

On  the  other  hand,  Professor  Inui  has  proposed  theoretically 
and  experimentally  the  waveless  ship  a  few  years  ago. '5) 

About  this  time,  the  author  also  took  up  this  problem  in 
general  and  found  someof  its  general  properties. (6) 

(7) 

Here,  he  will  show  some  of  the  results  and  applications. 

(6) 

2 .  Two  Dimensional  Pressure  Distributions  ' 

Consider,  at  first,  two  dimensional  water  motions  due  to  a 
fixed  pressure  distribution  on  the  surface  of  a  uniform  stream  with 
unit  velocity  and  great  depth. 

Take  the  origin  at  the  center  of  the  distribution  on  the 
undisturbed  surface  of  the  stream,  with  the  x-axis  horizontally  in  up¬ 
stream  direction  and  the  y-axis  vertically  upwards. 

Then,  the  wave-making  resistance  of  this  distribution  is 
given  by  the  formula, 

R  =  p  e5  |F(g)|2  ,  (2.1) 

with  1 

F(p)  =  /  H(x)  exp.(-ipx)  dx  ,  (2.2) 

-1 

where  p  means  the  water  density,  g  the  gravity  constant  in  this 
unit  system,  |f|  the  absolute  value  of  F  and  H(x)  the  water  head 
of  the  pressure. 
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Hence,  the  necessary  and  sufficient  condition  for  vanishing 
the  wave  resistance  is  clearly 

F(p)  =0  for  p  =  g  ,  (2.5) 

that  is,  F(p)  should  have  a  zero  value  at  p  =  g. 


It  is  very  easy  to  seek  such  function,  but  here  we  consider 
it  in  a  different  way.  Let  us  introduce  an  auxiliary  function  by  the 
next  differential  equation 

(d2/dx2  +  g2)  o(x)  =  H(x)  .  (2.4) 

This  is  a  well-known  equation,  and  the  function  a  is  determined  uniquely 
except  two  boundary  conditions  when  H(x)  is  given,  so  that  we  may  use  0 
instead  of  H. 


Now,  putting  (2.4)  into  (2.2)  and  integrating  by  parts,  we  have 

F(p)  =  [(d/dx  +  ip)  a]  exp.(-ipx)|J_ 

+  (g2  -  P2)  /  o(x)  exp.(-ipx)  dx,  (2.5) 

-1 

so  that  we  may  have 

F(g)  =  [(d/dx  +  ip)  a)  exp.(-ipx)|  (2.6) 

x=-l 

Thence,  if 

o(+l)  =  (d/dx)  a  (+1)  =  0  ,  (2.7) 

F(g)  vanishes  and  the  wave  resistance  vanishes  by  (?.l). 


Thus,  to  find  a  wave -free  distribution  we  simply  need  to  find 
a  function  a  with  the  boundary  conditions  (2.7).  Then,  the  pressure 
is  given  by  (2.4)  and  the  surface  elevation 


-T)(x) 


g  o(x)  +  (g/«)  / 

-1 


r  (d/dx* )o(xl ) 


X  -  X 


dx' 


(2.8) 


It  is  noteworthy  that  this  surface  elevation  is  symmetric  when 
a  is  symmetric.  For  example,  let  us  consider 

a(x)  =  (l/g2)(l  -  x2)2 


t 


(2.9) 
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Then,  we  have 

H(x)  =  (1  -  x2)2  +  M3x2  -  l)/g2  ,  (2.10) 

-Ti(x)  =  (1-x2)2  +  [8(2/3-x2)  +  Ux(l-x2)log(l-x/l+  x)]/tg  , 

(2.11) 

1  1 

/  H(x)dx  =  16/15,  -/  n(x)dx  =  16/15  +  8/(3ng)  ,  (2.12) 

-1  -1 

We  see  these  curves  in  Figure  1. 

In  low  speed,  we  may  notice  the  next  approximation  except 
near  both  ends. 

H(x)  =  -T)(x)  =  g2o(x)  .  (2.13) 


3. 


Three  Dimensional  Case 


I 


(6) 


Consider  the  three  dimensional  flow  and  take  the  origin  at 
midship  on  the  undisturbed  stream,  the  x-axis  horizontally  in  upstream 
direction  and  the  z-axis  vertically  upwards. 


The  wave -resistance  of  the  Michell-Havelock  type  ship  is 


given  as 


,  */2  9  25 

R  =  (pg/*)  /  |F(gsecd0;  6)|  sec  6  d0, 


(3.1) 


o 

with  o  1 

F(k,9)  =  /  /  H(x,z)  exp.(kz-ik  x  cos6)dxdz,  (3.2) 

-t  -1 

where  H(x,  z)  means  the  breadth  of  the  ship. 

First|  we  will  show  a  type  of  wave-free  distribution,  when 
H  has  a  form 


H(x,z)  =  T(z)H(x) 


(5.5) 


Then,  the  function  in  (5.2)  reduces  to 
F(k,@)  =  l(k)f(k  cosS)  , 


(5-1*) 
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where 

I(k)  »  f° 

T(z)  exp(kz)  dz, 

(3.5) 

and 

-t 

f(p)  =  / 

H(x)  exp(-ipx)  dx, 

(3-6) 

Now,  if 

-1 

f(p)  =  0, 

for  p  =  gsec  4  >  g  , 

(3.7) 

then  v:e  clearly  have -4K type  of  wave-free  distribution.  * 

This  condition  (3*7)  is  fulfilled  if  H(x)  is  represented  as 

H(x)  =  /G  f(p)  exp(ipx)  dp,  (3-8) 

-C 

and  so  the  ranee  of  distribution  tends  to  infinity  and  Generally  it  takes 
negative  value  in  some  portions. 

For  example,  let  us  put 

f(-g  cos©)  =  cos  n^/(2  sinfi)  ,  (3*9) 

then  we  have 

H(x)  =  2n  (-1)“  Jn(gx)  ,  (5.10) 

that  is,  they  are  represented  by  Bessel  functions. 


For  another  example,  let  us  put 


then,  we  have 


f(-g  cose)  =  (2 '/n/g)[r(v+l)/r(v+l/2)]  sinV  1e,  v  >  0 

(3.11) 

H(x)  =  Ay(x)  «  r(v+l)  Jy  (gx)/(gx/2)V  ,  (3.12) 


These  curves  are  shown  in  Figure  2  and  we  see  that  these, 
especially  for  small  v,  tend  rapidly  to  zero  by  departing  the  origin, 
so  that  we  may  obtain  the  distribution  with  small  wave-resistance  by 
cutting  out  both  ends. 


(6  l) 

4.  Three  Dimensional  Problem  II ^  * 

If  the  distribution  4s  confined  to  some  finite  area,  then 
we  may  treat  it  the  same  way  as  in  paragraph  2. 
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Introduce  an  auxiliary  function  by  the  next  differential 

equation. 


[d/dz  -  (l/g)  d2/dx2]  a(x,z)  =  H(x,z)  .  (4.1) 

Then,  putting  this  into  (3*2)  and  integrating  by  parts,  we  have 

P  1  2  O 

F(g  sec  6,0)  =  /  [o(x,z)  exp(gz  sec  ©  -  igx  sec©)]  dx 

-1  z=-t 

o  2 

r  “/  [(a  +  ig  sec©  da/dx)  exp(gz  sec  © 

-t 

*  - 1 

-  igx  sec©)]  dz  . 

x*'1  (4.2) 

Hence,  if  we  have 

a(x,0)  =  a(x,-t)  =  a(+l,z)  =  8a/dx(+l,z)  =  0,  (4.3) 

then  F  vanishes  and  we  have  a  vave-free  distribution.  However,  inte¬ 
grating  (4.1)  and  putting  (4.3),  we  have 

o  1 

/  £  H(x,z)  dxdz  *  0,  (4.4) 

namely,  the  total  displacement  of  this  distribution  vanishes. 


This  .4s  a  different  result  from  the  above  obtained,  and 
there  is  no  more  interest  with  this  for  the  object  only  to  obtain  the 
wave-free  ship,  but  this  distribution  suggests  a  possibility  to  deform 
a  ship  shape  in  a  certain  arbitrary  degree  without  change  of  the  wave- 
resistance. 


Namely,  even  if  we  add  to  or  subtract  from  the  given  distri¬ 
bution  this  wave  free  one  multiplied  by  an  arbitrary  constant,,  the 
wave -resistance  is  kept  unchanged  as  easily  seen. 

We  will  call  this  method  the  invariant  deformation.  Consider¬ 
ing  in  this  way,  (4.4)  is  an  important  property  of  such  deformation, 
and  that  we  have  easily 

o  1 

/  /  xH(x, z)  dxdz  =  0  t,  (4.5) 

-t  -1 

which  says  that  the  center  of  buoyancy  does  not  also  change  by  such 
deformations. 
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Fcr  exumple,  consider  the  function  of  the  next  type 


a(x,  z )  =  X(x)T(  £),  {;  =  ( z+t)/t,  (4.6) 

and  put 

X0(x)  =  i  (1-1)  . 

Xx(x)  =  1-4|3  +  ,  (4.7) 

Xg(x)  =  1-1045  +  15I4  -  6|5  , 


where  |  =  (x-b)/(l-b)  for  1  >  x  >  b  anu  %  =  (-a-x)/(l-a)  for 
-1  <  x  <  -a,  a  and  b  are  arbitrary  constants,  and  let  T-^(£)  be 
the  function  of  which  derivative  is  composed  of  three  segments  and 
has  the  values 

T[(0)  =  5,  T^(0.2)  =  1  and  T£(0.4)  =  T[(l)  =  -1  (4.8) 


and 

T2(0=C(1-C)  •  (^.8a) 

Example  1. 


At  the  speed  Fr.  =  0.212,  put 


X(x)  =  X0(x)  for  1  >  x  >  b  =  0.5, 

=  0  for  b  >  x  >  -1  ,  (4.9) 

T(5)  =  T^C)  . 

From  these  functions,  compute  H(x,z)  by  (4.1)  and  subtract 
it  from  the  eff-sets  of  the  ship  showed  by  full  lines  in  Figure  3, 
which  in  of  an  oil  tanker.  Then,  the  bulbous  bow  may  become  a  conven¬ 
tional  one  which  is  shown  by  dotted  lines.  Here  we  replace  the  section 
form  at  F.P.  by  the  chain  line  which  is  represented  by  T^(£),  merely 

because  the  full  line  is  too  complex  to  represent  by  a  simple  formula. 

Example  2. 

At  the  speed  Fr.  =  0.184  and  of  another  oil  tanker  shown  by 
full  lines  in  Figure  4,  put 


Figure  3 
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X(x)  =  X-^x)  for  1  >  x  >  b  =  0.5, 

=  1  for  b  >  x  >  -a  =  -0.5, 

=  X2(x)  for  -a  >  x  >  -1  , 

T(C)  -  TjU)  , 


(4.10) 


and  proceed  as  the  above,  we  have  dotted  lines  of  which  breadth  is 
broadened  about  10$. 


Example  3 • 


For  the  same  speed  and  the  same  ship  as  in  Example  2,  put 


X(x)  =  X2(x) 

for 

1  >  x  >  b  =  0.5, 

»  1 

for 

b  >  x  >  -a  =  -0.5 

=  X,(x) 

for 

-a  >  x  >  -1  , 

and  T({)  -  T2(0  . 

Then,  as  we  see  in  Figure  5  by  dotted  lines,  we  may  have  the 
ship  shape  with  inclined  side  shell. 


In  the  latter  two  examples,  the  sectional  area  does  not  change 
so  much  that  we  may  understand  the  well-known  practice  which  says  that 
the  residual  resistance  of  ships  does  not  change  so  much  in  such  cases. 
Namely,  this  method  may  propose  a  theoretical  foundation  to  the  problem 
of  deforming  the  ship  shape  without  sacrifice  of  the  resistance  so  that 
we  may  easily  find  a  suitable  solution  to  the  demand  of  the  ship  designer. 


(T) 

5.  Transverse  Wave -Free  Distribution 

The  method  used  in  paragraph  2  is  also  applicable  to  making 
the  wave  element  vanish  in  three  dimensional  case. 


For  example,  put  0=0  and  k  =  g  in  (3.2),  that  is,  consider 
the  transverse  wave  only  and  the  distribution  of  the  type  as  (3-3), 
then 

o  1 

F(g,0)  =  /  T(z )exp(gz )dz  •  £  H(x)exp(-igx)dx.  (5-1) 
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The  integral  in  x  is  the  some  form  as  in  (2.2),  so  that 
we  may  have  a  wave-free  distribution  by  introducing  the  function  a 
defined  by  (2.4)  and  having  the  boundary  values  (2.7)*  We  huve  seen 
an  example  of  such  distribution  on  Figure  1,  and  this  may  be  a  very 
simple  method  to  obtain  a  ship  form  with  small  wave -resistance 

Let  us  see  one  more  example.  Put 

H(x)  =  ac[M(x)  +  (l/g2)M"(x)]  +  a2[N(x)  +  (l/g2)N"(x)],  (5-2) 

with 

M(x)  =  (l-x2)2  and  N(x)  =  x^(l-x2)2  ,  (5-3) 

where  aQ  and  ag  are  determined  so  as  to  H(0)  =  l/0 .6. 

Then,  we  have  curves  in  Figure  6  compared  with  the  distribu¬ 
tions  of  the  minimum  wave-resistance  which  are  drawn  by  dotted  lines. 
These  curves  show  the  similarity  between  both  groups,  so  that  we  may 
suppose  the  wave-resistance  of  the  present  or.^s  comparatively  small. 

Lastly,  it  is  noteworthy  that  we  may  have  also  a  transverse 
wave-free  distribution  by  introducing  the  next  function,  considering 
in  (^.1), 

(d/dz  +  g)  p  (z)  =  T(z)  , 

with  (5 ,4) 

p(0)  =  p(-t)  =  0 


6.  Conclusion 

We  may  summarize  the  conclusions  as  follows: 

i)  The  two  dimensional  wave-free  distributions  are  obtained  and 
applied  to  obtain  ship  water  lines  with  small  wave-resistance. 

ii)  The  three  dimensional  ones  distributed  over  an  infinitely  long 
range  are  obtained  and  may  be  useful  to  obtain  such  water  lines  as  the 
above . 

iii)  Th**  three  dimensional  ones  over  a  finite  area  are  obtained  too, 
but  have  no  displacement  and  longitudinal  moment. 


7071 


to 


o 

H 
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However,  they  are  useful  in  the  sense  that  we  may  deform  a 
ship  shape  without  change  of  the  wave-making  resistance. 

Lastly,  the  author  wishes  to  thank  Professors  Inui,  Jinnaka 
and  Maruo  for  their  kind  encouragement  and  discussions  and  especially 
to  Professor  Yamazaki  for  pointing  out  large  errors  in  his  former 
manuscript  and  corrected  in  the  present  paper. 


References 

1)  W.  Thomson:  Math,  and  Phys.  Papers,  Vol.  4,  p.  387  (1910). 

2)  T.  H.  Havelock:  Proc.  Roy.  Soc.  A.  Vol.  93  (1917). 

3)  F.  Ursell:  Quart.  Journ.  of  Mech.  and  Appl.  Math.  Vol.  2  (19+9) 

4)  H.  Maruo:  Memos,  of  Facul.  of  Enginrs.  of  Yokohama  Univ.  Vol.  1 
(1951). 

5)  T.  Inui,  et  al. :  Journal  of  Zosen  Kyokai,  Vol.  108  (i960). 

6)  M.  Bessho:  Memoirs  of  Defense  Academy,  Japan,  Vol.  2,  No.  12  (1962) 

7)  M.  Bessho:  Memoirs  of  Defense  Academy,  Japan,  (in  press)  (19 63) 

"An  Essay  to  the  Theory  of  Ship  Forms  in  View  of  the  Wave- Making 
Resistance  Theory." 


